Cambridge studies in advanced mathematics

QJQuasiconformal
Surgery in
Holomorphic
Dynamics

CAMBRIDGE



Quasiconformal Surgery
in Holomorphic Dynamics

BODIL BRANNER
Technical University of Denmark, Lyngby

NURIA FAGELLA

Universitat de Barcelona

With contributions by
Xavier Buff, Shaun Bullett, Adam L. Epstein,
Peter Haissinsky, Christian Henriksen,
Carsten L. Petersen, Kevin M. Pilgrim, Tan Lei
and Michael Yampolsky

FNE

TR :{7‘3 ]

ba. ke

CAMBRIDGE
@5 UNIVERSITY PRESS



CAMBRIDGE

UNIVERSITY PRESS
University Printing House, Cambridge CB2 8BS, United Kingdom
Published in the United States of America by Cambridge University Press, New York

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of
education, learning and research at the highest international levels of excellence.

www.cambridge.org
Information on this title: www.cambridge.org/9781107042919

© Bodil Branner and Nuria Fagella 2014

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.

First published 2014
Printed and bound in Spain by Grafos SA, Arte Sobre papel
A catalogue record for this publication is available from the British Library
Library of Congress Cataloging-in-Publication Data

Branner, Bodil, author.

Quasiconformal surgery in holomorphic dynamics / Bodil Branner and Nuria Fagella ; with
contributions by Xavier Buff & Christian Henriksen, Shaun Bullett, Adam L. Epstein & Michael
Yampolsky, Peter Haissinsky, Carsten L. Petersen and Kevin M. Pilgrim & Tan Lei.
pages cm
ISBN 978-1-107-04291-9 (hardback)

1. Holomorphic mappings. 2. Differentiable dynamical systems. 3. Kleinian groups.

I. Fagella, Nuria, author. 1II. Title.

QA614.8.B725 2014
515".98-dc23 2013017278

ISBN 978-1-107-04291-9 Hardback

Cambridge University Press has no responsibility for the persistence or accuracy of
URLs for external or third-party internet websites referred to in this publication,
and does not guarantee that any content on such websites is, or will remain,
accurate or appropriate.



CAMBRIDGE STUDIES IN ADVANCED MATHEMATICS 141

Editorial Board
B. BOLLOBAS, W. FULTON, A. KATOK, F. KIRWAN,
P. SARNAK, B. SIMON, B. TOTARO

QUASICONFORMAL SURGERY IN HOLOMORPHIC
DYNAMICS

Since its introduction in the early 1980s, quasiconformal surgery has become a major
tool in the development of the theory of holomorphic dynamics, and it is essential
background knowledge for any researcher in the field.

In this comprehensive introduction the authors begin with the foundations and a
general description of surgery techniques before turning their attention to a wide variety
of applications. They demonstrate the different types of surgeries that lie behind many
important results in holomorphic dynamics, dealing in particular with Julia sets and
the Mandelbrot set. Two of these surgeries go beyond the classical realm of quasicon-
formal surgery and use trans-quasiconformal surgery. Another deals with holomorphic
correspondences, a natural generalization of holomorphic maps.

The book is ideal for graduate students and researchers requiring a self-contained
text including a variety of applications. It particularly emphasizes the geometrical ideas
behind the proofs, with many helpful illustrations seldom found in the literature.

Bodil Branner is Professor Emerita at the Technical University of Denmark, Lyngby.
Her research interests include holomorphic dynamics and complex analysis. She has
published in several renowned international journals and given numerous invited talks
at conferences, workshops and symposia. Branner has served as Vice-President of the
European Mathematical Society, as President of Dansk Matematisk Forening (DMF),
and she was one of the founders of European Women in Mathematics. She is an
honorary member of DMF, and a Fellow of the AMS.

Nuria Fagella is currently Associate Professor at Universitat de Barcelona. Her
research is in the area of holomorphic dynamics with an emphasis on the iteration of
transcendental functions. She publishes in renowned international journals and with a
diverse range of collaborators worldwide. Fagella has been invited to deliver talks and
short courses at numerous international conferences and workshops, and has been an

organiser of several such events.
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Preface

The firm intention of writing this book was born in the fall of 2003 during the
Ecole Thématique du CNRS Chirurgie holomorphe. This workshop was part
of a trimester organized by Adrien Douady at the Institut Henri Poincaré in
Paris. Douady was one of the fathers of the theory of holomorphic dynamics
and of many of the surgery constructions that the workshop addressed. He
used surgery as a tool in a number of ways, but especially to obtain a better
understanding of different structures in parameter space. As he said: ‘plough
in dynamical spaces and harvest in parameter space’.

