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Preface

This book is written according to the lecture notes of the graduate course “wavelet analysis with
its applications”. The first part of the course is for graduate students in applied mathematics
and the second part is for electrical engineering Ph. D students. It can be used either as
the textbook for a course that focuses on wavelets, or as reference book for a larger course in
harmonic analysis or signal processing.

From the view of mathematics, wavelet analysis is to represent or approximate functions
by a special class of basis called wavelets. As a fast and efficient approximation method with
high precision, wavelet theory is an important development of Fourier analysis in the field
of harmonic analysis. Different from trigonometric functions used by Fourier transform, the
wavelets are fast vanished or compact supported, which makes it possible for local analysis
both on time and frequency domain. Furthermore, the multiscale resolution analysis (MRA) of
wavelets is very crucial in the processing of non-stationary signal.

On the other hand, classical wavelet theory also has many limitations in application even
though it has made great success in many fields especially in image processing. So some new
progress of wavelet theory is also included in this book. For example, the lifting scheme pro-
posed by W. Sweldens to accelerate the wavelet transform and obtain non-lossless information
representation is introduced at the end of the first part. Besides, to derive shift invariable
transform with less redundancy, N. Kingsbury proposed a dual tree complex wavelet (DTCW)
transform which is briefly described in chapter 8 together with image denoising. Furthermore,
in order to get sparse representation for multi-dimensional signal with low-dimensional fea-
tures, the well- known ridgelet and curvelet theory is introduced in chapter 9 as an important
multiscale geometric analysis method.

As this book is intended as a graduate-level textbook both for engineering and applied
mathematics, in addition to the basic introduction of classic wavelet theory, we try our best to
introduce the latest advancements of MRA both in theory and applications. Apart from DTCW,
ridgelet and curvelet mentioned above, the design of M-band wavelets and integer transforms
are also introduced in this book together with their applications in image compression and
digital watermark.

This book is divided into two parts. The fundamentals of wavelets theory are briefly intro-
duced in Part I which involves six chapters. We focus on the applications of wavelets in Part
IL
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Chapter 1 is the fundamentals of Fourier theory which includes Fourier series, the theories
and algorithms for continuous and discrete Fourier transforms. The necessary mathematical
concepts related to wavelets are introduced in chapter 2. In chapter 3 we describe the Haar
functions in detail. It is the starting point to understand the MRA of wavelets. Whereas chapter
4 is dedicated to MRA theory together with how to construct wavelet functions. chapter 5 is
mainly about the design of M-band wavelets and multi-wavelets. We introduce the concepts
of filter banks, QMF together with their construction. In the last chapter of Part I, the lifting
scheme of wavelet transform is included in chapter 6.

The topic of chapter 7 is image cdmpression based on wavelet transform. The encoding
and decoding algorithm for wavelet coefficients are described at full length in this chapter.
The wavelet based image denoising and enhancement is introduced in chapter 8. Based on the
introduction of several typical algorithms, the DTCW based image denoising and enhancing
methods are described. The theory and algorithm of ridgelet & curvelet transform is given in
charpter 9. As a useful application of wavelets, digital watermark technique in wavelet domain
is introduced in charpter 10. As the last two chapters of this book, how to solve PDE and linear
system based on wavelet is given in chapter 11 and 12.

We wish this book provide a bridge between mathematical theory and engineering applica-
tions. It is still challenging even though many books about wavelets have been published these
years. Most of the materials and resources adopted in this book are coming from our research
work recent ten years in the theory and method of signal processing supported by National
Natural Science Foundation of China, National High-tech R&D Program of China (863 Pro-
gram) and “Oth Five-Year, 10th Five-Year, 11th Five-Year” Defense Research Foundation of
China. The viewpoint taken in the presentation of the material is of course highly subjective
and a bias towards our own research is obvious. Nevertheless, we hope that the book will
stimulate the interest of students and researchers in the field. Look forward to all the criticism
and suggestions which are so valued to improve the book.

