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Preface

The purpose of these lecture notes is to introduce the basic framework of non-
Abelian discrete symmetries, and to present some important applications in particle
physics. Discrete non-Abelian groups have in fact played an important role in parti-
cle physics. However, they may not be so familiar to particle physicists as continu-
ous non-Abelian symmetries. These lecture notes are written for particle physicists
and differ in this respect from standard books on group theory. However, preliminary
knowledge of group theory is not required to understand the non-Abelian discrete
symmetries.

We hope our lecture notes will serve as a handbook for serious learners, and also
as a helpful reference book for experts, as well perhaps as triggering future research.

It is pleasure to acknowledge fruitful discussions with H. Abe, T. Araki,
K.S. Choi, Y. Daikoku, K. Hashimoto, J. Kubo, H.P. Nilles, F. Ploger, S. Raby,
S. Ramos-Sanchez, M. Ratz, and P.K.S. Vaudrevange.

Hajime Ishimori
Tatsuo Kobayashi
Hiroshi Ohki
Hiroshi Okada
Yusuke Shimizu
Morimitsu Tanimoto
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Chapter 1
Introduction

These lecture notes aim to provide a pedagogical review of non-Abelian discrete
groups and show some applications to physical issues. Symmetry constitutes a very
important principle in physics. In particular, it has played an essential role in con-
structing the framework of particle physics. For example, continuous (and local)
symmetries such as Lorentz, Poincaré, and gauge symmetries are crucial to under-
stand several phenomena, such as the strong, weak, and electromagnetic interactions
among particles. On the other hand, discrete symmetries such as C, P, and T are
also vital concepts in particle physics. Abelian discrete symmetries, Zy, are also of-
ten imposed in order to control allowed couplings for particle physics, in particular
model-building beyond the standard model. In addition to Abelian discrete symme-
tries, non-Abelian discrete symmetries have also been applied for model-building in
particle physics, in particular to understand the three-generation flavor structure.

There are many free parameters in the standard model, including its extension
with neutrino mass terms. Most of them are Yukawa couplings of quarks and leptons
to the Higgs boson. The quark and lepton sector is called the flavor sector. Flavor
physics is a challenging aspect of the construction of the theory beyond the standard
model. If a symmetry is imposed on the flavor sector, one can control the Yukawa
couplings in the three generations, although the origin of the generations remains
unknown. Therefore, quark masses and mixing angles have been studied from the
standpoint of flavor symmetries.

In addition, the discovery of neutrino masses and neutrino mixing [1, 2] has
stimulated work on flavor symmetries. Experiments on neutrino oscillations are now
going into a new phase of precise determination of mixing angles and mass squared
differences [3—7]. In particular, the recent long baseline neutrino experiment T2K
is reaching the last neutrino mixing angle, so called ;3 [8]. The Double Chooz
collaboration has also reported indications of non-zero ;3 [9]. Reactor neutrino
experiments, Reno and Daya Bay are also attempting to observe it. Global analyses
of neutrino data indicate the special neutrino mixing pattern, which is called tri-
bimaximal mixing for three flavors in the lepton sector [10—13]. These large mixing
angles are completely different from the quark mixing ones. Therefore, it is very



2 1 Introduction

important to find a natural model that leads to these mixing patterns of quarks and
leptons with good accuracy.

Non-Abelian discrete symmetries are considered to be the most attractive choice
for the flavor sector. Model builders have tried to derive experimental values of
quark/lepton masses and mixing angles by assuming non-Abelian discrete flavor
symmetries of quarks and leptons. In particular, lepton mixing has been intensively
discussed in the context of non-Abelian discrete flavor symmetries, as seen, e.g., in
the reviews [ 14, 15].

Particle physicists may be interested in the origin of the non-Abelian discrete
symmetry for flavors. One of the most interesting is a higher dimensional spacetime
symmetry. After it has been broken down to the 4D Poincaré symmetry through
compactification, e.g., via orbifolding, a remnant symmetry appears in the flavor
sector. This remnant symmetry is often a non-Abelian symmetry. Actually, it has
been shown how the flavor symmetry A4 (or S4) can arise if the three fermion gen-
erations are taken to live on the fixed points of a specific 2D orbifold [16]. Further
non-Abelian discrete symmetries can arise in a similar setup [17] (see also [18]).

