LigRY Lt
2005 FEHBFXFHLFMBT 111

LA

o EH . B KE
ety EEEE5RH®R




G/l 001280758
LisAY &gt
2005 F LBXFBETSMBI 111

l’_‘vﬁULTH‘&{EIFﬂ e

I:z:ﬂ! n_i
Ny -
\“iw::Illi‘

1 bl

\
!

BiaT
- ™ —

Tre WL

™

-

3




E B 74w B (CIP) #148

2005 4F g K208 3. 56 2 8/ e SURE
e, — by B RE H RAt, 2009. 6
ISBN 978 -7-81118-367 -2

[.2-+ M.1§- M. 2200 T4 Llii—
2005 IV.G643.8

rp [ iR A el 4545 CIP a7 (2008) 55 180878 5

2005 £ i KFHE T FAEC
o4
bR AL R AT
CEMER FRRE 99 B HRBi4nA% 200444)
(http: //www. shangdapress, com &47#&k 66135110)
HIRA: Bek E
B R Ak & B A PR AT HERR
gL BB EP R ER AR BB E S8
Fra 890X 1240 1/32 EPsk 274.25 <E¥( 7641 F
2009 4E 6 A4 1 B 2009 4F 6 A4 1 IEPKI
EN¥: 1~400
ISBN 978 - 7- 81118 - 367 - 2/G + 490 EH#t: 980. 00 7G(49 b




Shanghai University Doctoral Dissertation (2005)

Extremal Problems
in Convex Bodies Geometry

Candidate: Zhao Changjian
Major: Operations Research & Cybernetics
Supervisor: Leng Gangsong

Shanghai University Press
« Shanghai -



L i K%

W R 2 AR SOUR R ER .

2

U

#%
FAE:
ZH:

h &%

¥ %
#2D
A& A
e e
% B 1

Eia%%.

B, RIS 2
BT, R

B, T RSNCER
HE, I RERCER
HEE, FRRBER
BB, AR

AXGEMBZERR2RBRFE, WIS L

200062

200062
200093
200444
200444

200444



ALY,
% %
14 ik
At 4%

TEIA L E .
A% &
24 1%
A L4
328

IR, IR R 2R # B
Bz, RUBHIREFEREER
BEL, BINKEREER A2

IR, R RFAZBEFER
IR, RUKEHE S5
B, EWRFEHEER

R, WIRKERE SRR

200062
430081
215006

200062
430081
200444
410082



BRSO VR

A KA F) 038 L AR JUAT AL B 7, ik 45 T
ARIUATF L, R L NERE AL IUTRARARN EE
R,

A A TR JUAT & 22 3t 32 36 Ao AR AE B BRAE 4 BF 50 A 2
Folf R E &, 2SR .

(1) 17 RAKXT KM Aleksandrov-Fenchel R
FX;

(2) Fl3T“HERS 2R - BBMAEFELT 4
AARFX @B X, 3T “SHBHERS P R 69
B LT RA R TH8¥ AR 5 F= 45 Minkowski R
FX;

(3) 1993 #, Lutwak # 3 7 %4 # % 1k 45 Minkowski
% X, Brunn-Minkowski R~ % X ## Aleksandrov-Fenchel
FFRALZITRXEAREFNGRL X ;

(4) f ) HMmBRT =318 3 A4 5 & Brunn-
Minkowski % R % X_;

(5) FHHEHALRIET HARJUAT P A2 B RFXZHE Y
FOHE;

(6) #] A Lutwak %X THR ARG ER,LET X TRAS
X 4k # Minkowski R % X, Brunn-Minkowski & % X #=
Aleksandrov-Fenchel R XHFER T —AFIMMXLER, @&
Aty F ik, E—F BT T RABIV ARG RS AZE G



STABME S .

XA REKBEBEEOARLCLELALBGFEAG EE
# R BFCF BAS),(J. Math. Anal. Appl. )F & & L, 4
B B4k B AROA A, BB E W, ST AT R ARG £
I RAEF ARG TR, ZHPREADLFMA, AL
WX TAAE, HEABLGR SR He)E L
R, LA RIRGHT TR .

