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Preface

The method of order reduction has been developed on the basis of the well-known
Keller’s box scheme. It is an indirect method of constructing difference schemes for
approximating the differential equations. First, some new variables are introduced
for the reduction of the original problem into an equivalent system of lower order
differential equations and a difference scheme is constructed for the latter. Then,
the discrete variables are separated to obtain a difference scheme only containing
the original variables. The aim of introducing the new variables is for the theoretical
analysis of the difference scheme. The method is applicable to numerical approxima-
tions of the problems with derivative boundary conditions, mixed derivatives, dis-
continuous coefficients or inner boundaries, and the problems of high nonlinearity as
well as the high coupled systems, etc. Now this method has been successfully applied
to the numerical solutions for linear parabolic equations, linear hyperbolic equations,
linear elliptic equations, heat equations with concentrated capacity, heat equations
with nonlinear boundary conditions, nonlocal parabolic equations, diffusion-wave
equations, wave equations with heat conduction, Timoshenko beam equations with
boundary feedback, the Kuramoto-Tsuzuki equation, thermoplastic problems, ther-
moelastic problems, nonlinear parabolic systems, superthermal electron transport
equations, oil deposit models, the Cahn-Hilliard equation, systems of parabolic and
elliptic equations, etc. The resulting difference schemes usually have second order
global accuracy in the maximum norm. Sometimes, with once extrapolation, the
fourth order approximation in the maximum norm can be obtained. In addition,
the difference scheme can be constructed on non-uniform grids which makes easy to
refine the grids where the solution changes rapidly in order to reduce the amount of
the computational work.

The problems we consider include linear equations vs. nonlinear equations, lower
order differential equations vs. higher order differential equations, one differential
equation vs. the system of differential equations, local differential equations vs. non-
local differential equations, one-dimensional problems vs. multi-dimensional prob-
lems, problems in the fixed domain vs. problems in the variable domain, problems
with classical boundary conditions vs. problems with nonclassical boundary con-
ditions, problems in the bounded domain vs. problems in the unbounded domain,
differential equations of integer order vs. differential equations of fractional order,
real differential equations vs. complex differential equations.

The layout of this book is as follows. Chapter 1 provides a microcosm of the
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method of order reduction via a two-point boundary value problem. Chapters 2,
3 and 4 are devoted, respectively, to the numerical solutions of linear parabolic,
hyperbolié and elliptic equations by the method of order reduction. They are the
core of the book. Chapters 5, 6 and 7 respectively consider the numerical approaches
to the heat equation with an inner boundary condition, the heat equation with
a nonlinear boundary condition and the nonlocal parabolic equation. Chapter.8
discusses the numerical approximation to a fractional diffusion-wave equation. The
next five chapters are devoted to the numerical solutions of several coupled systems
of differential equations. The numerical procedures for the heat equation and the
Burgers equation in the unbounded domains are studied in Chapters 14, 15 and 16.
Chapter 17 provides a numerical method for the superthermal electron transport
equation, which is a degenerate and nonlocal evolutionary equation. The numerical
solution to a model in oil deposit on a moving boundary is presented in Chapter
18. Chapter 19 deals with the numerical solution to the Cahn-Hilliard equation,
which is a fourth order nonlinear evolutionary equation. The ADI and compact
ADI methods for the multidimensional parabolic problems are discussed in Chapter
20. The numerical errors in the maximum norm are obtained. Chapter 21, the
last chapter, is devoted to the numerical solution to the time-dependent Schrédinger
equation in quantum mechanics.

This book is intended for graduate students and for researchers and specialists
in the field of numerical simulation of partial differential equations. A desirable
mathematical background for reading this book includes the basic knowledge of
partial differential equations and the finite difference methods.

I would like to take this opportunity to thank my master advisors Prof. Yucheng
Su and Prof. Qiguang Wu and PhD advisor Prof. Youlan Zhu for guidance in the
field of numerical simulation of partial differential equations. I am grateful to Prof.
Houde Han and Prof. Xiaonan Wu for their cooperation. I would also wish to thank
my graduate students, Fule Li, Honglin Liao, Zhengsu Wan, Jialing Wang, Lingyun
Zhang and Lei Zhao for their contribution to this book.

