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Preface

The purpose of this Math Primer is to provide a brief introduction to those parts of math-
ematics which are, or could be, useful in engineering, especially bioengineering. A wide
range of topics is covered and in each area an attempt is made to summarize the ideas
involved without going into details. The pace is varied. In the earlier sections there is a
relatively leisurely description of simple topics. Later, the tempo increases. Sometimes,
the speed is quite hair-raising. Nevertheless, it is hoped that the reader may still catch a
glimpse of ideas which may spark interest.

It is possible to describe mathematical ideas using few or no formulas and equations, and
several well-known books do just this. This is rather like describing a rocket in words -
one knows what it does but has no chance of building one. Here formulas and equations
have not been avoided. In fact the text is littered with them, but every effort has been
made to keep them simple in the hope of persuading the reader that they are not only
useful but also accessible to engineers.

Mathematics and engineering are inevitably interrelated, and this interaction will steadily
increase as the use of mathematical modelling grows. The interaction is not one-sided and
there are many examples of cases where engineers have contributed to mathematics. As
a young man, the author read, and was impressed by, the notes of the engineer and physi-
cist Oliver Heaviside who did pioneering work in the application of complex numbers
in engineering, in the solution of differential equations using symbolic methods, and in
vector calculus. His achievements are recalled by the Heaviside function' in mathemat-
ics and the Heaviside layer in the atmosphere.

Although mathematicians and engineers often misunderstand one another, their basic ap-
proach is quite similar. Consider the problem of designing steam boilers. One of the worst
maritime disasters in the history of the USA occurred on April 27, 1865 when a steam
boiler exploded on the steamboat Sultana; more than 1500 passengers and crew died.
Boiler explosions continued to occur frequently: alone from 1880 to 1890 more than
2000 steam boilers exploded. In response, the ASME (American Society for Mechanical
Engineers) drew up its very first standard entitled Code for the Conduct of Trials of Steam
Boilers in the year 1884, and in 1914 the ASME issued the first edition of the ASME
Boiler Code, Rules for the Construction of Stationary Boilers and for Allowable Work-
ing Pressure which set standards for the design of boilers; this code has evolved through
the years and is still an industry standard. Every major accident is investigated by the

'Concepts in bold type are referenced in the Index of Concepts.
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engineering community to determine whether the appropriate industrial codes need to be
amended. The stakes are high, as shown by the literature on forensic engineering (see
e.g. Peter R. Lewis Safety First? [Lew10]) and the recent disasters in the Gulf of Mexico
and Fukushima. In contrast, the mathematical approach is that of fail-safe design. Ev-
ery possible boiler under every possible condition would be analysed. If successful, this
would be formulated as a theorem: Under conditions A, B, ... a boiler with this design
will be safe. There is of course a slight snag with this approach - the theorem may never
be proved in which case boilers may never be built!

Another point of similarity between mathematics and engineering is the historical de-
velopment of each subject. The design of bridges has slowly evolved over the cen-
turies as new ideas and concepts were introduced and new materials became available.
In a very similar fashion, the mathematical techniques described below have slowly
evolved, starting from the simple concept of a number and expanding step by step.
Non-mathematicians often believe that the development of mathematics has more-or-
less stopped, whereas in fact the subject continues to develop rapidly. In an attempt to
convey this dynamic development, which has accelerated in recent years, the dates when
concepts were first introduced are frequently cited.

A recurring theme is that of modelling or, in American usage modeling, by which is
meant the formulation of a mathematical model for a physical (or biological) system,
which can be used to explain and predict the behaviour of the physical system. Examples
of modelling are scattered throughout the text and some general remarks will be found in
Chapter 16. The Index of Applications contains a list of the applications discussed in the
text.

