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Abstract

In this paper, we are concerned with hyperbolic
conservation laws in one space dimension. We describe a
method to design high resolution schemes for the equations.
The designed scheme is of Godunov-type with piecewise-line
reconstruction. Different from all other Godunov-type
schemes for the conservation laws, our scheme computes not
only the numerical solution but also an approximation to the
entropy, called numerical entropy. In the scheme the
reconstruction of solution is performed by requiring the cell-
average of the entropy of the reconstructed solution to be
equal to the numerical entropy in each grid cell. Both' the
numerical solution and numerical entropy are computed in a
finite-volume fashion while the computation of the latter
involves a so-called entropy dissipation term, which simulates
the variation of the entropy. In doing so, the numerical
dissipation is introduced in the scheme to stabilize the
computation.

The definition of consistency of the schemes is given and
a Lax-Wendroff theory for the scheme is also given, which
says that if the numerical solution converges, it converges to
an entropy solution of the orginal equation.

Since a major motivation of designing this kind of scheme
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is to try to overcome the numerical dissipation in the linearly
degenerated characteristic field in the system case, we
conduct a numerical study of the scheme without entropy
dissipatibn term on the linear advection equation to
investigate the way in which the numerical entropy eliminates
the linear dissipation. Based on this study, we designed two
schemes of the type. In one of the schemes, certain entropy
dissipation term is still involved in the computation of the
entropy in the linearly degenerated characteristic field; thus,
the numerical entropy is not coservative there. In the other
scheme, we set the entropy dissipation in the linear field to be
zero so that the numerical entropy is conservative in this
field. We then design a so-called “ Minimums-Increase-
and-Maximums- Decrease ” ( MIMD ) slope-limiter in the
reconstruction step of the scheme to eliminate the non-
physical oscillation then caused.

Finally, numerical examples of the schemes with the
linear entropy dissipation and the scheme without the linear
entropy dissipation but using the MIMD slope limiter in the
reconstruction for both scalar conservation laws and the Euler
system of gas dynamics are presented to show how the entropy
dissipation term suppresses nonphysical oscillations near
discontinuities and to illustrate the efficiency of the scheme.

Key words: conservation law, numerical entropy, entropy
dissipation term, numerical dissipation, MIMD slope-limiter



BB B[E cecvrecerectencnniniisssiissisestisissessossassisesesessasases .}
E—E EAEEBFIIRIR -oooeoeeereererremmmnioniinticniiiiiiiasennees 8
2.1 SPAEFIFFFRLYL  oreeeerersmnrsrsrsnnninnunssssneensttsnnnsessssses 8
2.1.1 HFAEZR ceeveecsscncantiiiiiiitiiitittoniitiiiiiiiiisnnnne 9
2.1.2 FHEJE e 1l
2.1.3 & B # & Rankine-Hugoniot X £ «-teneseeenees 11
2.1.4 BB AIELEAE  creveeerereiiiiiiiiii., 12
2.1.5 Riemann B i ceceereceresareciiiiiiiiiiiasiiiiiine, 16
2.1.6 Euler A4 veeerererrentncniniiiiiiiiiiiii. 16
2.2 ABRIEFIEE oceveeerensiiiiiiiiiiiiiii i 21
2.2.1 HAREFBEREERBEHE cccvverrnnncinnnnnnnnn 21
2.2.2 CFL & ceecrrrrrrnennianntntiiiiniiiiicia, 24
2.2.3 Godunov B R &, ceeereserrertiiiiiiiiiiiiiiiiiiiin 24
2.2.4 HBEABIMEAE  oooveecsoseennsssasaoissssenscnansess 27
$=& HWEOMAREERHN, WREEME G 28
3.1 —HESPAEHITER D HORTRE RO SR <orvemeeeennese 28
3.2 XAERH—LEFHS AP AT EE IR ceveecerensiiiiiiiiiiiiiiiiii, 33
3.3 ARV FAORREBRE D! BRI cooeeereeeseenes e 40