Most of the research work reported in this book has been completed with the sup-
port of the Natural Science Foundation of China (contract grant numbers 19801007
and 10471023, 10871044). The publication of this book is partly sponsored by the
Publishing Foundation of Southeast University. However, it is very likely that there
are still some errors in this book. I would greatly appreciate it if you could notify
me of any mistakes found in the process of using the book and give me comments
by sending e-mail to zzsun@seu.edu.cn.

Zhizhong Sun
Southeast University, Nanjing, China
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Chapter 1
The Method of Order Reduction

1.1 Introduction

The finite difference method is one of the most useful numerical methods for solving
differential equations. The basic idea is to replace the differential equations approx-
imately by a system of discrete difference equations. We regard the solution to the
system of difference equations as the approximate solution of differential equations.
In this chapter, we present some finite difference methods for a two-point boundary
value problem of an ordinary differential equation and then introduce the method
of order reduction.

Firstly, we list some formulae in common use. Suppose that g(z) has an appro-
priately continuous derivatives in [zo — 2h, o + 2h]. Then

1 h? "
g(xo) = 3 [g(zo — h) + g(zo + h)] — -9 (&),

& € (zo — h,zo + h); (1.1.1)
g9'(z0) = % [9(zo + h) — g(z0)] — ‘ggl'(ﬁl)’ & € (2o, o + h); (1.1.2)
9'(z0) = % l9(z0) — g(zo — B)] + gg"(ﬁz), & € (o — h,z0);  (1.1.3)

: 2

g'(z0) = % [g (wo + %) -9 (wo - %)] - 2—49'"(&3),

&3 € (xo — %,xo + g—) ; (1.1.4)

2

g'(z0) = o5 [0l + 2h) + dg(wo + k) — Bg(zo)] + 59" (€0,

€1 € (20, zo + 2h); (1.1.5)

2

o' (z0) = 57, Ba(zo) — 4g(z0 — h) +g(@ — 20)] + =9 (€s),

& € (z0,zo — 2h); (1.1.6)

2
" (@0) = 5 lo(z0 + h) — 29(z0) + 9(0 — h)] — g (&),

£ € (xzo — h,zo + h). (1.1.7)
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Applying the Taylor expansion or the theory of polynomial interpolation, we can
easily get (1.1.1)~(1.1.7).

Consider the following two-point boundary value problem:

—u" + q(z)u = f(z), a<z<b, (1.1.8)
—u'(a) + poula) = a,  u'(b) + p1u(b) = G, (1.1.9)
where g(x) 2 0, f(x) are two known functions, po, pt1, @ and 8 are known constants.

Suppose (1.1.8)~(1.1.9) have a solution u(z) € C*[a,b].
Let us divide the interval [a,b] into M equal parts and denote h = (b — a)/M,

zi=a+ih(0<i< M),z 3 = 5(@i+2m1) A< < M), Q= {2:(0 < i < M}

and g = q(z), fi = f@), @y = a(@iy), fiy = f(@i_y). Define the grid
function

U={Ui|Ui=u(xi), OSZQM}
If v={v;]0 < i< M} is a grid function on 2, we denote

1 1 1
=5 @itvie1), Sy = (v —vie1), 82vi = 5 (533?%'-4-% - 6::7){_%) .

In this chapter, we present four difference methods for solving the problem
(1.1.8)~(1.1.9) and make some numerical comparisons.

Ui

NI

1.2 First order off-center difference method
From (1.1.2), (1.1.3) and (1.1.7), we have
h2
—02U; + qiU; = fi — Eu(4)(§i), 1<i<M-1, (1.2.1)
h h
—-51;U_;_ + ,u()Uo = — Eu"(fo), 51:UM_% -+ ,ulUM = ,3 — 5?.&”(51\4), (1.2.2)

where

& € (Ti-1,2i41),1 SIS M -1, & € (z0,71); &M € (TM-1,Tm).

