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Investigation of the Maximum Equilibrium
Rate of Bed Load Movement*

Chapter 1 Introduction

The movement of sediment along the bed of alluvial rivers has long been one of the most per-
lexing and challanging problems confronting the hydraulic engineer. In the past few decades,
because of the rapid expansion of activity in both engineering and geology, the importance of this
problem has been gravely felt and great stimulus has been given to the search for a general solu-
t1on.

Since the classic experiments of Gilbert in 1914, numerous laboratory studies of sediment tran-
sportation have been conducted throughout the United States and the continent of Europe. Many
sediment transportation formulas have been derived from these studies; among them are the more
rational approaches of Professors Einstein and Kalinske.

An examination of these flume studies reveals that the experimental procedures generally
consist of the following steps: (a) a sand bed with a certain slope is molded in the flume, then
(b) water is discharged over the bed and the equilibrium condition is obtained by reintreducing
the sediment collected at the downstream traps to the flow at the upper end until the movement
of detritus becomes constant. In some cases where fine sand is used, the moving particles as well
as the water are circulated continuously until the average concentration of sediment in the water no lon-
ger varies. Under these conditions, the moving particles are invariably eroded bed particles, and
only enough sediment is scoured from the bed to satisfy the equilibrium. The rate of transport
thus determined corresponds to a minimum equilibrium rate on the given bed, if an entire range
of such equilibrium rates does exist.

If it is recalled that a natural alluvial river is defined as a river whose bed is formed by the
deposited material carried down by the water, it becomes evident that, except at certain localities,
(e. g., such as beyond a newly fuilt dam), the channel bed is being built up in a very gradual
manner. The case is, therefore, one of slow deposition. It is conceivable that since a lower or
scour limit of equilibrium transport exists, there may exist also an upper limit of equilibrium trans-
port, above which the surplus of sediment will settle out on the bed. This maximum equilibrium
rate may be different from the minimum rate for the given bed and flow. Between these two li-
mits, the rate of transport of sediment may assume any value without changing the bed, depend-
ing on the availability for transport of the sediment from the upstream watershed. The diffe-
rence between the load and the minimum equilibrium rate actually represents what has been called
wash load 2! The latter is defined as that part of the load which is washed through the chan-
nel without any effect on the channel. Its rate is thus governed by its availability in the water-
shed only.

The purpose of this study is to find experimentally under which conditions the maximum

equilibrium rate differs from the minimum equilibrium rate.

* K% @e(Ning Chien) ik TEEMAMEELALHF LB % 20 BERX (Ph.D. Dissertation, Uni-
versity of California, Berkeley, California), % FEAINAID 1951 £6 H> B3 H.A. Einstein B[,
B.A. Etcheverry #&, J.W. Johnson RI&BAFRIFHE, Rk 96 T—REE QUTER*[HREE
A5mMER),




Chapter 2 Minimum Equilibrium Condition and the Einstein
Bed Load Function

2.1 Mode of Transporiation

Consider, first, a bed consisting of thoroughly mixed material. When water flows over the
bed, a lifting force results because of the difference between the velocities of the flow above and
beneath the particles resting on the bed surface™. The particles are picked up from the bed when
the instantaneous lifting forces on the particles are larger than their weight under water. These
particles roll or slide along the bed, sometimes jump in successive steps. When the turbulence of
the flow is sufficiently large, these particles may be raised to and kept in suspension at higher ele-
vations. Their movements are arranged sometimes in such a manner that the bed forms a system
of bars and hollows. The transition from a smooth bed to a system of sand bars occurs rather sud-
denly, and the writer has succeeded in eliminating these sand bars in one case by changing the
entrance condition. This leads one to suspect that their occurence may be connected with the pul-
sations of the flow.

On the other hand, the moving particles will settle back to the bed due to their own weight,
and stay in the bed whenever the local flow condition is unfavorable to their moving again. Ba-
sed on the statistical analysis of data from experimental studies of sediment transportation of
coarse particles, Einstein' found that the average distance travelled by a certain particle between
successive points of deposition in the bed is a constant independent of the hydraulic conditions or
the composition of the bed. This distance may be assumed to be A D, where D is the diameter of
the particle and A is a constant which depends only upon the shape of the particle; the latter has
a value of 100 for sediment grain of average sphericity.

If steady conditions prevail, there will be an equilibrium between (a) the rate of deposition
on, and the rate of scour from, the bed surface, and (b) the rate of upward transport due to
turbulence and the rate of fall due to the weight of the particles at every elevation above the bed.

2.2 Segregation of Bed Material

The non-moving particles, if any exist, and the slow moving particles are accumulated in the
bed during the transport if the material used is well graded and if sufficient time is allowed for
the segregation to develop™. ‘The top layer of the bed (layer 2) is the active layer of exchange
with the load. It consists prevalently of medium and fine grains with few very coarse particles,
which project not only above the rest of the bed, but also above the laminar sublayer attached to
the bed surface in the case of a smooth bed. These large particles shield to some extent the smal-
ler grains from the flow. A clearly defined coarse layer (layer 3) is accumulated below layer
2. Beneath this layer is the original material (layer 4) undisturbed by the flow. A typical set of
mechanical analyses of the materials from these different layers is shown in Fig. 1*. Plate 1 shows
the surface and cross-section of such a bed.