Douady’s creative and geometric point of view inspired many to explore
holomorphic dynamics. Furthermore, he encouraged generous collaboration
and believed strongly in the value of sharing ideas. He gathered a large mathe-
matical family around him, and the success of the workshop is a tribute to his
influence.

Many of those who had originally developed holomorphic surgery presented
lectures. It became clear that the content of these wonderful sessions ought to
be the core of a book about surgery. We ourselves felt strongly that the book
should be more than a collection of papers, though: our goal became to enlist
the help of the speakers in creating a comprehensive study of quasiconformal
surgery.

We are delighted that our wishes have come true in the form of this book,
which puts together the foundations of surgery and many of its applications,
with, as we had hoped, contributions by a number of the workshop participants
who themselves had played such an important part in developing the field. We
are grateful for their support. They have our sincere and enthusiastic thanks.

Writing and collecting the material and then unifying it into a book was
not an easy task for us. Douady’s excitement about the project and his con-
stant encouragement were very important. They kept us going until this very
moment. It is to him that we dedicate every word written here, wishing he
could have seen the final result.
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Symbols

affine conjugate

hybrid equivalent
quasiconformally conjugate
topologically conjugate

conformal equivalence

The characteristic function takes the value 1 on A and 0 on C\ A
The basin of attraction of an attracting p-cycle a =
{ag, ..., ap—1}of f

The immediate basin of attraction of a cycle « as above

The basin of attraction of infinity of a polynomial f

Round open annulus {r < |z| < 1}

Round open annulus {r < |z| < R}

The Bryuno numbers or a Bers’ slice

The complex plane

The punctured complex plane C\{0}

The extended complex plane C U {c0}

Set of critical points of f

The space of r times differentiable maps on U, whose nth
derivatives are continuous forall 1 <n <r

The spaces of functions which belong to C" (U) for all r > 1
The space of functions in C" (U) with compact support, for 1 <
r < o

Set of finite critical points of f,i.e. in C

Ordinary partial derivatives with respect to z and

Partial derivatives in the sense of distributions with respect to z
and 7
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Xvi

D*

Dr(ZO)
DY (U, V)

Mer

Symbols

A Siegel disc or a linearizing domain around an attracting
periodic point.

The open unit disc {|z] < 1} in C

The punctured unit disc D\ {0}

The open disc {|z| < r}

The open disc {|z — zo| < r}

The set of orientation preserving continuous functions f : U —
V which are differentiable almost everywhere and whose dif-
ferential D, f is non-singular almost everywhere and depends
measurably on u € U

The set of functions in DT (U, V) which are absolutely contin-
uous with resepct to the Lebesgue measure

The spherical distance between two points in the Riemann
sphere

The set of entire transcendental maps

The set of holomorphic transcendental self-maps of C*

The domain to the right of y, an oriented Jordan curve

The Fatou set of f

The Fatou set of Q.

f" = fo-.-o f,themap f composed by itself n times

General linear group { (CCI Z) a,b,c,de C}

The upper half plane {Imz > 0}

The left half plane {Re z < 0}

The right half plane {Re z > 0}

The Herman numbers or, in Section Section 8.4, a hyperbolic
component

The imaginary part of z

The domain to the left of y, an oriented Jordan curve

Interior of the set X

The Julia set of f

The Julia set of Q.

The filled Julia set of a polynomial or a polynomial-like map f
The filled Julia set of Q.

The p/g-limb of the Mandelbrot set

The Mandelbrot set

The set of transcendental meromorphic maps with at least one
pole which is not omitted




Symbols Xvii

The set of transcendental maps which are meromorphic outside
a compact countable set of singularities

modulus

The natural numbers {1, 2, ...}

The orbit of X, where X is a point or a set

The postsingular set or the postcritical set

The set of polynomials of degree at least two

The set of polynomials of degree d > 2

The rational numbers

The quadratic polynomial Q.(z) = z2 + ¢

A Riemann map

The real line

The punctured real line R\{0}

The extended real line R U o0

The set of rational maps of degree at least two

The set of rational maps of degree d > 2

The real part of z

The rigid rotation by 6 € R, represented either by z — 27197,
where z € S! or x — x + 6 (mod 1) where x € R

The chordal distance between two points in the Riemann sphere
The unit circle {|z| = 1}

The circle {|z| = r}

Set of singularities of an inverse map

The quotient space R/Z

Set of critical values of f

The integers {..., —2,—1,0,1,2,...}
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