Omitting the small terms in the formulae above, we get the following difference
scheme (denoted by Scheme I)

—63;11,-,; + qu; = fi, 1<i<M-—1, (123)
—0guy + pouo = «, Soupr—1 + prum = . (1.2.4)

The difference scheme (1.2.3)~(1.2.4) is a tridiagonal system of linear algebraic
equations, which can be solved by the double sweep method (the Thomas method).
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1.3 Second order off-center difference method
From (1.1.5)~(1.1.7), we have

h2
—82Ui + qiUs = fi — Eu“) (&), 1<i<M-1, (1.3.1)
1
—55 (—Uy + 4Uy — 3Uq) + polUpg = + ’"(5 ), (1.3.2)
1 2
oh (BUm —4Upm—1 +Unm—2) + mUnm =B — —3"“,”(’51%); (1.3.3)

where

&€ (Tic1, i), 1 Si<S M =1 & € (20,72); &M € (TM—2,ZM)-

Omitting the small terms in the formulae above, we have the following difference
scheme

—62u; + q(zi)u; = f(z:), 1<i<M—1, (1.3.4)
1
~3 (—ug + 4u1 — 3ug) + pouo = o, (1.3.5)
1
2h (3uM dupr—1 +up— 2) + piupy = 0. (1.3.6)

Eliminating us in (1.3.5) by the equation (1.3.4) with ¢ = 1 and eliminating uas—2
in (1.3.6) by the equation (1.3.4) with i = M — 1, we obtain the following difference
scheme (denoted by Scheme II)

~82u; +qui = f;, 1<i<m-—1, (1.3.7)
1 1
—51,114% + polUo + thlul =o+ Ehfl’ (1.3.8)
1 1
Ozups_i + prum + ‘Z‘hQM—IUM—l =B+ Eth..l. (1.3.9)

The difference scheme (1.3.7)~(1.3.9) is a tridiagonal system of linear algebraic
equations, which can solved by the double sweep method.
The equations (1.3.8)~(1.3.9) can be written as

2

“n [51“% — (kouo — a)] + qu1 = f1, (1.3.10)
2

% [(ﬂ— prum) — Ogting_1 ] +am-1um-1 = fm-1- (1.3.11)

Similarly, from (1.3.1)~(1.3.3), we may obtain
2
=2 5.0y — (uolo — )] + @l = fu + 2" (6o) - Pudg), (1312)
2
- [(,3 —wmUnm) -6 UM_;] +gum—1Unm—1

= fam-1 ——u"'(§ ) — u(4)(£M 1) (1.3.13)
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1.4 Method of fictitious domain

Suppose the solution u(z) of (1.1.8)~(1.1.9) can be extended to the interval [z_1,
zp+1] and u(z) € C*z_1,zp41], where z_1 = 29 — h, Zpr41 = Tar + h.
From (1.1.5), (1.1.6) and (1.1.7), we have

2
B+ ali = fi- u®(E),  0<i<M, (1.4.1)
1 h2 "
_ﬁ (Ul —U_ )+ plUp=a-— —6-u (6_1), (1.4.2)
1 hz nr
o (Ums1 —Um—1) + mUnm = B+ 5 Y (Enmr+1), (1.4.3)

where & € (%i-1,%i+1),0 <1 < M; €1 € (x-1,21), Em+1 € (Tm—1,Tpr41). Omit-
ting the small terms in the formulae above, we have the following difference scheme

—62u; + qius = fi, 0<ig< M, (1.4.4)
1

- —u_ = 1.4.
o (u1 —u—1) + pouo = a, (1.4.5)

1

5 (Upr+1 — uM-—1) + mupy = p. (1.4.6)

Eliminating u_; in (1.4.5) by the equation (1.4.4) with ¢ = 0 and eliminating ups,1
in (1.4.6) by equation (1.4.4) with i = M, we obtain (denoted by Scheme III)

—82u; + qiu; = fi, 1<i< M~1, (1.4.7)
1 1
—0zuy + pouo + thouo =a+ Eh‘fo’ (1.4.8)
1 1
5zuM_% + waups + thMuM =04+ §th (1.4.9)

The equations (1.4.8) and (1.4.9) can be written as

2

iy [5z”§ — (pouo — a)] + qouo = fo, (1.4.10)
2 .

