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Preface

Theory of Probability is a science of quantitatively studying regularity of ran-
dom phenomena, which is extensively applied in natural science, technological sci-
ence, social science and managerial science etc. Hence, it has been developing
rapidly since 1930’s and many new branches have emerged from time to time.
Limit Theory is one of the branches and also an important theoretical basis of
science of Probability and Statistics. As stated in the classical book ”Limit distri-
butions for sums of independent random variables” (1949) by B.V.Gendenko and
A .N.Kolmogrov, ” The epistemological value of the theory of probability is revealed
only by limit theorems. Without limit theorems it is impossible to understand the
real content of the primary concept of all our sciences — the concept of probabil-
ity.” Classical limit theory is the signify achievement in the progress of Probability.
The linear processes are the most representative model in time series. Studying
various limiting properties of linear processes is one of orientations of the current
study of Limit Theory. Some significant results of the linear processes about weak
limit properties, strong limit properties and application in change-points problem

have been reached through deep research in this dissertation.

The linear processes are of special important in time series analysis and they

arise in a wide variety of contexts. Applications to economics, engineering and
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physical sciences are extremely broad and a vast amount of literature is devoted to
the study of the limiting theorems for the linear processes under various condition
on errors. For example, under the martingle difference assumption on error, under
the strong mixing condition on error and under LPQD condition on error, the
central limit theorem (CLT) and the functional central limit theorem (FCLT) of
the linear processes are proved. Under some suitable conditions, other limiting
results have been obtained for the linear processes. For example, Burton and
Dehling (1990) have obtained a large deviation principle for the linear processes,
Yang (1996) has established CLT and the law of the iterated logarithm (LIL), Li et
al. (1992) and Zhang (1996) have obtained the results on the complete convergence

etc.

Some kinds of limiting properties of the linear processes under various de-
pendence assumptions are discussed in this paper. As is known to all, everything
has correlations between one another in the world. If we can properly describe
these correlations by mathematics, we can analyze subjects accurately by the pre-
cise tool- mathematics. Hence one can see that, the study on dependent random
variables has momentous significance. In fact, the study on the limit properties of
dependent random variables may be dated back to 1920’s and 1930’s. At that time,
scholars such as Bernstein (1927), Hopf (1937) and Robbins (1948) had carried on
studies on this topic. Till now, new kinds of dependent random variables and their

corresponding conclusions have emerged in a endless stream.

The first chapter presents a insightful discussion over the results about weak
convergence of the linear processes. In the second section of this chapter, the
stationary linear processes generated by asymptotically linear negative quadrant
dependent (ALNQD) are considered, and the FCLT is obtained. The third section
considers a more general linear process with dependent errors. It is shown that if

the dependent errors satisfy a key inequality, the FCLT is also true. As a simple
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application, the limit distribution of the statistics in testing the unit-root process is
obtained. The unit-root process is a important process in theory of econometrics.
However, the error involved in many practical problems is usually a process rather
than a simple real random variable. The forth section copes with such a linear
process in question, which generated from a sequence of p-mixing processes, and
obtains the weak convergence about the partial sums of this process, two parame-

ters stochastic process and the random sum.

The second and third chapters are about the strong limit properties of the
linear processes, and the second one mainly considers the strong limit properties of
the linear processes generated by two common dependent random variables. The
results on this two chapters are related to the well-known complete convergence.
Erdds (1949, 1950) and Spitzer (1956) have carried out the relevant research on the
concept of the complete convergence, introduced first by Hsu and Robbins (1947),
and later in the 1960’s, Katz (1963) and Baum and Katz (1965) popularized the

outcome and came to the following conclusion, Let 1 < p < 2, r > p, then
oo n
an/p_QPﬂZXﬂ >ent/P} <00, >0
n=1 k=1

holds, if and only if E|X;|" < oo, and, when 7 > 1, EX = 0. Davis (1968) proved:

for any € > 0,
oo 1 n
E ognP{| E Xi| = ev/nlogn} < .
n
=1 k=1

holds, if and only if EX; = 0 and EX? < co. Bai et al(1985) established a
more general result on this topic. Subsequently followed by a variety of ways to
popularize. Furthermore, Chen (1978) and Gut and Spataru (2000a) have studied
the precise asymptotics of i.i.d. random variables in the Baum-Katz and Davis laws
of large numbers as € \, 0 (Theorem 2.B). Some Chinese scholars have also studied
the precise asymptotics. As to the linear processes, Zhang (1996) have obtained

the result of the complete convergence in the form of Baum-Katz and Davis laws

3
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(Theorem 2.A). However, the precise asymptotics results about the linear processes
are very few. In section 2, chapter 2, the purpose is to show that the kind of precise
asymptotics result such as Theorem 2.B also holds for the linear process under ¢-
mixing and NA dependence assumptions. On the other hand, it is well-known that
LIL is a very propounding result in Probability Limit Theory. It is the precise
phenomenon of the strong law of large numbers. Many scholars have always paid
close attention to the study of LIL and a lot of classical conclusions have been
drawn. Recently, Gut and Spataru (2000b) published an article regarding the
precise asymptotics in LIL of i.i.d. random variables (see Theorem 2.C). But few
results for the precise asmyptotics in LIL about the linear processes are known. In
section 3, we shall prove that the kind of precise asymptotics result on LIL such
as Theorem 2.C also holds for the linear process both under ¢-mixing and NA
dependence assumptions. By replacing v/nloglogn by v/nlogn, this section also
gives the result for the precise asymptotics on the law of the logarithm such as

Theorem 2.D.

