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Preface

This book draws from the graduate course ‘ Physics of Ultracold Atomic Gases’ at
Renmin University of China (since 2010), and another similar course ‘Cold Atom
Physics’ at the University of Science and Technology of China (since 2011), which,
for the past few years, have served as elementary introductions of cold atomic gases
for interested students. While the main textbook for both courses is the popular
‘Bose-Einstein Condensation in Dilute Gases’ by Pethick and Smith, we decide
that it would be to the best of our interests, as well as to those of the students’,
to have a textbook of our own, so that students may have the convenience of a
complementary reference, modest as it is, when confused in class. For that purpose,
we have intended from the start to be pedagogical, and, while not compromising.
Whether this is indeed the case still remains to be seen.

All the authors contribute extensively to the writing of the book: Part II is
written by Yongjian Han, the Introduction and Part I are written by Wei Yi, and
Part I is written by Wei Zhang. As such, the authors are listed in alphabetic order.
We are grateful to Jiansong Pan for proof reading some of the chapters, and to Zhen
Wang for making some of the figures in Part . We also acknowledge all the stu-
dents who have taken the courses, whose brilliant feedbacks prove to be immensely
helpful. We thank Xiaohong Chen from the Peking University Publishing House,
whose continuous support makes this project possible. Finally, we apologize for the
inevitable mistakes lurking out there, and hope that we may have the chance to

improve in the future.

Beijing, Yongjian Han
July 2014 Wei Yi
Wei Zhang
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Chapter 1

Introduction

Almost twenty years have passed since the first experimental observations of Bose-
Einstein condensation (BEC) in ultracold atomic gases [1, 2, 3]. In these seminal
experiments, up to 10* ~ 10° neutral bosonic atoms of alkali were trapped using
lasers and magnetic fields, and were cooled down to temperatures below the mi-
crokelvin range, at which point the collective behavior of the gas becomes quantum
mechanical. The realization of BEC in dilute atomic gases turns a new page in our
understanding of the Nature, and provides us with a versatile platform, on which
previously unsolved physical problems can be studied and many novel ideas can
be tested. Coupled with other recently developed techniques such as the Feshbach
resonance, the optical lattice potentials, and the synthetic gauge fields, ultracold
atomic gases, both bosonic and fermionic, are playing an increasingly important
role in various fields of research, including quantum simulation, quantum compu-

tation, precision measurement, to name a few.

For a systematic introduction of BEC, we refer the readers to the excellent
book by Pethick and Smith [4], where the authors also cover topics like cooling and
trapping of cold atoms which are critical for the realization of BEC. The purpose
of this book is to serve as a modest introduction to the more recent progresses
such as Fermi condensate, polarized Fermi gas, synthetic gauge fields, and quan-
tum simulation with optical lattice potentials, etc. We will also cover the basic
theoretical framework under which physical processes such as two-body scattering,
pairing superfluidity of fermions and so on, are modeled. Before doing so, let us
first review, from a hiét.orical perspective, the realization of condensation of both

bosonic and fermionic atoms in ultracold atomic gases.

The study of BEC dates back to 1924, when Bose introduced a new way of

counting the microscopic states of the radiation field [5]. Using this method, Bose
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was able to re-derive Planck’s formula for the black-body radiation in his semi-
nal paper. Einstein later extended the approach to treat massive indistinguishable
particles that obey the same statistics [6]. The resulting Bose-Einstein distribution
leads to the striking conclusion that a majority of the particles would occupy a
single quantum state with the lowest energy at low enough temperatures. Here,
the occupation of the ground state is closely related to the system’s ability to ac-
commodate particles in the excited states, which increases with temperature. As
a result, Bose-Einstein condensation should occur in a system with a low enough

temperature and a high enough number density.