7 {(ﬂ — pum) — 51:'U/M_%] +gmum = fu- (1.4.11)

The difference scheme (1.4.7)~(1.4.9) is a tridiagonal system of linear algebraic
equations, which can be solved by the double sweep method.

If we do not suppose that solution u(z) of (1.1.8)~(1.1.9) can be extended to
the interval [x_1,Zap41], we can obtain the difference scheme (1.4.7)~(1.4.9) by the
following method.

From

—u'(a) + pou(a) = &, —u"(a) + q(a)u(a) = f(a),
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we have
7 h III
&Uy =u'(a) + 5o (a)+ (é0)
h
=uolUp —a+ (QOUo — fo) + —um(ﬁo),
where & € (zg,z1). From

w'(b) + pau(d) = B, —u"(b) + q(d)u(d) = £(b),

we have
SuUp_y =)~ (b) + Bumen)
h2 "
=0 - mUnm + ) (fM —qumUnm) + k (énm),

where €y € (Tpr—1,Zm). Then

2
—82U; + qiUi = fi — %u(4)(£i), 1<i<M—1, (1.4.12)
h h Bz ,,
—6:Uy + polo + —quo =o+ —fo — g (5 )s (1.4.13)
h
0Uns— 3 + 1 Up + 2qMUM 8+ fM+ '”({ ). (1.4.14)

Omitting the small terms of order O(h?) in the equations (1.4.12)~(1.4.14), we arrive
at the difference scheme (1.4.7)~(1.4.9).
The equations (1.4.13)~(1.4.14) can be written as

—% [‘SwUé ~ (polUo — a)} + qolUo = fo — %u’”({o), (1.4.15)
—% [(ﬂ — pUnm) — 5zUM_%] +amUm = fm + gu’”(&M). (1.4.16)

1.5 Method of order reduction

Let
v(z) = v'(z),
then (1.1.8)~(1.1.9) are equivalent to
—v' +q(z)u= f(z), a<z<b, (1.5.1)
—u' 4+v=0, a<z<b, (1.5.2)

—v(a) + wou(a) = a, v(b) + p1u(d) = 6. (1.5.3)
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The problem (1.5.1)~(1.5.3) is a system of first order differential equations, in
which the boundary conditions (1.5.3) do not include derivatives.
From (1.1.1) and (1.1.4), we have

—0Vier+ @i Uiy =Ffi 3 +(r)img, 1<i<M, (1.5.4)
—6zUi_% + VZ_% = (7"2)1;_%, 1<i< M, (1.5.5)
~Vo+wmlo=0a, Vm+mUnm=25 (1.5.6)

where

1 1 _ _
(Tl)i—% = [—ﬂv’”(gi_%) + g%-%u"(ﬁi—%)] hz, 51_%,51'—% € (xz'—l,iﬂi);

1 1, _
(r2)i—y = [‘ﬁ“'"(ﬂi—%) + gv"(ﬂi—é)] h?, Mi-1 M1 € (i-1,Ti)-

Omitting the small terms in the formulae above, we construct, for (1.5.1)~(1.5.3),
the following difference scheme

—02v;_y T ¢ uiy = fioy, 1SiISM, (1.5.7)
—Gui_y +v;_y =0, 1<i<M, (1.5.8)
—vg + poup = @, Um + pirun = B. (1.5.9)

The difference scheme (1.5.7)~(1.5.9) is often called box scheme, which has the
following three virtues: (1) the discretization of boundary conditions without any
errors. (2) being suitable to construct difference scheme on nonequal grids. Actually,
suppose @ = zg < 1 < --- < Tym—1 < Ty = b be a non-equidistant division of {a, b].
Let h; = x; — Ti—1, 6mv-_% = h% (v; — vi—1) . Then we can also obtain the difference
scheme as (1.5.7)~(1.5.9). (3) the difference scheme containing only the first order
difference quotient, which makes the theoretical analysis easy.