This book would not have been possible without the help of our friends and colleagues who
have made many valuable comments and spotted numerous mistakes. In particular, we would
like to thank Hanwei Guo, Zenghui Zhang, Hongping Cai, Xiongming Zhang, Chuanhua Shu,
Hui Zhang, Housen Li and Fengxia Yan for a careful reading of the text. We owe special thanks
to Diannong Liang and Zhengming Wang who encouraged us to write this book. Even though
the scope of the text has changed over the years, the original initiative is due to them. Finally,
we thank all the students who attended tutorials or classes taught by us and whose critical

comments helped us to organize our thoughts.

Lizhi Cheng, Hongxia Wang






Contents

Preface
Chapter 1 Overview of Fourier Analysis:------«««-ccceereeremimmmmmmariiii. 1
1.1 Introduction «:-sccsrrerrmrenreannetsiitssesttsssasassssessosstssssssnnns ok s 1
1.2 Fourier series Prelifiinary -« ««««««c s trsumsetmtmertiaeiiiiiiiiiiii i, 3
1.3 Clontintions Fourier tranafopi s s vews vos s noe com s wns v v s s s e s o s oun s 53 5806 453 15
1.3.1 Concept and basic properties of continuous Fourier transform «:-:ssseeeeeeeen 15
1.3.2 Fourier transform and linear filter ==« - rrerrrrmmeeeiii it iiiiieeneananns 23
1.4 Sampling theorem and uncertainty principle:«-«-««ccoceveriieiiiiiiaiiiiiiiia., 27
1.5 DiScrete FOUrier tramSfOrmy « -« =« =« et e erenenenomantaeamneneeirnenenenraensuennens 32
Chapter 2 Mathematical FOURMAtion -~ « -« -« svnevvmeocetsssnsiiisiarsoncnasossans 35
2.1 Euclidean algorithm and lifting SCheme «« -« ««««xeeeeeerarimiiiiiiiia, 35
2.0 HIIDErt SPACE =+« = sov ovs soin s sss s mansnbsnss s ss i ss ol A4 B B B B e 41
2.2.1 Orthogonality and orthogonal complement « -+« crvvreeeneiiiiiiiiean.. 41
2.2.2 Optimal approximation in closed convex set and orthogonal decomposition: -« -« - 42
2.3 Orthogonal family {¢(z — k)|k € Z} in L2(R) Space--------=-rooreeeeseeeeeeeeen. 47
2.4 Frames in HilDert Space:«« ==t tttetuiiiinitttutmiiiiiiiiiiiiiiiieiiiiin, 51
Chapter 3 Haar Wavelet Analysis:- -« - corrrmmmnreeriiiiii . - 58
3.1 Short-time Fourier transform -« «----«-+-- sy s s PR BV SO S e 58
B 5! TTARE WATOLOE e o s e s ask o brereanons wrocs:s-wsears wis s axera-erises ooy 45588 Skl V50 o condh o Shesy E6r s S0 e 63
3.3 Decomposition and reconstruction algorithms of signals based on Haar wavelet - - - - 68
Chapter 4 Multiresolution Analysis and Wavelets Design-----------cevoeeeennn. 78
4.1 The multireSolution frameEWOrK -« -« s eetrerereimnenerieerarieieieeeereniiirnenns 78
4.2 The Mallat algorithm for signal decomposition and reconstruction:---------------- 87
4.3 Implementation of Mallat algorithm « « -+« ««cveeeeuneiiiiiiiiiiiiiiii.. 93
4.3.1 Initialization ................................................................. 93
4.3.2 Boundary eXtension « -« -« -+« e ettt 96
4.4 Wavelet PACKEES « =+« vt rrrvrrrsennnueeimanteeeiiutesssssnnnsnessissnnnacssenses 99
4.5 Computation of sca.ling 10T A0 (R T 102
4.5.1 Cascade algorithim « =+« -+« s vrerrrnemmenae i 102
4,55 Mabrix equation Algorithoms » == s«ss ssmsavs s sm s wss s o 4w wasams s 10 s w4 s 505 wivins o 104

4.6 Daubechies orthogonal compactly supported wavelets -« -« ocveevvieeieinnn. 105



viii

4.7 Rationalized compactly supported orthogonal wavelets««««««««:cveveeeenii. ..
4.8 Biorthogonal multiresolution analysis -« -« -« rtrreremnernmemnienenneneinenn.
4.9 Design of compactly supported biorthogonal wavelets -« -« -« oeiveeeai ..