3.5 ZRPERFIEL ERMHRE R R B 83T S MIMD AR
?ﬁ__‘éﬁ;{“ﬁ% ......................................................... 57
3.5.1 LMEIE I BER B I ceeceeeeereeneenennes BT



2005 fF LA A3
Mt m

3.5.2 W PLARAEL b A E R MIMD 4% 44|

B F  ceecensannacnnnnittintiiiicitnitnteiiitniiiianaae 58
EE BEEF] cooorerrrrenrreriiiiiiiiiiiiii e 63
4,1 ¥ FHE AR BB B cecevecercereenenens 63

4.2 LR¥EY ERAEFEBUL MIMD #3450 H 7 #as Xi
BUEB A evveeveeernrmmmmcmniiiiiiiiii. 80
FRHE LZEIL creererrererreretiiiiiiiii it 98
S E LR covoveerrrrrrrrsrrsismentetiiiiiiiiiiiitimiatiitiiiiiiiiiorsesianans 100
IEEAETE T E cveveveerersermnmmnimiiiiiiiiiiiiiiiiiiiiiiticinen 105
E g BT T P R T PP P P TS PR LT PR P T PP PP L P PR 106



A T AVBHF B AR KB &R, R RS 122 8 20 4 60
SERFHIE TR — VS 1 28R 3 3 B B9 T A 12 s AR | il ok
BE TRERAEEMN = KFB . LRMTE) Z—. IHERE
#h 112# (Computational Fluid Dynamics, faj #k CFD) & #| Fi it §L
BUE T i SR 2 2 R AR TR 3 ) 22 5 R (4D AFRAS B sh ML
MfEP TSR B % %8, msriE A5 2 (4D REEE T EER
RS I 2EN - EENAEB I LER THREMERE. B
RO R RA TR SFE R B4

u+ fu), =0 €1: 19

BEATEER . P IE R (4D R Y B E M R B 15 3
. HAETREARSEAFR T ZHIB A, R 2 EZEY B )%
RS HFEETEA. HPEFAMNE Eder TR4Y
(2.26) ERMPE T RE. SR R =K TFHERGHN, 2
ZEAMNFREATRA, HEMZ K ER I F0E P A
R ZHIBNA

SHERRGED QL DGR RGE . ¥TFE,. ik
Jie 465 B BB B BLZ& AR A0 ] D6 » &2 B0 AR 2 7™ A 181 T T EL (4] D B
AL (A R AEWBO AT PAH K. 53 Sk E A 8L 41 » B Al LA
JE TR B, AN PR AR B BB o 1V DT 0 B g 2 v R X o A S
FID 1] (o] . SEPAE WA S Sy 2 A B D A B M B A
FK i — P BB B, SURSK i 4R 3l 0 2 (A1) B 7 I A K3
HBCERE. D ERX SRt SR AR s 1 F T B A ok T 80F
bR FEE A BRI 8 R AT B R RBUE D5 ik R TR R R

I



2005 % _F#g K

HrEagex |

SRV RORTHE NI A% 7= A A T A, S RATI AR R SR O 1 i A
R P RSB 5 32 R K 1] BT i DU 2 7 1) e R 2 BRI ) B ) 41 %
ol [a] TR . H5C(EL AR A [ T B At R AR P BRIk 37 2 I O R AR
PEASRRRE » T 5 5] W Acb A S 48 2 DR Ay A 1] DT O 6 2 3% 5 0 28 O
PR TRERE . PR FRRAR A SR i B G B8 1O B e < e B
CERD) B4 792 P s T M 4 T L

R HRRAN. D — %EEWﬁ{Eﬁ?ﬁﬁlﬁ]ﬁﬁﬁﬁ [i1] b8t
LR RUR  FETHIE MY I R v 7 5 1 ] Iy B9 7 7 T A6 3 1 I A
84 fo] 3t 75 6 PR LT ) e %y 5 X A Bl 5 3 T T A ) 5P 1
PERSONE CERE BRSSO ) 5 ) Bl A AR 30 B B 0 ) v b, 30 22
BT EBUE R T RIABRAER T W R . %2 B B H B faf 1,
ETHRERF. bR TR DR Fh B A SO B A R
ZENTTERRIR T .