Keller(139 provided a method to solve difference scheme (1.5.7)~(1.5.9). Let

Ui

Lha, Lhg, -1 1
Ai= (2hq12_% llh)a B’L': (2hq3_% ]_h)? R: (hfo—a)y 1<7'<M
5 — 1

2
Then, (1.5.7)~(1.5.9) can be written as

Bo=(po -1), Amp=(m 1); Wi=(ui), 0<i< M;

BO Wo \ / (a7
A B Wi 13
A2 Bz W2 F2
Apm—1 Bum- W2 Fpy_s
AM BM WM—l FM

Ary1 W ) B
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The system of equations above is not tridiagonal. For the same M, the work to solve
this system of equations is much larger than that to solve Scheme I, Scheme II and
Scheme III.

We can separate the two groups of variables {u;}, and {v;}}£, in the difference
scheme (1.5.7)~(1.5.9).

Theorem 1.5.1 The difference scheme (1.5.7)~(1.5.9) is equivalent to

2 1
—0su; + = (qi_%ui_% + qi+%ui+%)

2

1 .

=5 (fimy +firy), 1<i<M-1, (1.5.10)
1 1
—6zu% + poto + th%u% =a+§hf%, (1.5.11)
1 1
5z’UzM_% + piup + thM_%uM_% =06+ 5th_% (1.5.12)
and
1
vo = OzuUL — Eh (q%u% - f%) , (1.5.13)
1

vi = bau;_y + 5h (qi_%ui_% - fi_%) . 1<i<M. (1.5.14)

Proof Rewrite (1.5.7) and (1.5.8) respectively as

w3 —fiiy, 1<i<M, (1.5.15)
, 1<i<M. (1.5.16)

Multiplying (1.5.15) by %h, adding the result with (1.5.16), we have
1 ,
v; = Ogu;_y +§h (qi_%ui_% —fi_%>, 1<i< M. (1.5.17)
Multiplying (1.5.15) by 1h, subtracting the result from (1.5.16), we have
1 .
v = Gausy — 5h (@irytirs — firy)s O<i<M—-1. (1.5.18)
From the equations (1.5.17) and (1.5.18) with 1 < i < M — 1, we obtain
1 1 :
6zui_%+§h (qi_%ui_%—fi_%) =5zui+é—§h (qi+%ui+%—fi+%) , 1<i<M-1,
which is (1.5.10).
From the equation (1.5.18) with i = 0, we know the former of (1.5.9) is equivalent
to (1.5.11). From the equation (1.5.17) with ¢ = M, we know the latter of (1.5.9) is
equivalent to (1.5.12).
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The equivalent relationships above are

(1.5.7) = (1.5.15) }@ { (1.5.17) }@ (1.5.10)

(1.5.8) = (1.5.16) (1.5.18) Ei?iii

The former of (1.5.9)<(1.5.11)
The latter of (1.5.9)<(1.5.12)

This completes the proof. O

The difference scheme (1.5.10)~(1.5.12) only contains {u;}M,, and the number
of unknowns equals to the number of equations. We construct difference scheme
(1.5.10)~(1.5.12) (denoted by Scheme IV) for the two-point boundary problem
(1.1.8)~(1.1.9). The difference scheme (1.5.10)~(1.5.12) is also a tridiagonal system
of linear algebraic equations, which can be solved by the double sweep method. If we
get {u} M, from (1.5.10)~(1.5.12), then it is easy to get {vi}}L, from (1.5.13)~(1.5.14).