4.10 Design of perfect reconstruction filters and biorthogonal wavelets with
rationalized CoOCIEIEE « « =+« o v wim s o m e cimio s win o min s wine o e @ wia o wiw o wie v win s wet 8 w0 w0 6 w00 s
4.10.1 Decomposition------~-----------‘—--~----------------~----'--------------;-
4_10_2 Reconstruction .............................................................
4.10.3 Discussion about the parameters =« =« « -« rrerrrmmmmat i
Chapter 5 M-band Wavelets and Multiwavelets:----«-«:ccoovieiiiiiiiii. .
5.1 TItTOQUCEION « -« « < v« = v v e et e e et et e et et e e e e e e e e e e
5.2 Fundamentals of multirate signal processing -« -« :«-« - ovreeemiiiiiiiiii
5.3 The properties of the perfect reconstruction filter (PRF) banks -+« ««+vvvvevervnn.
5.3.1 The two channel quardure mirror filter (QMF) banks - -« - -+ B R EEETTT TRy
5.3.2 The two channel conjugated quardure filter (CQF) banks« - -ccoveveeoeen...
533 The design Of M—channel PR QMF banks .....................................
5.4 The block and lapped transform based on triangular basis functions-------+------
5.5 PR filter banks and M-band WaveletS -« -« « -« cereernemeeeneenremeenneennennenns
5.5.1 The construction of M-band orthogonal wavelets = =+«
5.5.2 The construction of M-band biorthogonal wavelets: - -« ccvveei,
5.5.3 Construct M-band wavelets based on cosine modulation -« -« ccvrveeerrie...
5.6 Multi-FB and multiwavelets « - -+ - «+rccceerseatirtietsntisnetassnrossssseosancssss
5.7 Multiwavelet MRA and discrete multiwavelet transform-««-«« -« vevveaeeiiiit,
5.8 The basic pricinple for the construction of multiwavelet -« -« cvoveieean ..
5.8.1 The conditions in time domain for orthogonal filters - -+ -« ---vcvveeneii
5.8.2 The conditions in frequency domain for orthogonal filters- -« ««-cccvvveeennn.
5.9 The construction of orthogonal multiwavelets - -« «------vvovvnt R LR TR

5.9.1 Construct multiwavelets based on approximation orders and regularity orders - - - -

5.9.2 Construct orthogonal multiwavelet based on OPTER -+ - - cvvvvveniennn

Chapter 6 The Wavelet Based on the Lifting Scheme and Integer

DISCrete TranNSFOIrTIL - -« -« v v eenemnn ettt e e e e aaiaeeeeens

6.1 TItTOG UGN s 55 ¢ 5o s 5o s w0 6 a5 688 5o 62 606 8 508 5 538 8 40655 5 0 § 5ol 6 5761 s %09 6 500 4 8705 5 51608 M8 0 5 6d 5 5
6.2 The design of the wavelet transform based on the lifting scheme:------«---+c0ot ..
6.2.1 Perfect reconstruction filters and lifting decomposition ««««-=--ceereeereen.

6.2.2 The lifting factorization of the symmetric biorthogonal wavelet: -« «««ceeeeven..

6.3 Integer DCTs and fast algorithms: < -+« ««cvvereererrmmmniiiiiii i,
6.3.1 Integer DCTs and algorithms ««««« v veveeramata i

Contents



Contents 1X

6.3.2 The design of scaled DOT-IT -« =+« e eseenenneenetntmetietiinetiateanan. 2924

6.4 Integer implement of the lapped biorthogonal transform:-:-««««-voveeeeennen... 227
Chapter 7 The Wavelet-based Image Compression:----«:::-coreevreiereenn.. 231
7.1 Introduction of iMAge COMPIESSION -« =« <+ v x e rrererrmmmssaneraietiiineaaa.. 231
7.1.1 BAsiC COMCEPE # +«++#+ v n v et rstastnen sttt ettt 231
7.1.2 COdIng mMOdel -+« + v vrsrmesennne ettt 232

