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PREFACE

With the enhanced property of steel materials and design requirements of twisting
members in steel systems, thin-walled cold-formed steel structures are widely used in
practical engineering projects. Therefore, teaching and engineering technical staffs who
are engaged in the theoretical research and design of steel structures urgently need to
understand the torsional, [lexural-torsional and distortional buckling in terms of
bending and torsion of thin-walled members. This text book is written towards post-
graduates who major in steel structure.

Commonly, readers deal with the torsional and flexural-torsional buckling of thin-
walled members while ignoring the distortional buckling, So staffs of steel structures
need to have full master of the buckling modes of thin-walled members. In order to
address this need, combined with years of practical teaching experience and engineering
design projects, Professor Chen Ji stresses much importance on the elastic and elastic-
plastic theoretical analysis of thin-walled torsional members, which can make the
attention of readers towards the distortional buckling. The changes inside the structure
and manifestation form of deformation of members under various external force are
stressed in this book to predict the [ailure modes of structures.

The contents in this book are as follows: Torsion of thin-walled cold-formed open
section, elastic torsion and bending-torsion of axial compression members, distortional
buckling of cold-formed lipped channel section, distortional buckling under in-plane
uniform bending of monosymmetric and bisymmetric I-shape beams and the latest
scientific research results. Also contained in this book are references related of each
chapter. The contents in this book have a common focal point that post-graduates
should pay attention to the study of fundamental theory and practical use. The
examples in this book have detailed explanation and provide readers with elaborate
deriving processes, making readers fully understand the problems of thin-walled mem-

bers.

XU, S. J. ’ Song, W. J.
2014.5



FOREWORD
(2nd Edition)

This book is written for graduate students in colleges and universities as a text
book and also can be used by structural engineers and researchers, since the various
design provisions of specifications are discussed in this book such as AS/NZS 4600-
2005 Ed. Standards Australian/New Zealand Stand on Cold-Formed Steel Structures,
Sydney Australia 2005; CSA Standards S16—2009 Design of Steel Structures; Canadian
Standards Association, Mississauga, Ontario, 2009; Din 18800—2: Stahbauten, Sta-
bilitatsfalle, knicken von Staben und Stabwerken, 1990; GB 50017—2014 Code for the
Design of Steel Structures, China Plan Press, Beijing, 2014 (in Chinese) and GB
50018—2013 Specification of the Design of Cold-From Thin Walled Steel Structures,
China Plan Press, Beijing, 2013 (in Chinese).

There are eleven chapters in this text book. Chapter 1 includes the history of
torsion of steel structural members, such as the sand-heap analogy [or the full plastic
torque of solid section beam, developed by Nadai, A.in 1931, Chapter 2 Introduction
gives the elastic-torsion shear and warping torsion stresses of I-section thin-walled steel
member [rom Trahair, N. S. and Pi, Y. L. in 1997. Chapter 3 provides the linear
elastic torsional behavior of I-section thin-walled steel member, in which the expression
ol thin-walled open cross-section member under torsion, graduated student on study,
Xu, S. J. gives a good suggestion; Chapter 4 gives the elastic torsional buckling of
axial compression under the twisting deformation as the angle a« between the inclining
fiber and the vertical line in which the eflfect of residual stress distribution and the end
boundary conditions on elastic torsional buckling load are considered; Chapter 5
explains the elastic section distortional buckling stress of the cold-formed lipped channel
involved the twist rotation and the lateral bending displacement of the compression
f{lange. For calculation, an equilibrium method and a numerical method are used.
Chapter 6 shows the simply supported bi-symmetrically welded I-beam under in-plane
uniform bending in order to explain its distortional buckling. In 1995, Papangelis, J.
P., Hancock, G. J. and Trahair, N S. and in 2006, Samanta, A. and Kumar, A.
indicate that, [or the short mono-symmetric I-section beam, the distortional buckling
mode is predominant and for long mono-I-section beam, the flexural buckling mode is
predominate, Chapter 7 shows the simply supported bi-symmetrically welded I-beam