The segregation of bed material makes the sediment study even more complicated. As will
be demonstrated later the interpretation of the experiments depends to some degree on the choice
of what is considered as the bed material. Theoretically speaking, layer 2 should be selected as the

* JEgS @7 RRERGR)TA.

. 2 .



bed material, since the particles in that layer are active in the exchanging roles between moving
and resting. In the field, however, it is almost impossible to acquire such a thin, undisturbed
sample at the bed surface over which the water is flowing continuously. The problem is compli-
cated further when one attempts to interpret the data from flume studies with regard to the ana-
logous situation in the river. In other words, it is a question of whether the formation of the bed
layer in the flume bears the same relation to the flow as that which prevails in the river. In or-
dinary laboratory practice a sand bed is molded before introducing the flow; a thick bed sample
will usually include some material which has never been touched by the flow (layer 4 of Fig. 1).
Obviously the same relation never exists in an aggraded natural river.

% FINER
0.2 1 2 5 10 20 30 40 50 60 70 80 90 95 98 99 99.8 99.99
L | ] f
AV. DEPTH = 0.616"
- L
AV. VELOCITY = 3. 60 1ps et s - -
/ o iV
Se=0.003948 - | 1
BED WAS MOLDED BEFORE A1 / //

INTRODUCING THE FLOW - - =
BED LAYER 4: ORIGINAL / / E
MATERIAL UNTOUCHED | ) ) <
BY THE FLOW { a4 / e =

/e / 4
« -t M
l | l BED // /\TOTAL LOAD g b
BED LAYER 3 —] LAYER
_— BED LAYER
’ 4/// 2 / 2 o033 | 4
3 0. g o
A A -
L -
S P 4 o.11e' 4= <
Vi A
/7 !
@D
Q
c

Fig.1 Segregation of bed material

Plate 1 Cross section and surface of the bed

(Notice the segregation of the bed material)




2.3 The Einstein Bed Load Function

H. A. Einstein is believed to be the first one who has succeeded in presenting a complete
theory which will permit the calculation of the minimum equilibrium rate at which various dischar-
ges will transport the different grain sizes of the bed material in a given channel®. He first con-
cluded on the basis of observation that a given size of particle moves in a series of steps of defini-
te length and frequency, and that the rate of transport depends upon the duration of the interme-
diate periods of the rest. The probability of a particle being eroded from the bed can be ex-
pressed in terms of the rate of transport and the size and relative weight of the particles. The
same probability may be expressed also as the probability of the ratio of dynamic lift on the par-
ticle to the weight of the particle under water to be smaller than unity. By using the fact that the
pressure fluctuations due to turbulence follow in their duration the normal error law, and by

equating the two forms of probability relationships, the final bed load equation is obtained:

] — L SB*“’*‘nlo e Pdp = o Axbx (1)
\/:n: 'B*‘P*‘qlo 1 — Axdx

in which ny, 4% and B, are universal constants. The equation is represented graphically
by a single curve between the flow intensity ¢5 and the intensity of bed load transport
¢x, Thus

; ; 74 ]
=B =18 _.qL( Os ) 1 (2
¢ 15 ¢ 1 P NP — Py KRD3> )
2 6 2 — D
- y(ﬁ) =Y[ log 10 ]p, Pt 3
Pe s Bx b=s log (10.6X)/A pr RS, (3

where iz = fraction of bed load in a given grain size
iy = fraction of bed material in a given grain size
gs = bed load rate in weight per unit of time and width
p.»0; = density of the fluid and solids respectively
D = grain size
R; = hydraulic radius with respect to the grain
S, = energy slope
A = the apparent roughness diameter
X = characteristic grain size of mixture
Y = pressure correction in transition smooth-rough

& = “hiding factor” of grains in a mixture

The correction factors £ and Y are introduced for nonuniform materials; their significance requi-
res further explanation.

The factor, Y, is used for describing the change of the lift coefficient in mixtures, and is a
function of Ks/0, (or, clearly, of the Reynolds number of the flow at the bed surface). The
fength Ks is the roughness diameter and O is the thickness of laminar sublayer.

The factor, X, is defined as the largest particle size that will be subjected to the shielding
effect. This effect comes into action whenever the particle is hidden between other protruding
coarse particles or in the laminar sublayer. The lift for these particles (D<X), then, must be
corrected by division with a parameter & which is itself a function of D/X. The parameter, &,
rematns unity until D/X is greater than one; after a short tramsition the curve §=5(D/X) fol-
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lows almost a straight line with a slope of 2 in a logarithmic graph (see Fig. 2). The lift force,
L, may be expressed as

L = CLp,-;— uiA‘lDz (4)

where Cp = coefficient of lift
A, = a constant which depends on the shape of the particle
u = the velocity acting on the particle.

For all particles of a mixture this velocity is a constant and is calculated from the logarithmic friction
formula by using y=0.35X. The same consequence will result if, instead of applying a para-
meter &, an effective velocity of flow proportional to the grain size for each particle in the mixtu-
re is introduced to replace the constant velocity of eq. (4). This seems to explain the manner
in which the shielding effect of the laminar sublayer is taken into consideration by the correction
factor &, since within the sublayer the velocity distribution follows a straight line and is propor-
tional to the distance from the theoretical bed. It is still not clear, however, how the same para-

meter § is able to define also the shielding effect due to the protruding particles on the bed sur-
face
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Fig. 2 Einstein’s & curve.

The value X was found to be egual to 0.77A for a rough bed (% > 1.80 ) and 1.39 6 for