7.2 Progressive image COding « -+« -« -+« - rrresrrmeesmnueeta i 234
7.2.1 Basic conceptions in progressive image coding -« cccrrrei i 234

7.2.2 Embedded zerotree wavelet (EZW) coding « -« -«covrrrrrrrerarenentniiineannn. 238
7.2.3 Set partitioning in hierarchical trees (SPIHT) = -+« +ccvvrvrernrererneneeenen.. 240
7.2.4 Set partitioning embedded block (SPECK) coding -« -« === xvvvrereenenevenens 245

7.3 Line based image COMPIESSION « +««« s« sesesertstutteiiueeaiuitiiitiiieeann. 246
7.3.1 Principle of low memory image COMPIessIOon =« «+««t ot rerrecrierecr et nreees 246

7.3.2 Line based entropy coding <« «++++==essssrrresenmtootssssssssiiiimaniisscsnss 247
7.3.3 Experiments and reSultS ..................................................... 249

7.4 Embedded block coding with optimal truncation (EBCOT) -+« vvvvrvreerrennen. 251
T BY IR IBEI o o o mi s wmom 8 a5 3rmie o wem o mimem s s s o im0, 8 s . o i & i . 858 252
7.4.2 Quality Jayers - -« -« « e r e e rmne e 252
7.4.3 Bit plan coding «+ -+ rrrreariaees e me T ey e e s v e ps s e e s 253

7.5 Fast wavelet transform in image compression:« -« «---coceevereriiiiiiiiiaaiinn 254
7.5.1 Vanishing moment and high frequency coefficients -« - -« ---vveeeeeeeereenen. 254

7.5.2 The lifting scheme in image compression + <+« « s+ trererreraeiiiiiiiiiiiiiiaee.. 257
Chapter 8 Wavelet Based Image Denoising and Enhancement------------------ 261
8.1 The singularity detection of signal and wavelet transform modulus maxima - ----- 262
8.2 The thresholding methods for dEnoISINE - - -« -« -+« v ewrrersmmmmmreanumureeeaainn. 263
8.2.1 The selection of threshold function == =sws sss s e sems sis s se@ s s S § s s b easns 264
8.2.2 The estimation of threshold * s+ s ssr st rrrrrrrnrtnrrsnasnr s rnnnsansss 265

8.3 Scale factor shrinking method for denoising - - -« «++sssevsenvaaieinraimsecsaaniss 273
8.4 Correlation based denoising MeEthods: « « -+« «««««cxremmmmmereamiueianaiiieeaans 276
8.5 Image denoising based on DTCWs and multiwavelets - «-«ceceveeeeeieiiiieienn.. 280
8.5.1 DTCWT based image denoising -« -« -« -+« ««+teeeeeesereaseemmnnnnn. o s @ 280
8.5.2 Multiwavelet based denosing -« -+« -=rsxsrerernrrnennnn A 286

8.6 Image enhancement based on the multiscale transform ««-«-----oevvveneinennn. 288
8.6.1 The basic concepts of image enhancement -« <+ v vrrreereerenerre e ns 288

8.6.2 Image enhancement techniques based on multiscale method------«------evvvn--. 289



X Contents
Chapter 9 Ridgelets and Its Applications:::-----coreevereieiiiiiriiie.. 303
9.1 Introduction:«-:----<++-+- 5 BN 31 W § B8 R S RS R IS BRI S B G 8 B § U R AR 303
9.2 The ridgelet transfOrm -+« seeeervmrttetetsimtreetttiiiiiiiieieeiieiiiiiiieennes 304
9.2.1 Ridglet and continuous ridgelet transform -« -«=c«ocevverriiiiiii e 304

9.2.2 Discrete transform: ridgelet frames =« -« « =+« cssreerreritia i 308

9.2.3 MonOoscale Tidgelets: =+« ==+t xrterrreenaenneeunttteetiiiieeeiatiieiiiiiioeaen, 311

00 Cival et T 5 St S ia o Lirsinm e wranes s msepmse gy v g (e o SRR T T e ST 313

9.3 The application of ridgelet transform in signal processing - -« -------vovveereennn. 315
9.3.1 Image eNhanCEIMEnt « « =+« + s e s sss s ttttennn ettt ettt 315