In a collaboration between mathematicians and engineers, it is usually easier for the
mathematicians to learn the engineering jargon and background, rather than the opposite.
In this connection one can not do better than quote John R. Womersley who made a
significant contribution to the analysis of arterial blood flow: John R. Womersley An
elastic tube theory of pulse transmission and oscillatory flow in mammalian arteries
[Wom57, page 4]:

It is a particular pleasure to record the friendly collaboration and criticism
of Dr. D. A. McDonald, Reader in Physiology at Bart’s, who not only first
introduced the author to this fascinating problem, but also helped him to
acquire some of the experimentalist’s “feel” for the physical conditions in
many small ways, hard to define, but nonetheless real. This work itself, will,
it is hoped, be regarded as a successful result of an experiment in inter-
disciplinary cooperation. It demonstrates that the successful application of
mathematics to biological problems is not to be found in the study or the li-
brary. An essential condition for success is that the mathematician must get
the “feel” of the problem by personal contact and discussion with the phys-
iologist, and must at the same time have sufficient professional standing to
maintain a critical attitude. If the mathematician is merely a junior hired “to
do the mathematics” there will be no progress. If he is a Professor in another
department to whose Olympian presence problems are brought, some inter-
esting mathematics will be done, but it will lack point and substance from
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the physiologist’s point of view. The history of past attempts at the solution
of this very problem is full of such examples. It would seem that progress is
likely to depend on the occurrence of happy accidents of the sort that led to
the work described here. [Bart’s is a London hospital]

In such a collaboration, some of the legitimate concerns of the mathematician may be-
come lost. Here, an attempt has been made to show, using simple examples, that questions
such as those involving the existence and uniqueness of solutions to problems are often
not just pedantic but reflect real practical difficulties.

Over the past half century, the mathematical literature has become much more terse, and
older famous textbooks by well-known mathematicians now seem very leisurely and im-
precise. Much has been gained by the increased rigour, but for the non-specialist and
beginner the older literature has advantages and will sometimes be referred to here.

As long ago as 1908 the exceptionally creative French mathematician, physicist, and en-
gineer 2 Henri Poincaré complained about what he called the advance of the “logicians”
and wrote: (Henri Poincaré Science and Method [Poi03, page 129]):

The engineer must receive a complete mathematical education, but of what
use is it to be to him, except to enable him to see the different aspects of
things and to see them quickly? He has no time to split hairs. In the complex
physical objects that present themselves to him he must promptly recognize
the point where he can apply the mathematical instruments we have put in
his hands.

In this spirit the author hopes that the reader will become acquainted with some new
mathematical instruments which he or she can apply.

During the past ten years the author has been fortunate to be able to collaborate with a
physiologist, Paul Lunkenheimer, and a biomechanical engineer, Peter Niederer, and
this book could not have been written without their encouragement. The author would
also like to thank his colleagues in the Institute for Numerical and Applied Mathemat-
ics, Westfilische Wilhelms-Universitit, Miinster, for making it possible for the author to
work on this text after his retirement. Thanks are due to Andrew D. McCulloch, Profes-
sor of Biomechanics at the University of California San Diego, who generously provided
help and access to his computer software “Continuity” during a stimulating visit to San
Diego many years ago. Thanks are also due to Dr. Randas Batista, who made it possible
for the author to watch the Batista operation many times and thereby gain an appreciation
of the real-life complications of heart surgery.

A special thank you is due to my colleague Frank Wiibbeling who, on numerous oc-
casions, provided advice on coping with the idiosyncrasies of ever-changing computer
systems.

For many years Poincaré (1854-1912) simultaneously held posts as a professor of mathematics and as a
senior mining engineer!
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tion period of this book.

Colin Walker Cryer
cryer @uni-muenster.de



Contents

Preface

1 Numbers and Their Representation

1.1 Introduction . . . . . . . . . . . o i i i e
1.2 RealNumbers . c s s s amess s 35 5 i s a0 mmas® s @53
1.3 The Representation of Real Numbers . . . . . . ... ... .......
1:4 CompleXNUmbers « « w s s s s 3 s s s s ns s aspes a2 s s 54
2 Sequences of Numbers
2] Introduction < s s s s v s 3 5 53 st s s a R R B e B A B G HH H L& E F s
2.2 The Convergence of Sequences . . . . . . . . .. ... .........
2.3 The Convergence of Sequences (continued) . . . ... .........
2.4 A Criterion for Convergence: Cauchy Sequences . . . . .. ... ...
2.5 InHNMESETIES: £ 2 2 & 2 2 ¢ Tovm e o S o ® @SS G P
216 Speed Of' CONVEFZENCE .« » s « s s s s v s w & 5 s 5 5 5 £ 8 58§ & & 4
2.7 SomeGeneralizations - s s s 5 s s s s s s s s @ E B G R BE T PP E s