— B A% X, I Lax-Friedrichs #% X, Godunov #% XS & 7E 11
AP ASHIAEYIIRG  JF H R RIEIE LR et (H 1K
188 R T 1] DB R 3 A B D TE AR 95 2 A0 O0 B 2 X ] MR fe Y 7™
FEEH . BER, I Lax-Wendroff #&=,, 7E1 18 1 F vh & BES
e TR e o R O e BTt 8 s o i, 5 5 | ADRIEE
LR E PERIAILI] USR8t 1] B RS T A I 0 R A0 U 85 » S BT B9 R
FEME . XEEHLH ARG AMRS Y FEBESBUE R . YL R X
SERE RO WIAR K/ R B 2 M A AR RLBTA B o8 O (1), XS4
%, A3 TR 2 543 HER (high-resolution) iy =, ‘& T 1E MR 16
i DR ELA RS 2, 7 1 B B T R AR BE i S5 A T AE Pk (L[4, 5,
10-13,15,21,29,30,33,35,36,39,41 — 43 ] F14< 3C 2% SCHk o A9 H
i SCHR

ARFT AR ARZ A W) SR ST AR By R A HA R, R — 1
A bR S By R, T ELR A — MR S R Y B AR .
B, FE AR Y T FRH A B(EL 5 i M WF T 2 v A R 7506 2 — 5
FE R —A T RO MR, SF G R TRZPE. —BH

=2



B —&TEXIEE@) MRt

Lax-Friedrichs #& 3, . Godunov #§& 2 #B 2 it /2 5 851419, W.[20, 21 ],
FHh WA — L B BRR N R AR, L[ 2], SR, ZE BT A X s
Fe A TR AR U BUE R, © RS R 8. fEVHe R AR
o 50116 A T 2 M T A S 1, ZE AR X P B AT B A B — Al
SRR . BN AR R — Fh T R A A
Bt RERE E .

FEA SO BRATPR 28 th — A BRAK R = 2 #e K. SR T AT A LA
AR A A 2 AT A ARG 3 T B % » Rl g 1
BT BUERS » R A 0 pR B I I, X — N FE A S Sy B
. BOELAR A BE A 2 i A BRAA B (finite-volume) ) 75 it
B PERASCE =5, {HRFRAS I . i %) 8 of 250 nT BB A <P 4R, il
an 5 d AR LR PR AT s . PR BBCME R R A R A Rl — A T
F1%) 5 P o 5, B AL T B s A b R AR AL . DN AS SO AT IS
(IS = 38) A1 & H 4 6 HC R B8R D 1108 5 A — 2 W BUEDRS P . T
REFEBCBUH M LR RIRa € T EMIEM . X RE SR BER AT
AP EEEZEMEM, BN R EREE B TR EE.

SR AN TATREZE ], 4 FRATEA WLz ZHT 4T HEA FRAAFUE K,
HO KRR TARZ IR PHE X AR, &I TVD,ENO,WENO,
NT----« 5655 BIEBRCTN FRTR A, LR SUTZE? R T BB —[ald,
WAMFIARAE T, A HERE PR S S b A e ] R,

LRI AT A R 22 20 # X AR 5 | AT BB RS v LLRE 2
AR, AESH R 4 B TR A0, 2 [ T B B B T . S el TR B
7125 FER T 2RI R L 30 )RR IE 2 eI » PRI AT T B 4 S
LB RAR ™, oA R mT DARESZ (4 . SR 0 Y1) (] ] 7 5 — 4 it
B, h T EN BB 125, B S 5 45 i 72 1 ik
PER L, BA1EL OGh) s SREE A 68 K A RS . —1
RIS HLANE 1.1 s . X L% e T2 h

witu =0 " 1.2)

G