9.3'2 NOise attenuation ........................................................... 317

0.3.3 Image recOnStTUCEION « «  + =+ ==+ s+ s ssstntnsttnenanetatetatetanaeaiananaenss 321

Chapter 10 Application of Wavelet Transform in the Digital Watermarking - - 323

10,1 IDtrOdUEEiDn s« cccovsmsssnnonsonssinsonssissihsansonisessnsssisnsssnssessssesss 323
10.2 Digital watermarking method based on float wavelet transforms--«-««-«- covonn. 331
10.3 Fragile digital watermarking method of integer wavelet transforms -------------- 335
10.3.1 The construction of Hash function through Rijndael encrypted
BUEOEIERED s & e ot g 0w s wimrs wisin s i e v v s o i s i i S 48 R B S 88 335
10.3.2 The insertion and test of watermark to pictures:-----««: o rreemveeiin. 337
10.3.3 Experiments and COMPATISONS  ++ =+« ++ s+ st rsesnsnetatntnatataeianaeieienanns 339
10.4 The technology of the visible digital watermarking based on integral wavelet
transform With PATAMELErs -« -« « -« « -« x o vrrereneatt ittt 341
10.4.1 Rijndael code with different type builds Hash function «««««veveveeeeeiiinne. 343
10.4.2 Inserting and removing of visible digital watermark - -« -+« ----ccveeeatiiiint 344
10.4.3 Experiments and COMPATISONS -+« « =+« ++ s e ssnsnsntntatatauenaneiiiienea.. 347
10.5 The translucent digital watermarking technique based on integral wavelet
transform With DATADIELErS« - =« ssssss sswssns s sumssussns aws soesns s omsaus aws biwss 350
10.5.1 The visual weight analysis based on wavelet domain quantization «« -+« c+++- 350
10.5.2 Translucent watermarking algorithm realization « -« -----+cverrvrerernenaannn 351
10.5.3 Experimental TeSults « «««+«+xteeeeentneuatatataueniaiiiiiiiaiiiatanananan.s 354
10.6 Simultaneous embedding of various kinds of watermarks based on parametric
integer wavelet transfOrmS: « ++++« ¢ttt et eerttttitumuuiiiiiiietetetetiiiiiiieieeees 358
Chapter 11 The Solution of PDE Based on Wavelets---------ccooeveeneenon. 366
111 TOErOAMCEION 5 55 s 555 551s »515% 555 8 55155 5653 S04 5 5055 HRS T3 B508 55013 B0E SHE 50 5508 5 54 5 9 55185 366
11.2 The representation of operator T by wavelet bases:------++cccvieerreneiinnn 367
11.2.1 The nonstandard fo.rm of representation:-----cscccreeiiiiiiiiiiiiiiiiii 368
11.2.2 Standard form «+- - * B e By e e o e s sl R T 1o 377



Contents x1

11.2.3 The compression of operator by wavelet bases - == «-«--ccvrerrrreerarenennn. 379

11.3  Solving PDE based 0n Wavelets -« -« -« xcxxeuummmteeiiiiiaa 380
11.3.1 A ClasSiC @XAIMPIe =« <+ =« = v+ s et st 380

11.3.2 The periodization of the original problem -« -« --cerevrrerrririiiianineninee. 381

11.3.3 Construct the inverse of periodized differential operator »«««« e 384

11.4 Computing the inverse of ellipse differential operator based on multiscale

TIYOLINE & 5556 520 § 299 8 i ¢ 10 3 00 3 ¢ T R B N B A 5 w3 385
Chapter 12 The Solution of Ill-conditioned Symmetric Toeplitz Systems via

Two-grid and Wavelet Methods -« -« -« ««-oreroremmmmmmneeaa.. 390

U0 TEEOORRD e « o o =« » mcm » mom o m0m 0 30m  monc  mow  mim  hk  8a8 6 9000 4 4§ 28 B 540 9.0 ¥ 9 5 4 98 4 91 € 4.5 390
12.2 Multigrid method <=+ e rrrereeee ettt 391
12.3 The solution of ill-conditioned Toeplitz systems based on wavelets and MGM - - - 395
12.3.1 TOEPlitz SYSHEIS « « + = = =+ + <= e s+ e e e sensssnneesennntt ittt ittt 395