3 Functions of One Variable

Bl SIS o cirirs iU HRREs s sns ib BB aRBEESHIE
32 PFUDCHOHS & 5 4w mw s sew oo w0 ¢ o w85 @ G
33 Elementary FUNCHONS ¢ « ¢ = 5 5 s s ¢ s s s s 8o 5 65 6@ &8 58 s 8
331 PolynomialsS . « o viv v v b o e s e s s s
332 Ranonal Functons . . . : « ¢ ¢ s w s m w8 5w v @ s 5§ o0 5 5
3.3.3 ‘Trigonometric Functions : : : « « s s s w s © w s 5 s 5 5 5 s 5 &
3.3.4 Exponential and Logarithmic Functions . . . . ... ... ...
3.3.5 Hyperbolic Functions . . . . . . ... ... ... ... ...,
3.4 Piecewise Continuous Functions . . . . .. ... ... ... ......
35 Composite PUNCHONS « « « : s s v svswmes s ns s a5 65 5 55 3 3
36 Special FUNctions . . « ¢ « v s ¢ v v o wm e m oo o oo e m o @
3.7 Functions of a Complex Variable . . . . . ... ... ..........

4 Two-dimensional Analytic Geometry

4.1 TOHOUOCHON = 4 5 % 5 o e e oo v e o e w e B
4.2 Two-dimensional Analytic Geometry . . . . . . . .. ... .......
43 LADES s s smmmwmss 555§ § 38 R G 8 A @ E M B s ¥ & 58 85 § &
4.4 Trianglesand Polygons . . . . . . .. .. ... ... .. .. .. ...,

O ~J — =

13
13
13
15
16
18
21
24



CONTENTS

4.5 Conic Sections . . . . . . . .. e e

4.5.1

452 TheEllipse . . . . .. ...
453 TheHyperbold . : ::sscsvwssssannsvnnssssss
454 TheParabola . . .. ... ... ... . ... ... ... ...

4.7 InsideorOutside? . . : . : - : s s wppsssmesassss s s
Linear Algebra

S.1 INTOAUCHON o s v vk a5 s s v s wn s e R ww® B G S GBI s F 8 55 F
5:2 Vectorsand Matrices . o : . i : o oo c oo mmam oo msws e oo oo
5.3 Vectorand Matrix Norms . . . . . .. .. ... ... ..........
5.4 Inner products and Orthogonality in R" . . . . . ... ... ... ...
5.5 Linear Algebraic Equations . . . . . . . ... ... ...........
56 DelerminantsS . « v o o o 0 o v wwow s ke e e e E e e e e
5.7 Eigenvalues and Eigenvectors . . . . . . . ... ... ... ...
5.8 Dimeénsionand Bases : s s s s s as s e v o nms w5 500 s i s
5.9 Sequences of Vectors and Matrices . . . . . . . ... .. ... ... ..

Functions of Several Variables
INfrOduction = & « 5 5. = 56 w i G B @ F H e 5 55 5 o s 5 5 5 5 Ao e
Inverse Mappings . . . . . . . . ...

6.1
6.2

Calculus
Differential Calculus . . . . . . . . .. . . ... ... ... .. ....

7.1

7.2
7.3

7.4

7.1.1

Differentiation in One Dimension . . . . . . . ... . ... ..

7:1:2 Partial Differentiation. = = « s s s s 2 56 2.6 25 5 5 5 4 5 & 5 5
7.1.3 The Weierstrass Example . . . . . . .. .. ... ........
Differentiation in R” . . . . ... ... ... ..
Applications of Differentiation . . . . . .. ... ... ... ......