under in-plane uniform bending in order to explain its distortional buckling. In 1980,
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Hancock, G. J. , Bradford, M. A. and Trahair, N. S. used an energy method obtain
the analytical solution of the elastic lateral-distortional buckling moment of bi-
symmetrical I-section beam in uniform bending; Chapter 8 I-section beams and beam-
columns under bending and torsion use different methods to calculate the out-of-plane
stability, sometime take place flexural and torsional deformations before they reach
their ultimate state; Chapter 9 in 1953, Timoshenko, S. P. predicts the elastic
torsional behavior of a thin-walled steel I-section beam, in which the combination of
twist rotations and stresses is stated. Chapter 10 First yield condition of steel structural
I-section beam under torsion is obtained, in which, the combined warping normal stress
with shear stress due to the uniform torsion and with shear stress due to the warping
torsion are stated. Chapter 11 Inelastic torsional behavior is usually modeled as being
elastic-plastic strain hardening in which the plastic collapse torsion and uniform-torsion
plastic torque under combined bending and torsion are conducted by Dinno, K. S. and
Merchant, W. in 1965 and testing results are given,

In Chapter 9, the computer programs to determine the twist rotation angle and

stress resultants as well as in Chapter 10, the linear elastic torsional behavior.

Chen Ji
E-mail: chenji_jichen@163. com
May9 2015



FOREWORD

This book is written for graduate students in colleges and universities as a text
book and also can be used by structural engineers and researchers, since the various
design provisions of specifications are discussed in this book such as AS/NZS 4600-
2005 Ed. Standards Australian/New Zealand Stand on Cold-Formed Steel Structures,
Sydney Australia 2005;CSA Standards S16—2009 Design of Steel Structures, Canadian
Standards Association, Mississauga, Ontario, 2009; Din 18800—2; Stahbauten, Sta-
bilitatsfalle, knicken von Staben und Stabwerken, 1990; GB 50017—2014 Code for the
Design of Steel Structures, China Plan Press, Beijing, 2014 (in Chinese) and GB
50018—2013 Specification of the Design of Cold-From Thin Walled Steel Structures,
China Plan Press, Beijing, 2013 (in Chinese).

There are eleven chapters in this book. Chapter 1 includes the history of torsion of
steel structural members, such as the sand-heap analogy for the full plastic torque of
solid section beam, developed by Nadai, in 1931. Chapter 2 Introduction gives the
elastic-torsion shear and warping torsion stresses of I-section thin-walled steel member
from Trahair, N. S. and Pi, Y. L. in 1997. Chapter 3 provides the linear elastic
torsional behavior of I-section thin-walled steel member, in which the expression of
thin-walled open cross-section member under torsion, graduated student on study, Xu,
S. J. gives a good suggestion. Chapter 4 gives the elastic torsional buckling of axial
compression under the twisting deformation as the angle a between the inclining fiber
and the vertical line in which the effect of residual stress distribution and end boundary
conditions on elastic torsional buckling load are considered. Chapter 5 explains the
elastic section distortional buckling stress of the cold-formed lipped channel involved the
twist rotation and the lateral bending displacement of the compression {lange. For cal-
culation, an equilibrium method and a numerical method are used. Chapter 6 shows the
simply supported bi-symmetrically welded I-beam under in-plane uniform bending in
order to explain its distortional buckling. In 1995, Papangelis, J. P. , Hancock, G. ]J.
and Trahair, N S. and in 2006, Samanta, A. and Kumar, A. indicate that, for the
short mono-symmetric I-section beam, the distortional mode is predominant and for
long mono-I-section beam, the flexural buckling mode is predominate. Chapter 7 shows
the simply supported bi-symmetrically welded I-beam under in-plane uniform bending in
order to explain its distortional buckling. In 1980, Hancock, G. ]., Bradford, M. A.

and Trahair, N. S. used an energy method obtain the analytical solution of the elastic
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lateral-distortional buckling moment of bi-symmetrical I-section beam in uniform
bending, Chapter 8 I-section beams and beam-columns under bending and torsion use
different methods to calculate the out-of-plane stability, sometime take place [lexural
and torsional deformations before they reach their ultimate state. Chapter 9 in 1953,
Timoshenko, S. P. predicts the elastic torsional behavior of a thin-walled steel I-section
beam, in which the combination of twist rotations and stresses is stated. Chapter 10
first yield condition of steel structural I-section beam under torsion is obtained, in
which, the combined warping normal stress with shear stress due to the uniform torsion
and with shear stress due to the warping torsion are stated. Chapter 11 inelastic torsion-
abehavior is usually modeled as being elastic-plastic strain hardening in which the plastic
collapse torsion and uniform-torsion plastic torque under combined bending and torsion
are conducted by Dinno, K. S. and Merchant, W. in 1965 and testing results are
given,

