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Preface

The book is a companion book of Numerical Calculation of Elastohydrodynamic
Lubrication: Methods and Programs [2] written by the author and his graduate stu-
dents. Since its Chinese publication, it has been widely approved, so we felt necessary
to write a book similar to that in elastohydrodynamic lubrication (EHL).

The present book is based on numerical methods and programs of EHL and it
describes the calculation of isothermal and thermal EHL problems in line contact,
point contact, and elliptical contact in detail. In addition, numerical calculations
of some special problems of EHL, such as velocities in different directions, grease
lubrication, electric double layer effect, unsteady state, rough surface, and micro-polar
fluid are introduced as well.

EHL calculation has a very close relationship with practical engineering. For
example, EHL exists in rolling contact bearings and gears. However, compared with
calculation of hydrodynamic lubrication, EHL calculation is more difficult. This is
because the Reynolds equation, elastic deformation equation, viscosity pressure equa-
tion, and energy equation should be solved simultaneously. As EHL solutions are
always obtained through iterations, if the iteration method is inappropriately chosen,
it often causes the calculation process to be divergent. In this book, we have chosen
the more reliable iteration methods and have checked and confirmed that all the
programs and examples provided give satisfactory results.

However, it must be noted that because of the complexities of EHL problems, an
EHL program is commonly not universal, that is, when the working conditions change,
the program may not be able to get a converged or satisfied solution when used
directly. In such cases, the reader should note the following conditions.



ii Preface

1. Divergence for given accuracy: There always exist some numerical errors in
numerical calculation. If the accuracy given in the program cannot be met for
some EHL problems, for example, double precision is not used, the calculation
process may repeated at a lower level of accuracy. However, it is not really diver-
gent. In such cases, although the accuracy does not meet the requirement, the result
can be still considered as a converged solution so that the solution is useful.

2. No convergence due to limitation of iteration number: In any iteration
program, in addition to level of accuracy, in order not to calculate infinitely, a num-
ber must be set to limit the iteration loops. Therefore, although the iteration may
have begun to converge, but the limitation of the iteration number has been reached,
the calculation will be stopped. In this case, although the result is not convergent,
the solution is available. If readers need a more accurate solution, he or she can
increase the limitation of number of iterations.

3. Divergence for small calculation region: The calculation region of EHL is gen-
erally set to be six times of the half width of the contact zone, where the inlet zone
is about four times the half-width of the contact zone and the exit zone is about
1.5-2 times. Such a width generally meets the requirement to solve typical EHL
problems. However, for some EHL problems, such as light-load, high-speed,
high-viscosity, or non-Newtonian fluids, the length may be not large enough to
bring the convergent result. For such a situation, please increase the calculation
region so as to get a converged solution. However, this may usually bring loss
of accuracy and the loss cannot be compensated by the approach to increase the
node number.

4. Divergence for unsuitable problems: The maximum contact pressure of EHL
commonly is between 0.2 and 0.8 GPa in the line or point contacts. If the maximum
pressure is very low or very high, the lubrication state may tend to be a hydrody-
namic lubrication or the film thickness may be too thin. In such situations, the
present EHL calculation programs are not suitable anymore. In such cases, if the
reader cannot obtain a convergent solution, he or she must find an appropriate
program suitable for his own problem.

Readers must note that most EHL calculation programs are not universal. It is nec-
essary for a user to be familiar with the EHL properties, and modify the corresponding
statements in the program accordingly to satisfy the calculation requirements.
However, this does not affect the role of the book as it shares the same purpose of
the book Numerical Calculation of Elastohydrodynamic Lubrication: Methods and
Programs. That is, the authors hope to establish an EHL calculation platform so as
to avoid repeated EHL calculations and help users to complete EHL calculations
and obtain solutions more quickly.

This book is also written by Lai Tianmao (Section 2.3, Chapters 8 and 10), Yang
Qiangian (Chapter 4), Wang Yazhen (Chapters 6 and 9), Chen Yingjun (Chapter 11),
Bai Shaoxian and Zuo Qiyang (Chapter 12) and Zhang Wei (Chapter 13). Ping Huang



Preface iii

is responsible for the remaining chapters and has edited the whole book. Due to time
and scope limitations, errors and problems cannot be avoided entirely in the book. We
hope that readers’ invaluable comments will help to further improve the subsequent
editions of this book.