7.3.1

TaylorSeties s cancssspaacmmes memsssssa s

7.3.2 Calculationof Extrema . . . . . .. .. .. ... ........
7.33 Newton’sMethod . . . . .. ... ... ... ... ...,
734 SplineTuictions : sessssssnp s s s 955 0586 08 3
Infegral Caleulus : : s s s svwvassss v ansnssssss &5 58es

7.4.1

Riemann Integrals in One Dimension . . . . .. ... ... ..

7.4.1.1 Indefinite Integrals . . . . . . . . ... ... .....

7412 DelinteInepials: o o o v w oo s 8 58 8 5 8 8848 90
7.4.1.3  The Connection between Definite and Indefinite

Inteptals: .. - ccuos oo e s 553 5 806055

7.4.14 Integrationby Parts . . . . . ... ... ... .. ..

7.4.1.5 The Differentiation of Integrals with Parameters . . .

7.4.1.6  Improper Riemann Integrals . . . . . . ... ... ..

7.4.1.6.0.1 One Endpoint Equal to de0 . . . . .

7.4.1.6.0.2  The Integrand is Unbounded . . . .

7.4.1.6.0.3 The Integrand is Discontinuous . . .

74:1.7 Evaluation-ofIntegralS . « « v s ¢+ ¢ o s 6 5 5 ¢ 5 & 5 s

7.4.2 Riemann Integrals in Several Dimensions . . . . . ... .. ..

57
57
57
62
66
69
70
72
79
83

85
85
88

91

91

91

97
100
101
105
105
106
110
111
112
112
112
114



10

7.5 Integration by Substitution in n Dimensions . . . . .. .. ... ...
7.6 The Relationship between Integrals in IDand2D . . . . . ... ...
7.7 The Riemann-Stieltjes Integral . . . . . .. .. .. ... .......
7.8 AnalyticFunctions . . . . ... ... .. ... ... ...
7.8.1 Analytic Continuation . . . .. .. ... ...........
782 CompléexIntegration . = « s s 5 s v + s s v s s s s @ we ® s s
7.8.3 The Calculusof Residues . . . . . . ... ... ........
7.9 The Calculus of Finite Differences . . . . . .. .. ... ... ...
Linear Spaces
8.1 Introduction . . . . . .. .. ... ... e
82 TheLinearSpaceClab] s « s cvwnvsusssvassnamnman
8.3 The Linear Spaces C"(Q) andC"(Q) . . . .. .. ... ... ....
8.4 The Spaces LP(a,b) and LP(Q)for | <p<eo . .. .. .. ... ...
85 CompleteSpaces : : « s v s s s s v v s s &35 3 855 B& @ s
86 DimensionandBases : : : s swswama s 555 55 :EFHEFE S
8.7 Lebesgue Measure and Lebesgue Integration. . . . . . .. ... ...
8.8 Weak Derivatives . . . . . . .. ...
8.9 The Sobolev Spaces W™P(Q)and H™P(Q) . . ... ... ......
8.9.1 The Sobolev Embedding Theorem . . . . . . ... ... ...
8.10 Other Properties of Linear Spaces . . . . . .. .. .. ... .....
8.10.1 Three Basic Principles for Linear Transformations . . . . . .
B.10:2 Spectral THEOLY .«  w o s oom o mos v 0 0 v s ov i o
8.10.3 Calculus of Operators . . . . . .. .. .. ... .......
8.11 Topological SPACES « « v s s v s s w 83 8 % s 8 35 A L E R BB & & o
The Solution of Finite Dimensional Equations
91 Introduglion . . v susswwa s s s s o ns s thbdebsnsdsa
9.2 Linear Algebraic EGUAtionS & « = s < 5 0.8 55 5 5 ¢ & 8 5% ww « @ 58
9.2.1 Solution of Linear Algebraic Equations: Direct Methods . . . .
9.2.2  Solution of Linear Algebraic Equations: Iterative Methods . . .
923 GeneralizedSolGtions . : o s 25 55 s s s s m s s w5595
9.2.3.1 Least Squares Solutions . . . . ... .. ... ...
9.23.2 Generalized Inverses . . . . . ... ... .. ....
9.3 Polynomial EQUALIONS = . & v « s w5 v v 55 s v 558 ¢ s 6 55 & 5 % 5
9.3.1  The QR Algorithm for Computing Eigenvalues . . . . . . . .
9.4 Non-linear EQUations : « ¢ v s & 5 55 5.5 5 5 6 & ¢ 5 6.6 6 55 & = 5 s
9.4.1 Non-Linear Equations: Fixpoint Iteration . . . .. ... ...
9.4.2 Non-Linear Equations: Newton’s Method . . . . . .. . ...
9.5 TheIniplicit Function ThEOTEM o « v v s 5 5 s ¢+ s s s A6 v w = & 8
Tensor Analysis and Differential Geometry
10.1 Introduction . . . . . . . . . .. L
10.2 Three-dimensional Analytic Geometry . . . . . .. .. ........