R R aRRER

BEMRENL AR, AZRAEAIRKERFHHE LS
R LEH, F—FAAR—BREFE LA L, DI TR
KEg2FH L5,

EREZERRER:. B &
200541 H 5 H



W =

AR SCA R JUAT 4 o B S LT b, R & #07 3% Fo i
MAEXRER, FXT OERKFEEAmAHEXHTER A
BE-AUTIUANATEETEARAR: DHREKEER L fofh &t
RER, OERNMEEFEANENYE, BRPEPX N EH
WEER, BB ERSNREEA, BRERY EHR
BER, BRI AN BEHER S Z 0 RAEF UL RE
RYAKGREXEMBUN A ERERE LR, EAATBEITT
X, REHA fiE LA Pachpatte £ % X, Hilbert 4 1 %
X, Holder # 4 % % K., Bellman % &, Minkowski # 4 F %
AFNNAXRLA N A ERBITORILAFLHAY
Minkowski F % #,, Brunn-Minkowski & % & f# Aleksandrov-
Fenchel T £ XMW/ H X Fxt BH R, X BN EME K LT
Mt oERAMETE, ENATHRERF¥, MILLE
¥, A L E R FNE.

AXHEBYEELR, ~

(1) BLTRAHE KB ME Aleksandrov-Fenchel 7F 4
R BEHAHMAT X EF 4% F K Lutwak B 20 # £ 80 4
KUK, —EXEWH—NOE AT BB, TREHRES T
Lutwak X TRER P HRRE —HEELER.

(2) 2004 4, % K AL H & A& % B $ ¥ # fl Adv. Math.

N



2005 £F _Eig K3
- MLt .

Appl b, BAFI# T RN ER) 2E K. # K.DEX'H
DCK, U &tk KD W HERSZBH T XA

Dw;(K, D) =W,;(K) —W;(D), (0<i<n—1),

FEET & e E R £ 8 Minkowski £ % K f# Brunn-
Minkowski £ % .

KUK, RMEXT —ADHEAHMXBA— BN EHE
RafmEH: £ K, De¢', Ml Btk K #1 D ty fH E R Ao
HHRXA

Sa (K, D) = W, (K) +W,;(D), (0<i<n—1),

% i=0,0% S,(K, D) =V(K)+V(D), ¥t EHKK FD
Hy X 18 1 AR F B 2.

#—F, BXTREZXAKKN“ABEHAERL A" 0
Minkowski £ % .. ¥ E & A& K& 8 Minkowski £ % & £ 3
BRI . B4, BHBET RAKXEH Brunn-Minkowski £
% A W R .

Q) FlHTORHEFRLPZBE WA ERA—OEFTE
BN BEHERIFZEH”: A KD 27 AR"FHNOK S

T Btk #DCK,AMEX LK 5EARD thhxtBHERS
o 3

Dw; (K, D) =W,(K) —W,(D), 0<i<n—1.

Aii, BAL T OB ERN A BEBHERL2ZE"H
Minkowski £ % R #1 Brunn-Minkowski A% R, £ X F FE 8 &
B RETRBEMZAEN“XEHETR 2 %78 Minkowski f

i 2



B O VERERE

% X F1 Brunn-Minkowski F % X..

(4) 1993 4, Lutwak & # B # % #] 7| Trans. Amer.
Math. Soc. # 3 7 R & &Y K% E R 4 8 Minkowski £ % R,
Brunn-Minkowski F % & #1 Aleksandrov-Fenchel F £ K. £
MEFTE=EATERNRFR.

(5) M&K 42 Minkowski F1, B &K% 42 Blaschke #2 Ll & B
1K 8 #n Blaschke % M 41 4 89 %t 18 Brunn-Minkowski £ 2 & 4+
Al Lutwak 3L, AXLH T X =AM AERANMWEL .

(6) WRAMAAFRIET GEILFAF TN ZELFER
Z B HFEZE %M ¥ . Brunn-Minkowski F % X #fu Knesser-Siiss
A% R, %1% Knesser-Siiss £ % R #1 3t 1§ Brunn-Minkowski f
& R, Firey 44 # Brunn-Minkowski % &, fr p -¥{EF 41
Minkowski £ 4 =,, ¢ p -4 A& ¥ % 18 Brunn-Minkowski F
FRXF1 p -3 Minkowski £ % X, 1§ 4 % @ B ¥ Brunn-
Minkowski £ % R Fu {7 & & W # 9 Minkowski F % &..

(7) Al A Lutwak B & 7 &%, Sl ZE T R A& XK H
Minkowski F % &, Brunn-Minkowski £ % R, #1 Aleksandrov-
Fenchel 7 AN EWH T — X ER. AT, BEdAHBEF
FRTTRERVERSREXBZHMB Y ELE. #—FH
iE 7 Lutwak #3% 1988 &8y — AN E EF .