Huang Ping

South China University
of Technology
31 May,2015






Nomenclature

El and E2

G*

is the half-width in the point or ellipse contact region in the x direction
(the velocity direction). For the point contact, a = b= (3wR,/2E)"/
is the characteristic length in the x direction

is the half-width in the line contact region, b= /8wR/nE

is the radius of the elliptical contact region in the y direction (cross
the velocity direction)

is the characteristic length in the y direction

is the specific heat capacity of lubricant

is the pressure viscosity coefficient of Cameron equation, which is
approximate to a/l15

are the specific heats of the materials on the up and down surfaces
is the density—temperature coefficient, D = -0.00065 K™

are the two-dimensional elastic deformation stiffnesses

is the ellipse rate, ex =R./R,

is the equivalent elastic modulus of the two contact surface materials,
1/E=1/2(1-13/E +1-13/E;)"

are the elastic modulus corresponding to the up and down surfaces of
the materials

is a material parameter, G* = aE

is the lubricant film thickness

is the minimum lubricant thickness film
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ho is the central film thickness to be determined based on the load
balancing condition

H is the nondimensional film thickness, for the line contact H = hR/b?,
for the point or elliptical contact H = hR, /a®

Hy is the nondimensional central film thickness

J is the mechanical equivalent of heat

J is the inertia factor of micropolar fluid

k is the thermal conductivity of lubricant

k, and &, are the thermal conductivities of the up and down surfaces

K; is the one-dimensional elastic deformation stiffness

l is the characteristic length of micropolar fluid

L is the nondimensional characteristic length of micro-polar fluid

m is the number of nodes in the y direction

n is the number of nodes in the x direction

n is the rheological index, < 1

N is the coupling coefficient of micropolar fluid

p is the pressure

Po _is the pressure—viscosity coefficient, po=1.96 x 10°®

PH is Hertz contact pressure, for the line contact py = 2w /nb, for the point
contact py =3w/2na?, and for the elliptic contact py = 3w/2nab

P is the nondimensional pressure, P = p/py

Py the deformation coefficient of elliptical contact,P, =3wR, /n’a’bE

R is the equivalent radius of curvature, 1/R=1/R; *1/R;; for the
outer contact, take + and for the inner contact, take —

R, and R, are the integrated radii of curvature of the up and down surfaces in
the line or point contact

R, and R, are the equivalent radii of curvature in the x and y direction of both
surfaces

s is the sliding-rolling ratio, s = (u; — up)/u;

t is the time

T is the temperature

T is one of the nondimensional time, T'= Ut/b

Ty is the initial temperature, here 7, =303 K

T is the nondimensional temperature, 7" = T/T),

Vs

is the average velocity of the up and down surfaces along the x
direction

is the fluid velocity component in the x direction

are the tangential velocities respectively to the up and down surface
in the x direction

is the velocity parameters, for the line contact U* =#ngus/ER, for the
point or ellipse contact U* =#yus/ER,

is the fluid velocity component in the y direction

is the average speed in y direction along the two surfaces, v, = (v, + v,)/2



Nomenclature

ar

=

are the tangential velocities respectively to the up and down surface
in the y direction

is the displacement of the elastic deformation generated by pressure
is the velocity parameter, V* =#yvs/ER,

is the load, for line contact w is the load per unit length of the contact,
and for the point or ellipse contact w is the total load

is the fluid velocity component in the z direction

is the nondimensional load, for the line contact W =x/2, for the point
contact W =2x/3, and for the elliptical contact W =2nb/3a

is the load parameters, for the line contact W* =w/ER, for the point
or elliptical contact W* =w/ER?

is the coordinate which is in the same direction of the main speed

is the inlet coordinate

is the outlet coordinate

is nondimensional coordinate of x, for the line contact X = x/b, for the
point contact X =x/a

are the nondimensional coordinates of the inlet and outlet

is the coordinate which is vertical to the main speed

is the nondimensional coordinate in the y direction, Y = y/a

is the coordinate in the film thickness direction

is the coefficient of viscosity pressure formula, for a mineral oil it is
generally z=0.68

is the nondimensional coordinate of z, for the line contact Z =zR/ b2,
for the point or ellipse contact Z =zR, /a?

is the pressure coefficient of oil or base oil of grease in Barus
viscosity—pressure formula

is the length proportional factor of the contact ellipse, a =a/b

is the coefficient in the density—temperature equation, its unit is °C™"
is the viscosity—temperature coefficient in the Barus formula, for oil
it usually is 0.03°C""

is the equally divided nondimensional increment between the nodes
of the mesh, AX =X;—X;_;

is the Reynolds coefficient, for oil e=p*H> /y* 4, for grease

£=/1(H(2+l/n)/¢*l/n)
€0=Ej-1/2,jt Eir1/2,j T Eij-172 T & js1)2

1
Eix1/2= §(€i+€i¢1)

1
€ix1/2,j= > (Ei,j +Ei:1,j)

is the plastic viscosity
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b0 is the plastic viscosity of grease at the normal pressure and at the
room temperature