CONTENTS

1020 CorveS M3 4555 55 5505 ¢ ¢ 088 6o 56 d 8 6% & s b3
10.2.1.1 TheLine . . . . . .. . . vt iuwueuenwaon
10.2.1.2 GeneralCurves . . . .. .. .. ... .......

10.2.2 Surfacesin 3D . . v v s 5 5 s 55 s v m B B e @ s S 8

Xi



xii CONTENTS

10.2.2.1 ThePlane . .. ... ... .. .. ... ....... 233

10.2.2.2 TheSphere:: : : : sa s s v mmws i3 5 6 5 5555« 233

10.2.2.3 The Ellipsoid . . . .. ... ... .......... 234

10.3 Differential GEOMEY « « « « s ¢ v o ww wm s s s 85 55 5 6 5 5 & & s 235
10.3.1 Tangents and Tangent Planes . . . . . .. ... ... ...... 236
10.3.1.1 Computing the Tangenttoa Curve . . .. ... ... 236

10.3.1.2 Computing the Tangent Plane to a Surface . . . . . . 237

10.3.1.3 Curvature . . . . . . . . ... . 239

104 Coordinate:Systems = : « « s s s s 6 s s s s G o mms 86 8 v v 54 4500 241
10.4.1 Polar Coordinates . . . . . .. .. .. ... .. ......... 241
104.2 Cylindrical Coordifiates : « « = v s s s s 06 5 » = 5 5 5 5 & & 3 241
10.4.3 Prolate Spheroidal Coordinates . . . . . . ... ... ... ... 243
10.4.4 Orthogonal Coordinate Systems . . . . . .. .. ........ 244
10.4.5 Transformations Between Coordinate Systems . . . . . . . .. 244
10.4.6 Construction of Orthogonal Coordinate Systems . . . . .. .. 248
10.4.7 Artificial Singularities . . . . .. .. .. ... oL 249
10.4.8 Differential Manifolds . . . . .. .. .. ... ... ...... 250

10.5 Tensor ADaLYSiS = s v v s s s s e w e m e s o 855 55 54 6886 845 250
10.6 Differential Operators for Tensors . . . . . . .. .. .. .. ...... 254
10.6.1 The Divergence Operatordiv. . . . . .. .. ... ... .... 256
10.6.2 The Differential Operatorgrad . . . . . . .. .. ... ... .. 257
10.6.3 The Differential Operatorcurl . . . . . . ... ... ... ... 257
10.6.4 Combinations of the Differential Operators div, grad and curl . 258
10.6.5 The NablaOperatorV . . .. .. ... ... .. ........ 258
10.6.6 Differential Forms . . . . .. .. .. ... ... .. ...... 260

10.7 Integration by Parts in more than One Dimension . . . . . . .. .. .. 260
10.7.1 The Divergence Theorem . . . . .. .. ... ... ...... 261

10.8 Computation of Length and Surface Area . . . . .. .. ... .. ... 264
10.8.1 Computation of the Lengthof aCurve . . . . . . .. ... ... 264
10.8.2 Computation of the Area of a Two-dimensional Surface . . . . 265