(8) 7 BB 5% 45 A Pachpatte £ % X W # 1 7 A
F)S T — 8 FHA Hilbert R 2T+ £ K.

REE O BB BREK, RERBERNR

D,



Abstract

This thesis works for theoretical study on isoperimetric
problem and related inequalities by using theory of geometry
analysis, way of integral transformation and theory of
analysis inequalities. First, we study from the following
several sides: width integral and affine surface of convex
bodies, equivalence of some classical inequalities in convex
bodies geometry, extremal properties of projection bodies and
intersection  bodies, extremal problem of  dual
Quermassintegral for star bodies, extremal properties of
polars for mixed projection bodies, extremal properties of
dual Quermassintegral differences for projection bodies and
intersection bodies, dual properties of mixed projection
bodies and mixed intersection bodies. Secand, we establish
polars forms and dual forms of the classical Minkowski
inequality, Brunn-Minkowsk inequality and Aleksandrov-
Fenchel inequality and prove some interrelated results, using
analysis inequalities such as Holder integral inequality,
Bellman inequality, Minkowski integral inequality, Pachpatte
inequality, Hilbert integral inequality and et al. As a very
important area of geometry analysis, the geometry theory of
convex bodies is widely applied in mathematical economics,
stochastic geometry, stereology and the theory of information
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and et al.

Our main resuls can be stated as follows:

(1) we establish Aleksandrov-Fenchel inequality for
polars of mixed projection bodies. Solving a important
geometry problem of convex bodies which was followed with
interest by Lutwak in 1988. Then, we improve some
important results of polars for mixed projection bodies which
was given by Lutwak.

(2) In 2004, G. S. Leng first introduces the
Quermassintegral difference function of convex bodies: If K,

DEK" and DCK, then Quermassintegral difference function
of convex bodies K and D was difined: D w;(K, D) =
W, (K) —W,(D), (0<i<<n—1), and established Minkowski
inequality and Brunn-Minkowski inequality for the
Quermassintegral difference of convex bodies.

Similarly, we introduce a new interrelated concept — the
concept of dual Quermassintegral sum for star bodies: If K,

D €¢', then dual Quermassintegral sum function of star

bodies K and D is difined as follows: S, (K, D) = W, (K) +

W.(D), (0<i<n—1). fi=0, then S, (K, D) =V(K)+
V(D), we call dual volume sum function of star bodies
K and D.

Further, we estabalish Minkowski inequality of dual
Quermassintegral sum for mixed intersection bodies. It is just
a general form of classical Minkowski inequality. On the
other hand, we prove a strengthening form of classical Brunn-

———p 2
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Minkowski inequality.
(3) We introduce the concept of dual Quermassintegral
difference of convex bodies and star bodies: If K € K", D €

¢ and D C K, then we difine the concept of dual
Quermassintegral difference of convex body K and star body

D:Dw;(K, D) =W, (K)—W,(D), 0<i<n—1.

Further, we establish Minkowski inequality and Brunn-
Minkowski inequality of dual Quermassintegral difference. As
applications, establish Minkowski inequality and Brunn-

“Minkowski inequality of dual Quermassintegral difference for
projection bodies and intersection bodies.

(4) In 1993, Lutwak established Minkowski inequality,
Brunn-Minkowski inequality and Aleksandrov-Fenchel
inequality of mixed projection bodies for Quermassintegral in
Trans. Amer. Math. Soc.. In this paper, we establish their
polars forms.

(5) Lutwak established three dual Brunn-Minkowski
inequalities about the radial Minkowski addition of convex
bodies, the radial Blaschke addition of star bodies and the
harmonic linear combination of star bodies, respectively. We
improve these three classical dual Brunn-Minkowski
inequalities.

(6) We point out equivalence of the following five pair
of classical inequalitiecs: Brunn-Minkowski inequality and
Knesser-Siiss inequality, dual Knesser-Siiss inequality and dual
Brunn-Minkowski inequality, Brunn-Minkowski inequality for

Blt——
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Firey combination and Minkowski inequality for the mixed
p-Quermassintegral, dual Brunn-Minkowski inequality for the
harmonic p-combination and p-dual Minkowski inequality,
Brunn-Minkowski inequality of affine surface area and
Minkowski inequality for affine surface.