¢" is the nondimensional viscosity, ¢* = ¢/¢h

Y is the material constant of micropolar fluid

A is the parameter of the coefficients &, for the line contact 1 = 127,usR?/
b*py, for the point or elliptical contact A= 12170u5R;°' /a®py, for grease
A:le/nb2+l/n/2us(2 + l/n)R(!+1/n)2I/n¢01/n

n is the viscosity of the lubricant

Mo is the viscosity of the lubricant at p=0 and T=T,

n* is the nondimensional viscosity of the lubricant, " =#/n,

U is the viscosity of Newtonian fluid of micropolar fluid

p is the lubricant density

Po is the density of lubricant at p=0and T=T,

p* is the nondimensional density of lubricant, p* =p/p,

p1 and p, are the material densities of the up and down surfaces

X is the rotary viscosity of micropolar fluid

Wy, W3, and (OF]

141 and Uy

are the rotational angular velocities of micropolar fluid respectively
in the x, y, and z directions
are the Poisson ratios of the two surface materials

Note: If the above symbols are stated in the text otherwise, the content described here
is no longer valid.



Contents

Preface

Nomenclature

1 Basic equations of elastohydrodynamic lubrication

1.1

1.2

1.3

1.4

Basic equations

1.1.1 One-dimensional Reynolds equation of elastohydrodynamic

lubrication
1.1.2 Two-dimensional Reynolds equation of EHL

1.1.3 EHL Reynolds equation with two direction velocities

1.1.4 Time-dependent EHL Reynolds equation

Film thickness equation without elastic deformation
1.2.1 Film thickness equation in line contact

1.2.2  Film thickness equation in point contact

1.2.3  Film thickness equation in ellipse contact
Surface elastic deformation

1.3.1 One-dimensional elastic deformation equation
1.3.2 Two-dimensional elastic deformation equation
Viscosity and density equations varying with pressure
and temperature

1.4.1 Viscosity equations

1.4.2  Density equation

~ [= )N e NS, B R A T L R —

O 3



Contents

1.5

1.6

Load balancing condition

1.5.1 Load balancing equation

1.5.2  Numerical calculation of load balancing
Finite difference method of Reynolds equation
1.6.1 Discretization of equation

1.6.2  Different forms of Reynolds equation
1.6.3  Iteration of differential equation

1.6.4 Iteration convergence condition

Numerical calculation method and program of elastic deformation

2.1

2.2

23

24

Numerical method and program of elastic deformation
in line contact

2.1.1 Equations of elastic deformation

2.1.2  Numerical method of elastic deformation

2.1.3 Calculation diagram and program

2.1.4 Example

Numerical method and program for elastic deformation
in point contact

2.2.1 Equation of elastic deformation

2.2.2  Numerical method for elastic deformation in point contact
2.2.3 Calculation diagram

2.2.4 Program

2.2.5 Example

Numerical method and program of elastic deformation
in ellipse contact

2.3.1 Contact geometry

2.3.2 Contact pressure and contact zone

2.3.3 Calculation program

2.3.4 Calculation results

Calculation of elastic deformation with multigrid integration
technique

2.4.1 Principle of multigrid integration

2.4.2 Calculation programs and examples

Numerical calculation method and program for energy equation

3.1

32

Energy equation

3.1.1 One-dimensional energy equation

3.1.2 Two-dimensional energy equation

Numerical method and program for thermal hydrodynamic
lubrication

3.2.1 One-dimensional thermal hydrodynamic lubrication
3.2.2  Two-dimensional thermal hydrodynamic lubrication

10
10
11
15
15
17
18
18

21

21
21
22
23
25

27
27
28
29
30
31

33
33
36
38
44

44
44
49

61
61
62
62

64
64
68



Contents xi

4 Numerical calculation method and program for isothermal

EHL in line contact 75
4.1 Basic equations and nondimensional equations 75
4.1.1 Basic equations 75
4.1.2 Nondimensional equations 76
4.1.3 Discrete equations 77
4.2 Numerical calculation method and program 78
4.2.1 [Iteration method 78
4.2.2 Program and example 79
5 Newton-Raphson method and programs to solve EHL problems
in line contact 87
5.1 Basic equations : 87
5.2 Newton—Raphson iteration method 88
5.2.1 Coefficient matrix 88
5.2.2 Calculation of variables in equations 89
5.3 Numerical method and program of Newton—Raphson method 90
5.3.1 Coefficient treatment in nonlubricated region 90
5.3.2 Determination of p,H, 90
5.3.3 Determination and correction of initial rigid
film thickness 91
5.3.4 Calculation program 91
5.3.5 Example 96
6 Numerical calculation method and program for isothermal EHL
in point contact 99
6.1 Basic equations for isothermal EHL in point contact 99
6.1.1 Basic equations 99
6.1.2 Nondimensional equations 100
6.2 Numerical calculation method and program 101
6.2.1 Differential equations 101
6.2.2 Iteration method 102
6.2.3 Calculation diagram 102
6.2.4 Calculation program 106
6.2.5 Example 111
7 Numerical calculation method and programs of multigrid
method for isothermal EHL 113
7.1 Basic principles of multigrid method 113
7.1.1 Grid structure 113
7.1.2  Equation discrete 114