10.9 Applications i « s s 5 5 s s s s s s s s F R B B E 5 &% 5 & 58 5 aa &8 267
10.9.1 Non-linear Elasticity . . . . . .. .. .. ... ... ...... 267
10.9.2 Mechanics of Biological Tissue . . . ... ... ........ 267
10:9:3 Heart Mechanics : : : s sasnv awsmss s a5 5558995 267
10.9.4 Myocardial Fibres . . . . . ... ... ... .. .. ...... 268
10.9.5 Heart Valve Leaflets . . . . . .. .. .. ... ... ...... 268
10.9.6 HydrostaticSkeletons « « z s s s s s o v s s v 25 s 5 swwm s 268
LODST BOHES & o 6 0 on wr i coooms san oo g 5 0 6 @ o a0 67 [, 150 960 [ o5 ) e o 0 6 269

11 Modelling Geometric Complexity 271
11.1 Introduetion « v v s 5 ¢ s s s s w s s o w58 06 5 &8 6 &5 s s 271
1.2 Practals: =« s s 5558 s s s e mmpaes 88 a8 56 8 8 .06 65 ¢ 980" s 271
113 VarfoldS . o o o o vovi v v v mmie a5 @ 5 8 5 8 8w S R 275
11.4 Penrose Tilings . . . . . . . . . . . . i i 278
12 Fourier Analysis 281

12 IntrOdUGHON < = o 505 ¢ 5 ¢ 5 w6 &5 58 5O S 6 50§ 3 § 5§ 8 5 508 5@ 281



CONTENTS

12.2 Fourier Series . . . . . . .« oo i
12.3 Properties of Fourier Series . . . . . .. .. ... ... .........
12.3.1 Fourier Series as Orthogonal Series . . . . .. . ... ... ..
12.3.2 The Pointwise Convergence of Fourier Series . . . . . .. . ..

12:4 PourierTransforms . s « « s 5 s 25 5 + ¢ « + 3 6 s s g ww s 5885 5
12.5 The Discrete Fourier Transform . . . . . . .. .. ... ... .....
126 APplCations : : s = w o s v w59 v 5 3 5 3 5 5 £ 6 ¢ v e w WL E
12.6.1 X-ray Crystallography . . . ... ... ... ... .......
1262 Optics . . . . . . . . .
12.6.3 Solution of Partial Differential Equations . . . . . .. ... ..
12.6.3.1 Analytic Solutions of PDEs . . . . . .. .. ... ..

12.6.3.2 Numerical Solutionof PDEs . . . . .. .. ... ..

12.6.4 Signal Processing . . . . . . . . . ... ... ...

12.7 Fourier Analysis: Related Concepts . . . . . . .. .. .. .. .....
12.7.1 Complete Orthogonal Systems . . . . . .. .. ... ......
12.7.1.1 Orthogonal Polynomials . . . . . ... ... ... ..

12.7.2 Related Integral Transforms . . . . .. ... ... ... ....

13 Ordinary Differential Equations (ODEs)

13.1 Introduction . . . . . . . . . ...
13.2 Examples of Ordinary Differential Equations . . . . . ... ... ...
13.3 Initial Value and Boundary Value Problems . . . . ... ... .. ...
13.4 The Solution of Ordinary Differential Equations . . . . . . .. ... ..
13.4.1 The Analytical Solutionof ODEs . . . .. .. .........
13.4.1.1 Scalar Linear ODEs with Constant Coefficients .

13.4.1.2 Systems of Linear ODEs with Constant Coefficients .

13.4.1.3 Systems of Linear ODEs with Variable Coefficients .

13.4.1.4 Stability of Linear ODEs . . . . ... ... .....

13.4.2 Qualitative Analysisof ODES . . . . . .. ... ... .....
13.4.3 Numerical Solution of Initial Value Problems for ODES .
134.3:1 Euler'sMethod . . ::.::::ivvmmemvs s