Physically, as the temperature is lowered, the thermal de Broglie wavelength
of the particles in the system increases. Condensation occurs when the thermal de
Broglie wavelength is on the order of the inter-particle separation. At this point,
the wave packets of different particles overlap and interfere with each other to form
a larger wave packet common to all particles in the condensate. A more detailed
calculation shows that the condition for condensation in a free space of three dimen-
sions is An'/® ~ 2.612, which is consistent with the hand-waving argument outlined
above. Here, n is the number density, A is the thermal de Broglie wavelength. Con-
sidering the expression A = (27h? /mkpT)'/?, this argument is consistent with the
previous analysis that condensate occurs with high density and low temperature.

One often regards An'/3

as the phase-space density [7]. To achieve condensate ex-
perimentally is to look for and implement a system whose phase-space density can

go beyond 2.612.
Although the physics behind the theory is elegantly simple, it turned out to

be quite difficult to realize a well-behaved BEC experimentally. To increase phase-
space density often requires a high number density, which typically leads to the
solidification of the system. The only exception is liquid “He, which remains to
be a liquid at the lowest temperature. Regardless, in solids or in liquid helium,
the interaction is typically quite strong and cannot be simply neglected. With
interaction, Einstein’s theory must be modified and it turns out that a strong
interaction leads to the so-called depletion of the condensate, i.e., the process in
which interaction-induced excitations make particles leave the condensate. In fact,

although it has been suggested in 1935 that the superfluidity of liquid helium is
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related to BEC, the population of the ground state in a typical He superfluid is only
~ 10% of the total particle number [8]. Furthermore, due to the strong interaction,
the properties of the system cannot be characterized analytically. Hence it seems
that the only way to achieve a weakly-interacting BEC is with a low number density.
However, at the first sight, there are many questions to be answered: whether a
system with such a low density is stable, how to trap the system in space, and how
to cool the system to the required temperature, which, given the low density of the

system, would be lower than any known temperatures in the whole Universe.

Soon, people realized that these problems can be solved in a dilute atomic
gas. With a typical density of n &~ 10?2 ~ 10 /cm3, these systems are usually
metastable. Yet, so long as the lifetime of the dilute gas is much longer than the
time required for thermal equilibrium, it is possible to realize and observe Bose-
Einestein condenstates with weak interactions under typical experimental condi-
tions. Due to the low particle density, the interatomic interaction is typically rather
weak in these systems such that they can be well characterized in a perturbative
fashion. The catch however, lies in the extremely low temperature required. In this
case, for the phase-space density to reach unity, the temperature should be below
the microkelvin range. There is also the question of how to hold the gas in space.
Containers are obviously out of the question. Hence the key to BEC in a dilute
atomic gas seems to lie in the cooling and trapping of the gas. Indeed, from hind-
sight, the three key developments that eventually paved the way for the realization
of BEC in dilute gases are laser cooling, trapping with magnetic field or laser, and

evaporative cooling [9].

Early experimental efforts towards BEC focused on dilute gases of spin polarized
Hydrogen atoms, which feature weak attractive interaction and are metastable
against molecule formation in a gaseous form. It was proposed that BEC as well
as superfluidity can be realized in such a system [10]. Although the BEC of spin
polarized hydrogen atoms was not realized until 1998, that is, after the BEC in
alkali atoms, many important techniques had been developed first for hydrogen
atoms, e.g., trapping with magnetic field, and evaporative cooling. For a dilute
hydrogen atomic gas, the atoms are initially cooled cryogenically, which requires

the gas to be in contact with a cold surface. This limits the achievable density of
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the gas owing to the interaction of atoms with the container wall. To avoid contact
with the container, it is preferable to hold the atomic gas in place by a magnetic
field. These ideas were entertained at MIT by Greytak and Kelppner, and led to

the invention of magnetic trapping.