12.3.2 Solving Toeplitz system by TGM - -« -« wvvvnen- e 306

12.3.3 Solving Toeplitz system by MGM ........................................... 399

194 NUTHETICE] BOEULER » wxer » won ¢ ovn s mier s § 558 § 5508 3 5255 5,908 5 509 & 50515 5040 3 5080 o 50 o B0k § 5 000 4 0L 5 90 4 S 4 401



Chapter 1

Overview of Fourier Analysis

1.1 Introduction

Inspired by mathematical model of thermal diffusion, Fourier, the famous scientist, in a report
presented to the French National Academy of Science in 1807, pointed out that any periodic
function can be expressed by a series of sinusoid. Through the improvements and developments
for a century and a half, the harmonic analysis theory with the main research contents of
Fourier series and Fourier integral has been widely used in mathematics, physics and engineering
practice. Wavelet theory which will be especially focused on is just established after thoroughly
studying the characteristics and limits of Fourier analysis method. So, combining the needs of
this book, basic concept and theory are focused on in this chapter.

Firstly, the following examples demonstrate that Fourier analysis is widely applied in prac-
tice. ' _
Example 1.1 Consider the following equation of heat conduction

wile b = (e t); <t iSessm
u(z, 0) = f(z), (Est B (1.1)
u(0,t) =0, u(m,t) =0

The solution u(z,t) of the differential equation above describes the temperature of a conductor
in the position of z at time t. When t = 0, the initial temperature at z is f(z). When
r =0,z = m, its temperature remains uncha,ng_ed.

Then consider the use of separation of variables to solve the equation above. Suppose the

solution has the following form

u(z,t) =Y (2)V(t)

Y is a function of z with its domain 0 < z < mw and V of t with its domain 0 < ¢.

Substituting the above expression into (1.1) directly we get

V() _Y'() 6

Y(z)V'(t) = Y"(z)V(t), or equivalent equation 70 Y@
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The left-hand side of the second expression in (1.2) is a function of ¢ and the right-hand side is a

function of x. Because t and z are independent with each other, there exists constant c¢ satisfying
Vi) _ Y"(z)

V() Y(z)
is for some constant d. Considering the physical property of V (t), the constant ¢ cannot be a

= ¢. According to the first expression of equations above, we get V(t) = de®

positive number (otherwise t_léinoo |V (t)| = +00), meanwhile ¢ cannot be 0 (otherwise V' (t) = d),
S0 there exists a positive number A with ¢ = — )2, that is V() = de=*"!. Substituting it into
(1.2), we get :
Y'(z) + XY (z) =0, 0<z<xm, Y(0)=0, Y(n)=0 (1.3)
Solving the boundary value problem of differential equation, we obtain

Y (z) = acos(Az) + bsin(\z)

By the boundary condition, we have a = Y(0) = 0 and Y (x) = bsin(Ax) = 0, knowing A must
be positive integer, let A = k, and the corresponding coefficient b changes to by, that is to say,
Yi(z) = by sin(kz) is the solution to (1.3). Noting that for any natural number k, Y (z) satisfies
(1.3), combining V (t) = de=*"*, we obtain

uk(z, t) = bre 't sin(kzx)

a solution to (1.1), while general solutions can be obtained by superimposing particular solutions
+oo )
u(z,t) = by *sin(kz) (1.4)
k=1
By f(z) = u(z,0) and (1.4), we have
400
fz) = bysin(kz) (1.5)
k=1

(1.5) is called the Fourier series expansion of f(z). And coefficients by are determined by f(x).
As for the details, it will be discussed in the following sections.
Example 1.2 Signal analyzing method on the basis of Fourier series.