Introducing a new variable v = u’/, we rewrite the original second order differ-
ential equations (1.1.8)~(1.1.9) as an equivalent system of first order differential
equations (1.5.1)~(1.5.3). For this system of equations, we construct the difference
scheme (1.5.7)~(1.5.9), then separate {u;}¥, from {v;}¥, to get the difference
scheme (1.5.10)~(1.5.12).

We call the method of deriving the difference scheme (1.5.10)~(1.5.12) as the
method of order reduction and call the difference scheme (1.5.10)~(1.5.12) as the
scheme derived by the method of order reduction. From Theorem 1.5.1, we know that
the analysis of solvability and stability for the difference scheme (1.5.10)~(1.5.12)
can be transformed to the analysis of solvability and stability for difference scheme
(1.5.7)~(1.5.9). Similarly, the convergence of the solution of the difference scheme
(1.5.10)~(1.5.12) to the solution of the differential equations (1.1.8)~(1.1.9) can be
transformed to the analysis of the convergence of difference scheme (1.5.7)~(1.5.9) to
the solution of the problem (1.5.1)~(1.5.3). Since the system of differential equations
(1.5.1)~(1.5.3) is only of the first order and the boundary value conditions do not
contain derivatives, it is easier to analyze the difference scheme (1.5.7)~(1.5.9).

The equations (1.5.11) and (1.5.12) can be written as

2
— 2 [82uy — (Houo — @)] +ayuy = £y, (1.5.19)

D=

2
_77: [/8 - HIUM - 6zUM_%] + qM_%UM_.% B fM—%‘ (1520)
Similarly to the proof of Theorem 1.5.1, we obtain from (1.5.4)~(1.5.6) that

1 1
—62U; + 3 (q,-_%U-_% + qi+%Ui+§> =3 (fi—% + fi+%) + R,
1<i<M—1, (1521)
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where

:-lwa-lm

2

Ry = (7"1)% + E(Tz)

R =

1.6 Comparisons of the four difference methods

[(ﬂ p1Un) — 6 UM__] +ay-1Uy

Ry = (Tl)M—% -

% [(Tl)i——% + (Tl)i+§]

[5 U, —(uoUo—a)] +q1Uy = fy + Ro,

2

E(TZ)M—%a

Cousider the following two point boundary problem

u'(0) = —=

W (z) + ulz) = [8

3
1’

u'(1)

12
_§>_

The exact solution of this problem is u(z) =

mesh sizes, where

T CR Y
Compute the problem (1.6.1)~(1.6.2) w1th Scheme I~Scheme IV. Table 1.6.1
gives the errors of the numerical solutions in the maximum norm with different

U =~ unllo = max fu(z;) — usl.

Table 1.6.1 Maximum error ||U — un||oo

0<isM

-1 :fM—%+RM,

(1.5.22)

1 .
+ 3 [(rz)iJr% - (rz),._%] , 1<i<M-1.

23 (1 2, 0<z<1, (16.1)
[(=3)

(1.6.2)

M Scheme 1 . Scheme II Scheme III Scheme IV
20 0.104812D+1 0.134548D+0 0.333479D-1 0.142788D-1
40 0.519393D+0 0.346452D-1 0.833955D-2 0.357000D-2
80 0.258572D+0 0.878840D-2 0.208503D-2 0.892513D-3
160 0.129010D+0 0.221307D-2 0.521263D-3 0.223111D-3
320 0.644363D-1 0.555264D-3 0.130322D-3 0.557624D—-4
640 0.322011D-1 0.139055D-3 0.325914D—4 0.139411D-4
1280 0.160963D-1 0.347898D—4 0.815304D-5 0.347840D-5
2560 0.804708D—-2 0.869514D-5 0.204444D-5 0.863468D—6
5120 0.402327D-2 0.216822D-5 0.517209D-6 0.209343D-6
10240 0.201157D-2 0.539771D-6 0.131669D-6 0.500282D-7

It

then we have

In||U — uplloo

U — up|loo = chP,

~Inc+ plnh,

(1.5.23)