Superstring theory is a promising candidate for a unified theory including grav-
ity. Certain string modes correspond to gauge bosons, quarks, leptons, Higgs bosons,
and gravitons as well as their superpartners. Superstring theory predicts six extra di-
mensions. Certain classes of discrete symmetries can be derived from superstring
theories. A combination among geometrical symmetries of a compact space and
stringy selection rules for couplings enhances discrete flavor symmetries. For exam-
ple, D4 and A(54) flavor symmetries can be obtained in heterotic orbifold models
[19-21]. In addition to these flavor symmetries, the A(27) flavor symmetry can be
derived from magnetized/intersecting D-brane models [22-24].

There is another possibility, namely that non-Abelian discrete groups may origi-
nate from the breaking of continuous (gauge) flavor symmetries [25-27].

Thus, a non-Abelian discrete symmetry can arise from the underlying theory,
e.g., string theory or compactification via orbifolding. In addition, non-Abelian dis-
crete symmetries are interesting tools for controlling flavor structure in model build-
ing using the bottom-up approach. Hence, non-Abelian flavor symmetries could
provide a bridge between the low-energy physics and the underlying theory. It is
thus quite important to understand the properties of non-Abelian groups for particle
physics.

Continuous non-Abelian groups are well-known, and of course there are sev-
eral good reviews and books. On the other hand, discrete non-Abelian symmetries
may not be so familiar to particle physicists as continuous non-Abelian symme-
tries. However, discrete non-Abelian symmetries have become important tools for
model building, as discussed above, in particular in the context of flavor physics.
The purpose of these lecture notes is therefore to provide a pedagogical review of
non-Abelian discrete groups with particle phenomenology in mind, and to exhibit
the group-theoretical aspects of many concrete groups explicitly, including, for ex-
ample, representations and their tensor products [15, 28—-34]. We present these as-
pects in detail for the groups Sy [35-132], Ay [133-243], T’ [33, 244-263], Dn
[264-285], Qn [286-300], QD,y, X (2N?) [301], A(BN?) [302-313], Ty [302-
304, 312, 314-323], Z(3N3) [315, 324], and A(6N?) [302-304, 312, 325-330].
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We explain pedagogically how to derive conjugacy classes, characters, representa-
tions, and tensor products for these groups (with a finite number) when algebraic
relations are given. Thus, it will be straightforward for readers to apply this to other
groups.

In applications to particle physics, the breaking patterns of discrete groups and
decompositions of multiplets are often required to understand low energy phenom-
ena. Such aspects are given in these notes.

Symmetries at the tree level are not always symmetries in quantum theory. If
symmetries are anomalous, breaking terms are induced by quantum effects. Such
anomalies are important in applications for particle physics. Here, we study such
anomalies for discrete symmetries [33 1-344] and show anomaly-free conditions ex-
plicitly for the above concrete groups. If flavor symmetries are stringy symmetries,
these anomalies may also be controlled by string dynamics, i.e., anomaly cancella-
tion.

We also present flavor models with non-Abelian discrete symmetry as typical
examples. One can see how to use the non-Abelian discrete symmetry for flavors.
A lot of references are available to understand the model building here.

On the other hand, discrete subgroups of SU(3) would also be interesting from
the standpoint of phenomenological applications to flavor physics [345-349]. Here,
most of them are shown for subgroups including doublets or triplets as the largest
dimensional irreducible representations (for other groups see [29, 31, 34, 241, 350—
354]).

The book is organized as follows. In Chap. 2, we summarize the basic group-
theoretical aspects used in subsequent chapters, and also present some examples to
provide a more concrete understanding. Readers familiar with group theory can skip
Chap. 2. In Chaps. 3 to 13, we present the non-Abelian discrete groups Sy, Ay, 7',
Dy, On, ODsy, Z(2N?%), A(3N?), Ty, £(3N?), and A(6N?). In each chapter,
groups with specific values of N are also discussed for typical examples. Chapter 14
discusses the breaking patterns of the non-Abelian discrete groups. In Chap. 15, we
review the anomalies of non-Abelian flavor symmetries, which is an important topic
in particle physics, and exhibit the anomaly-free conditions explicitly for the above
concrete groups. Chapter 16 presents typical flavor models with the non-Abelian
discrete symmetries A4 and Sj.

Appendix A gives some useful theorems on finite group theory, while Appen-
dices B, C, D, and E provide the representation bases of S4, A4, As, and T’, which
are different from those in Chaps. 3, 4, and 5. Appendix F presents other smaller
groups in detail.

Note Added in Proof Finally, 6;3 has been observed by Daya Bay [355] and Reno [356].
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