Investigating the sinusoid function sin(kt), obviously, its period is 2n/k and the correspond-
ing frequency is k. Sounds generated by general musical instruments and signals like voltage
can be expressed by the sum of sinusoid function with different frequencies. For instance, the
signal 100 sin(t) + 3 sin(20¢) — 0.5sin(100¢) vibrates 1, 20 and 100 times respectively in a time
period of 2x, in which, the amplitude of 1-frequency component is the largest, reaching 100
(having the decisive effect). Generally, signal f(¢) can be decomposed into an infinite sum of

the following sinusoid
f(t) ~ a0+ Y ax cos(kt) + by sin(kt) (1.6)
k
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According to (1.6), signals can be conveniently compressed and denoised. In fact, since the
signal frequency is always limited in a certain range in practice, there exists a natural number
N satisfying ax = by = 0 when |k| > N. It shows that if it occurs |k| > N but (ax,bx) # (0,0)
when the received real signals is decomposed into sinusoids, then the signal is mixed with noise;
therefore directly setting ax = bx = 0 we can achieve the goal of wiping off high-frequency
noise. In addition, we know kBTOO ar = klivl-fl-)oo br = 0 from Riemann-Lebesgue lemma, which
indicates that the value of high frequency component of a general real finite energy is becoming
smaller when the frequency k becoming larger. Main component of the signal is controlled by
a few coefficients (amplitude), so assuming threshold value e, we can achieve the goal of signal
compression in high fidelity when set ar = by = 0 as long as |ak| < €, |bx| < €.

The two examples above show the application of Fourier series. But there are some problems
in the examples when expanding according to Fourier series. For instance, how to determine
coefficient by in (1.5), how to get the solution in example 1.1 when the length of conductor is
not xm, how to decompose signal when signal continuance is generally [, | < +o0. These problems

will be solved in the following sections.

1.2 Fourier series preliminary

This section focuses on Fourier series expansion. Firstly we assume the domain of function is
[-m, ], and then discuss general intervals. The following basic conclusions are needed to be
established.

Lemma 1.1 (orthogonality of trigonometric base functions) A set consisting of trigonomet-

ric base functions

{ cos(2z) cos(r) 1 sin(z) sin(2z) }
RV RV VST SV RV

are orthogonal on [—m, &), namely

1 A
;/ cos(nz)sin(mz)dr =0, n,meZ

-

il : 4 1, n=m ; 1
- / cos(mz)cos(nr)dz =< 2, n=m=0
TJx 0, otherwise

B AR . 1, n=m>1
;/ sm(mx)sm(nm)dz—{ Y T (1.7)

-

Proof The proof of the lemma needs the following the product and sum formulae of trigono-
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metric functions 1
coSTCOSY = E[cos(x + y) + cos(z — y)]

1
sinzsiny = é[cos(sc —y) — cos(z + y)]
1
sinzcosy = 3 [sin(z + y) + sin(z — y)]
Thus, when m # n,

/n cos(mz) cos(nz)dx = 8 /Jt [cos(m + n)z + cos(m — n)z]dz

—n 2 —n
_ 1 [sin(m+n)z sin(m-n)z]|" _ ’
T2 m+n m-—n L

When m=mn 21,
T T 1
/ cos®(nz)dz = / 3 (14 cos2nz)dz=m

—n -
Thus the second expression in (1.7) holds. As for the other two expressions, the proof is nearly
the same and therefore omitted.

Based on Lemma 1.1, we can prove the Fourier expansion theorem of the following functions.
Theorem 1.1 Suppose the Fourier series expansion of the function f(z) defined on [—m, x]

1S

+o00
f(x) =ap + Z[ak cos(kz) + by sin(kz)] (1.8)

k=1

Then its Fourier coefficients satisfy
w==> [ fz)a (1.9)
0~ o x * .
1 (" 1 " :

a== | f(z)cos(ka)de, b=— [ f()sin(ka)de, k=123  (1.10)

Proof For convenience, only aj is computed.
Multiplying both sides of (1.8) by cos(kz) and doing integral operation, utilizing Lemma
1.1 fork=1,2,3,---, we can get

T

T +o0
f(z) cos(kz)dz = / (ao + Z ap cos(nz) + by sin(nm)) cos(kz)dz

- =% n=1

=ak/ cos(kz) cos(kx)dx

—T7
= arn