13.4.3.2 Adams-Bashforth Methods . . . . . ... ......

13.4.3.3 Backward-Differentiation Methods . . . . . ... ..

13.4.4 Numerical Solution of Boundary Value Problems for ODES . .

13.5 ODEs with Parameters . . . . . . . . ... .. .. ... ........
136 ReGenE DevVElOPMENtS & s v w=om 20505 5 8 ¢ 5 3 8 8 55 &% 5 8@ & 8 8 @ 2
1360 Cha08 « o w s wwm s mepe s § 8 8 2 8 § ¢ FHBHEEE & H Y H 8
13.6.2 Bifurcation and Catastrophe . . . . .. .. ... ... .....
13.6.3 Sync . . . ...
1364 BUrSting o o oo m o sis s 5 8 1 6§ 1 8 6 s s mms @M@ EH 88 5

14 Partial Differential Equations (PDEs)

14.1 Introduction . . . . . . . . . . . . e
14.2 Some Classical PDEs . . . . . . . . . . . . .. . ... ...
14:2.] INFOdUCHON & 5 55 6.5 5 5 ¢ 5 5 ¢ 8 s G G R GH B H B S & & &
14.2.2 Linear First OrderPDEs . . . . .. .. .. ... ... .....
14.2.3 Linear Second Order PDEs . . . . . . . . . ... ... .....

Xiii

282
287

297
298

299
299
300
308
311
311
312
316
317
317
322
328
328
331
333
335
337
337
337
338
340
341

343
343
344



Xiv

CONTENTS
14.2.3.1 TheWaveEquation . . . :: :isssss5 535525 s
14.2.3.2 The Laplace Equation . . . . . ... ... ......
14233 TheHeatEGUation « « « « s s s s pagses s s s o5& e
14.2.4 The Biharmonic Equation . . . . . ... ... ... ... ...
14.3 Some PDEs in Continuum Mechanics . . . . . . .. ... ... ....
1431 IntfodieoN s we s as s s s s s s s s s v wwR s EaE 8 5 & 5
14.3.2 The Navier-Stokes Equations . . . . . . ... ... ... ....
14.3.3 The Equations of Non-linear Elasticity . . . . . . ... ... ..
14.3.4 Poroelasticity . . . . . . . . ... ...
1435 Journal Bearings . . .. ... ... ...............
144 Some PDEsinBiomechanics « - « = « = « s s s s s s 5555 5 95 5 5 s
14.4.1 Membrane Currents: Hodgkin and Huxley . . . . . . .. .. ..
14.4.2 Aortic Valve Leaflets: Peskin and McQueen . . . . . . . .. ..
14.4.3 Stresses and Strains in the Heart: Hunter and McCulloch . . . .
14.5 The Propertiesof PDEs . . . . . . .. .. ... ... ..........
14.5.1 INFOdUCHON = « 5 o o w v 515 5 5 s s s memw m s oo s & 5 65 5
14.5.2 The Classification of Linear Second Order PDEs in Two
Dimensions . . . . . . . ... ...
14.5.2.1 ParabolicEquations : : . : ¢ s s s s s s 5 58 5 4 » »
14.5.2.2 Elliptic Equations . . . . ... .. ... .......
14.5.2.3 Hyperbolic Equations . . . . . .. ... ... ....
14.6 Some Special Problems . . . . « . « ¢ ¢ i i i v s i e v e e s
14.6.1 Free Boundary Problems and Moving Boundary Problems . . .
14.6.2 Ill-conditioned and Ill-posed Problems . . . . . . ... ... ..
14.7 Existence and Uniqueness Theorems forPDEs . . . . . . . . .. .. ..
14.7.1 Introduction . . . . . . . . .. .. L. L
14.7.2 Weak Solutions (Generalized Solutions) . . . . ... ... ...
14.7.3 Distributions . . . . . .. .. Lo
14.7.4 Variational Inequalities . . . . . . .. ... ... .. ......
14.8 The Analytic Solutionof PDEs . . . . . . .. ... ... ........
14.8.1 Linear FirstOrder PDEs . . . . . . ... ... ... ......
14.8.2 Separation of Variables . . . . . . ... ... ..........
14.8.3 Complex Analysis . . . ... ... ... .. .. ........
14.8.4 Fourier Analysis and Related Methods . . . . . . .. ... ...
14.8.4.1 Solving the Wave Equation Using Fourier
TrADSIOTMS o v v v s s s s s o mw s G w @ 8 & & 53
14.8.4.2 Solving the Heat Equation Using Fourier Series
14.8.4.3 Solving the Heat Equation Using the Laplace
TRABSIONN o« v v s s s v w o w e ms e s s
14.9 The Numerical Solutionof PDEs . . . . . . . ... ... ........
14.9.1 GalerkinMethods. . . . .. ... ... ... ..........
14.9.2 The Finite Element Method: An Example . . . . .. .. .. ..
14.9.2.1 The Finite Element Method: Bilinear Form . . . . . .
14.9.3 The Finite Element Method: Heart Mechanics . . . . . . . . ..
14.9.4 The Finite Element Method: Remarks . . . . . .. .. ... ..
14,10 Systemsof PDES : < s s s v sn v 3 s s s o s swwmawnawss s