(7) By using Lutwak’s idea, we establish Minkowski
inequality, Brunn-Minkowski inequality and Aleksandrov-
Fenchel inequality of mixed intersection bodies and prove
some interrelated results. Then, we present the mysterious
duality between intersection and projection bodies. Further,
proving an important surmise which was posed by Lutwak
in 1988.

(8) We establish inverses of disperse and continuous
Pachpatte’s inequalities and generalize some new Hilbert type
integral inequalities.

Key words convex bodies, star bodies, intersection bodies,
projection bodies, polars of mixed projection bodies



5=

M2
§ 1.
51,
§ 1.

FE

§2.
i
§2.
S 2.

==

§ 3.
§ 3.
§ 3.

$ 3.

HmE

$ 4.
§ 4.

§ 4.

T R T T TCTTTLO IR W o F N 1
g e ol SRR RIS Bl LS 00N 1
2 ENIMIFFT I FHIIR  weevveerernmesrnneinnnniiniieinne 2
3 AR BTG RR ibdiidiinilidiiidin 5
4 ALBURHMCERIERURRAE  ceoeeorerroresssernnsscanone 6
3B Brunn-Minkowski B TREE T -+eeeereerrraemereeesnnsnnee 54
T BRI e e d i dd i weiines Bl e s ndb v 54
2 X Brunn-Minkowski BN ZEZC I IIGH coveeveoeeceens 58
3 XH# Brunn-Minkowski BUIAREEZ UHE ceeveereenenns 62
& XS Bronn Minkowski BASER v 66
KR R RS SUHEEREAL  coeeerverrrersnesnesransnens 72
1 Bfgtlncdlduaatl Bl b Gt abob Goss 79
9o Y AR [ H e crniican susannsieth RsbEe oo o asi il 74
3 MR TE A Brunn-Minkowski A2 &
R ibavaasl i vl DG T cpivite - B s 78
4 i FHE A Brunn-Minkowski BUARNEE = ) ol 2
.................................................................. 80
R HER S E R IBERAISIF eeeeeeeee 83
1 &wﬂﬁﬁﬁﬁmx%ﬁ ................................. 83
2 XPEMEARS 25 R EME 0 5 | 1 BoAH G 45 SR 5L
.................................................................. 99

3 AT BTSRRI ER D Z A

i e—————



2005 f£ Ll K
EEEAres .

BETR,  eererereriretiiiiii s 102
§4.4 &AM ZR Brunn-Minkowski A2 E M TE
............................................................... 118
SRE RRAESROEBREIR -reoverereeeeernsesesenianene 123
§5.1 MEBTAHE coverrerrerrnserrmnieeninniniininiieeiiieeeiinennn. 123
§5.2 IBREHEMAEM A Aleksandrov-Fenchel A% «oeee- 127
§5.3 #$EAKRH Brunn-Minkowski A2 AR IER, coeee- 131
§5.4 AR AR —— BTG e 137
FRNE ZERAEZEESREECESREENIHBE oo 150
$6.1 FlEEUERTAE reevererrererercnctcccinnnicanciiinanes 150
§6.2 BHH  cecrrreseriiniiiiiiiiiii 151
IR TS e 7T 11 T — 155
$ 6.4 JBEAAEH Minkowski A% 3 fil Brunn-Minkowski
Bl e o s yesesespysgessageet ihe 173
BEE AR ATTEREEE oo 180
§ 7.1 Knesser-Siiss AR F Brunn-Minkowski A2, «o«e-- 180
§7.2 JHMHE Knesser-Siiss N2 AIXHE Brunn-Minkowski
TRMESR sunsesdssadosnanqqsiornsaiosss iesatpanhpisassissoes 182
§ 7.3 Firey 141 Brunn-Minkowski A% p -8
S s ik onnesloi 0 B 61+ Pea 35 55 Ak 10 e b 49 n 183
§7.4 VE p-HA K NHE Brunn-Minkowski A4 H
H —3HE Minkowski 2L «eerererssnresiensssiessnnes 185
§7.5 {8 Brunn-Minkowski ASZE 2 A4 5 6 1f
FUI Minkowski ASZEGL ceeveermnennninniniinnn. 187
#)\Z  Aleksandrov-Fenchel R X B E TR «eoeoerrevreeesssenes 190
§: Qi T SRR Wy 4T A MG 35 Fo sk oo e s 190