A revolutionary advance took place in the 1980s with the advent of laser cooling.
Though not applicable to hydrogen atoms, laser cooling has the potential to cool a
whole spectrum of atoms, e.g. alkali atoms, rare-earth atoms, alkaline-earth atoms
etc., from room temperature down to hundreds of microkelvin. This is followed by
the invention of magnetic-optical traps, in which the atoms can be cooled further
via the Sisyphus cooling mechanism and reach the range of tens of microkelvin.
There is however still a final gap to overcome before the condensation can take
place. In the following years, there were many brilliant proposals for the so-called
sub-recoil cooling, which aims to go below the temperature limit of previous laser
cooling schemes. The practical limit of laser cooling is set by the scattering of atoms
by laser, a necessary process in the cooling scheme. Thus the task of cooling further
with laser seems insurmountable. The solution lies in the introduction of a second
cooling stage, the evaporative cooling. Originally devised to cool spin polarized
hydrogen atoms, the evaporative cooling selectively removes the hottest atoms in
the trap and allows the rest thermalize. As a result, the number density increases
while the temperature decreases. Thus, evaporative cooling is able to overcome the
last several orders of magnitude in the final climb of the phase-space density, and
is an essential step in realizing BEC in dilute atomic gases. In 1995, E. Cornell and
C. Wieman at Boulder, R. G. Hulet at Rice, and W. Ketterle at MIT were the first
to successfully combine laser cooling with evaporative cooling, and observe BEC
in dilute gases of atoms. Decades of heroic experimental endeavor eventually paid
off.

Soon after the realization of BEC in dilute gases of bosonic atoms, people
started to think about bringing fermionic atoms into quantum degeneracy. While
it is possible for bosonic atoms to occupy the same state, for fermionic atoms, a
given quantum state can only accommodate at most one atom due to the Pauli
blocking. As a result, the atoms in a Fermi gas at zero temperature occupy all

available low energy states, thus forming a Fermi sea with a sharp edge in mo-



Chapter 1 Introduction 5

mentum space. However, in the presence of attractive interatomic interactions, the
Fermi sea becomes unstable and fermions at the surface of the Fermi sea pair up
to form the so-called Cooper pairs. The Cooper pairs are composite bosons and
may condense to form a BEC at low temperatures [11]. This is the physical picture
behind the famous Bardeen-Cooper-Schieffer (BCS) theory proposed in the 1950s
to explain superconductivity [12] in metals. It is therefore interesting if one can
also prepare such a Fermi condensate of composite bosons in an ultracold atomic
Fermi gas.

The problem again lies in cooling. According to the BCS theory, the critical
temperature at which the Fermi condensate emerges in an attractively interacting
Fermi gas decreases exponentially with the interaction strength. In a dilute gas,
the interaction is typically very weak, hence it seems impossible to reach the con-
densation temperature in the first place. In 1993, E. Tiesinga, B. Verhaar and H.
Stoof proposed that the interatomic interactions can be tuned via the Feshbach
resonance technique [13, 14], which was first discovered by H. Feshbach in 1958 in
the context of nuclear physics [15]. In a Feshbach resonance, the two-body scatter-
ing length can be tuned by adjusting the external parameters. Microscopically, the
effective s-wave scattering length can be smoothly adjusted from zero to infinity
and from negative to positive by tuning the relative energy difference between a
two-body quasi-bound state and the threshold of the two-body scattering contin-
uum. In an ultracold atomic gas, such an energy difference can be tuned via either
the external magnetic field or the laser field. The Feshbach resonance was observed
in ultracold atomic gases in 1998 [16, 17, 18], and has since proved to be one of
the most powerful tools in ultracold atoms, as it can lead to strong correlations in
a dilute atomic gas.

For an ultracold Fermi gas, this implies a dramatically increased critical tem-
perature, and the possibility of observing Fermi condensate in ultracold Fermi gases
under practical experimental conditions. In 2003, condensation of fermion pairing
states was observed in ultracold gases of SLi and “°K [19, 20, 21]. Furthermore,
by tuning the interaction strength, it was possible to demonstrate the crossover
between a tightly bound molecular BEC of composite bosons and a condensate of

fermion pairs with long-range correlation. This so-called BCS-BEC crossover had