14.11 Appendix: Details for Example 14.9.1 . . . . . .. .. ... ... ...

362
362
364
365
368
368
369
370
370
371
375
3717
383
383
385
389
390

390
392



CONTENTS XV

15 Optimization and Control Theory 429
151 Introduetion : = s s s s s v s s s v s 3 s v s s SR EE B M E O E 8 = 8 429
15.2 Solving Optimization Problems . . . . . . .. ... ... ... ..... 430

15.2.1 Linear Programming . . . . . . . .. ... ... ........ 430
15.2.2 Quadratic Programming Problems . . . . . ... ... ... .. 432
15.2.3 Linear Complementarity Problems . . . . . ... ... ... .. 432
15.2.4 Some Optimization Problems in Biology . . . . ... ... .. 434
15.2.4.1 Optimum Design of Blood Vessel Bifurcation . . . . 434

15.2.4.2 Evolution and Genetic Algorithms . . . . . ... .. 437

15.2.4.3 Bones and Shape Optimization . . . . ... ... .. 437

15244 PackingProblems . : « : ¢« s s 5 s ww www s o s s 437

15:3 Control THEOLY: : - s 6 s ss s s 35853 i 5o S AR EEE G S 0 5 5 439

16 Modelling 441
16:] Mroduction - - < c s me s s s o8 58 5 $3 5 e @ BEEE & L6 s 441
162 Typesiof MOAEIS. .« « o v v o mowmoms o an v mw s smw @@ 8w s 442
16.3 The ChoiceofaModel . . . . . .. ... ... ... ... ... .... 443
16.4 An Example: Consolidationof Soil . . . . . . ... ... ... ..... A
16.5 Real-world Non-uniqueness . . . . ... ... .. .. ..., 445
16.6 Non-physical Solutions of Model Equations . . . . . . ... ... ... 447
16.7 Modelling: Concluding Remarks . . . . . ... .. ... ........ 448

17 Computer Software 449
17.1 Numerical Software . . . . . . . . .. ... ... ... .. ..., 449
17.2 Computer'Algebra « « s = s s 5 6 95 53 5 5 5 65 s v w oo &5 6 5 @0 451

17.2.1 Examples of Computer Algebra Software . . . . .. ... ... 452

18 Remarks on Mathematical Proofs 455
18:1 Introduction : : s s s s v sz s s 25355353 suBREsssEss 455
18.2 What Engineers Have Said . . . . .. ... ... ... ......... 456

18.2.1 Sir Richard Southwell . . . . ... ... ... ......... 456
18.2.2 TheodorevonKarman . . ... ... ... ........... 457
18.3 Computer-assisted Proofs . . . . . ... ... ... .. ......... 457
18.4 Fallacious Proofs . . . . . .. .. .. .. ... .. ... ... ..., 458

A Summary of Mathematical Notation 461

B Comparison of Integrals 465

Bibliography 467

Index of Concepts 479

Index of Applications 495



HoNIREE, FE B SE #EPDFIE 1) 7] : www. ertongbook. com