7.1.3 Restriction and extension 114



Contents

10

7.2 Nonlinear full approximation scheme of multigrid method
7.2.1 Parameter transformation downwards
7.2.2 Correction of lower grid parameters
7.2.3 Parameter transformation upwards
7.2.4 'V and W loops

7.3 Key factors to solve EHL problem with multigrid method
7.3.1 [Iteration methods
7.3.2 Relaxation factors selection

7.4 Program for EHL in line contact with multigrid method
7.4.1 Specification of program
7.4.2 Calculation program
7.4.3 Example

7.5 Program for EHL in point contact with multigrid method
7.5.1 Specification of program
7.5.2 Calculation program
7.5.3 Example

Numerical calculation method and program for isothermal
EHL in ellipse contact
8.1 Basic equation
8.1.1 Reynolds equation
8.1.2  Film thickness equation
8.1.3 Viscosity—pressure equation
8.1.4 Density—pressure equation
8.1.5 Load balancing equation
8.2 Calculation program
8.2.1 Calculation diagram
8.2.2 Calculation program
8.2.3 Example

Numerical calculation method and program for isothermal EHL
in elliptical contact with two-dimensional velocities
9.1 Basic equations
9.2 Velocity treatment
9.3 Numerical calculation method and program
9.3.1 Flowchart
9.3.2 Program
9.3.3 Example

Numerical calculation method and program for thermal EHL
10.1 Basic equations for thermal EHL

10.1.1 Thermal EHL in line contact

10.1.2 TEHL in point contact

116
116
116
118
118
119
119
121
122
122
123
133
133
133
134
143

145
145
145
146
146
147
147
148
148
149
157

159
159
160
161
161
161
171

173
173
173
176



Contents xiii
10.2 Viscosity and temperature across film thickness 179
10.2.1 Calculation of fluid velocity field 179
10.2.2 Continuity equation 181
10.2.3 Energy equation 182
10.2.4 Temperature boundary conditions 185
10.2.5 Calculation of linear equation set 187
10.2.6 Program to calculate temperature 187
10.3 Numerical calculation method and program for TEHL
in line contact 189
10.3.1 Flowchart 189
10.3.2 Program 190
10.3.3 Example 201
10.4 Numerical calculation method and program for TEHL
in point contact 202
10.4.1 Flowchart 202
10.4.2 Calculation program 204
10.4.3 Example 216
11 Numerical calculation method and program for grease EHL 217
11.1 Basic equations of grease EHL 217
11.2 Numerical calculation and program for isothermal
grease EHL 220
11.2.1 Line contact problem 220
11.2.2 Point contact problem 231
11.3 Numerical calculation method and program for thermal GEHL 243
11.3.1 Line contact problem 243
11.3.2 Point contact problem 262
12 Numerical calculation method and program for EHL considering
effect of electric double layer 279
12.1 Structure of electric double layer 279
12.2 Reynolds equation considering EDL effect 279
12.2.1 Modified Reynolds equation 279
12.2.2 Expression of electroviscosity 284
12.3 Calculation program and example 285
12.3.1 Calculation program 285
12.3.2 Example 293
13 Numerical calculation method and program for time-dependent
EHL in line contact 295
13.1 Time-dependent EHL Reynolds equation 295
13.1.1 Nondimensional Reynolds equation 295
13.1.2 Discrete Reynolds equation 296



Xiv Contents
13.2 Numerical calculation method and program 296
13.2.1 Iteration method 296
13.2.2  Calculation diagram 297
13.2.3 Calculation program 297
13.2.4 Example 304
14 Numerical calculation method and program for isothermal
EHL with rough surface 305
14.1 Film thickness equation with surface roughness 305
14.2 Calculation of rough surface EHL problem with
Newton—Raphson method 306
14.2.1 Sine roughness 306
14.2.2 Single depression 311
14.3 EHL solution with random roughness in line contact 317
14.3.1 Description of program 317
14.3.2  Calculation program 317
14.3.3 Example 321
14.4 EHL solution with random roughness in point contact 322
14.4.1 Description of program 322
14.4.2 Calculation program 322
14.4.3 Example 326
14.5 Random roughness generation program 328
15 Numerical calculation method and program for micropolar
fluid EHL 329
15.1 Reynolds equation of micropolar fluid EHL 329
15.1.1 Basic equations 329
15.1.2 Reynolds equation 330
15.2  Calculation program for EHL of micropolar fluid in line contact 334
15.2.1 Description of program 334
15.2.2 Calculation program 334
15.2.3 Example 338
15.3 Calculation program for EHL with micropolar fluid in point contact 339
15.3.1 Calculation program 339
15.3.2  Example 343
References 345
Index 347