The moment type convergence of the complete convergence was introduced
first by Chow (1988), and this convergence of i.i.d. random variables was discussed
(Theorem 2.E). Then Wang and Su (2002) established the moment convergence of
i.i.d. random elements on Banach space. In section 4, the moment convergence of
the linear process under NA dependence assumption will be studied. Enlightened
by Chow’s result, Jiang (2004) discussed the precise asymptotics properties on
moment convergence and LIL about i.i.d. random variables. Then, with the help
of Jiang’s research, we mainly consider whether the precise asymptotics on moment
about the linear processes also hold in Chapter 3. In section 2, we obtain the result
of the precise asymptotics on moment convergence for the linear processes of i.i.d.
random variables. In section 3, the precise asymptotics on moment LIL is also

studied.
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The fourth chapter is on the applications of the linear processes in change-point
problems. Generally speaking, change-point is “ the point which some quantities
suddenly change in the models ”, such a sudden change is usually a qualitative
change of things, which is common but important in nature, society and various
fields. Although, from the statistical viewpoint, the project of statistical analysis of
change-points can not be considered the most developed, it is vital in many appli-
cations. As a result, several effective ways to common problems are emerged, which
is useful for the applications. Once a change point is properly located, the original
model should be modified accordingly to provide better interpretation of data and
more accurate forecasts. Therefore change point estimation plays a extremely ac-
tive role in econometric modeling, and there are many articles about change-point
problems in statistical and economic literature. As for all-around literature, we
can turn to Csérgdé and Horvath (1997). Among various issues, estimation of the
single mean shift is no doubt a popular research topic, which arouses long-range at-
tention in academic field. Sen and Srivastava (1975a, b), Hawkins (1977), Worsley
(1979, 1986), James et al. (1987) and Srivastava and Worsley (1986) proposed tests
for testing a shift in a sequence of normal means. Hinkley (1970), Bhattacharya
(1987), Yao (1987) and many others considered the estimation of the shift point
in a sequence of independent variables. For serially correlated data, Picard (1985)
estimated a shift in Gaussian autoregressive process with a known order. These
authors considered maximum likelihood estimation (MLE). This chapter discusses
the least-square (LS) estimator of the unknown change-point in the linear process,
which has been proposed by Bai (1994). Unlike the MLE, the LS method does not
need to specify the underlying error distribution function and is computationally
simple. The LS procedure also allows a broader specification of correlation struc-
ture in the data than MLE can typically permit. Bai (1994) has considered a linear

process of i.i.d. variables by the LS method. However, it is undoubtedly more in-
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teresting to study change-points about dependent random variables. In section
2, we consider the limit properties of the change-point estimation for the linear
processes under dependence assumptions, and at the same time, Bai’s (1994) out-
comes are improved from two aspects: (i) to weaken the condition Y777 jla;| < oo
to 377 laj| < oo, (ii) similar limit properties are obtained under more depen-
dence assumptions. Most early efforts have been devoted to the detection of a
unique change-point. In comparison, less studies have been carried out on the
issue of multiple structural changes in multiple changes. The problem is much
more intricate when the number of changes is unknown, and only a few papers
are published on this problem. Many people only consider the particular case of
changes in a sequence of independent random variables. In particular, Yao (1988)
estimated the number of jumps in an independent normal sequence via ’Schwarz’
criterion. Some others also considered the problem of dependent data, for example,
Bai (1994); Davis et al. (1995); Horvath (1993, 1997); Picard (1985); Epps (1988)
and Bai and Perron (1998) and so on. In section 3, we discuss the consistency and
the rate convergence of the multiple change-points estimation of the linear pro-
cesses under various dependence assumptions. When the number of change-points
is known, the configuration of change-points is estimated by LS method, which has
been proposed by Bai (1994). When the number of changes is unknown, it is es-
timated by using penalized least-squares approach. This method of change-points
detection can be seen as a problem of model selection via penalization (see Schwarz
(1978)). One of the key tools in change-point analysis is to make use of a weak (or
strong) invariance principle for the observed sequence and to develop an asymp-
totic test. Horvath (2000) derived asymptotic CUSUM tests for detecting changes
of weak dependence processes for which a weak invariance principle is available.
The main aim of the section 4 is to derive the asymptotic CUSUM tests (based on

least squares residuals) for detecting changes in the mean or variance of a strong
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dependence process such as a linear process with long memory.

It should be pointed out that some subjects mentioned in this article, such
as the precise asymptotics in LIL and the limit properties of the long memory
processes, are hot topics in field of limit theorems. And we try our best to make
each of our results as perfect as possible. For instance, in Chapter 2, the results
on linear process are established under minimal conditions. These conditions are
sufficient and necessary for partial sums of i.i.d. random variables. However, due
to the limitation of academic ability, some results in the paper may not come to

the optimality.
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