Chen Ji
E-mail: chenji_jichen@163. com
May, 2014
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SOME SYMBOLS USED IN TEXTBOOK

Areca

Bi-moment

Elastic modulus

Shear modulus of elasticity
Height

Moment of inertia

n

Torsion section constant [,= 2 I
i=1

I-section warping constant
Uniform-torque
Warping torque

Torsional buckling load

Coefficient of Wagner effect
Shear center; static moment
Warping static moment
Second modulus

Width of flange

Width of web

Polar radius of sectional gyration
Coordinate of shear center
Polar distance

Warping normal stress
Warping shear stress

Angle of twist rotation

Sectorial coordinate
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CHAPTER 1 HISTORY OF TORSION OF
STEEL STRUCTURAL MEMBERS

Although the torsional analysis of beams has attracted the interest ol many

researchers since Saint-Venant'" !

in 1855 solved the problem of elastic uniform torsion,
it appears difficult to predict the ultimate strengths of steel I-beams in non-uniform
torsion. Many researches have been carried out into elastic uniform torsion and
expressions have been obtained for the warping displacements of the cross section,
Some analytical solutions for the uniform elastic-plastic torsion of beams with various
cross sections have also been obtained.

Nadai, A. "% in 1931 developed the sand-heap analogy for the full plastic torque of
solid section beams, Christopherson, D, G.'* in 1940 obtained an elastic-plastic
bending solution for an I-section, and, later, Nadai, A."* in 1954 used the rooftop
membrane analogy for the elastic-plastic solution of various cross section beams.
Sokolovsky, W. W, %) in 1946 developed an elastic-plastic solution for an oval section
beam, and Smith, J. O. and Sidebottom, Q. M. "% in 1965 derived an elastic-plastic
bending solution for prismatic bars of rectangular sections. Billinghurst, A., Williams,
J. R. L., Chen, G. and Trahais, N. S, "7 in 1992 used the mitre method to obtain
elastic-plastic bending solutions for various cross sections.

The linear elastic non-uniform torsion of thin-walled open section beams is studied
by Timoshenko, N. S. and Gere, J. M. #® in 1961, Vlasov, V. J. "% in 1961 and
Wagner, H. ") in 1936 by considering small angles of cross-section rotation ¢ (so that
sing &~ ¢, cosgp &~ 1 ). Because of the complexity of the elastic-plastic analysis of the
non-uniform torsion of beams, no analytical solutions have been obtained so {ar.

Approximate solutions for the small-rotation elastic-plastic nonuniform torsion of
I-section cantilevers are suggested by Boulton, N. S. "' in 1962, Dinno, K. S. and
Merchant, W.""?! in 1965, Augusti, G."" in 1966 and Boulton, N. S. in 1962
presented a lower-bound theory, while Dinno, K. S. and Merchant, W. in 1965
developed a so-called Merchant upper bound for the full plastic torque-carrying
capacities of I-section cantilevers. Augusti, G. in 1966 presented an additional theory
that gave results between the upper and lower bounds and proved that the Merchant
upper bounds a true upper bound.

Since thin-walled open sections have low torsional stiffness, the torsional

deformations can be of such magnitudes that it is not adequate to treat the angles of
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rotation as small. When [inite twist rotation angles are considered, the elastic uniform
torsion problem becomes nonlinear. Ashwell, D. G."“"!in 1951 and Gregory, M. "I
in 1960 study both theoretically and experimentally the elastic nonlinear behavior of
twisted cantilevers of different cross sections under uniform torsion conditions. Tso,
W. K. and Ghobarah, A. A."' in 1971 presented a study of the nonlinear non-
uniform elastic torsion of thin-walled open sections.

Recently, numerical methods have been used by some researchers to investigate the
elastic plastic uniform and non-uniform torsional behavior of beams. Yamada, Y.,
Katagir, S. and Takatruka, K. ' in 1972, Johnson, A. F.'“'!in 1973, and Itani,
R. Y. " in 1979 studied elastic-plastic uniform torsion. Baba, S. and Kajita, T. "%/
in 1982 used a two-node, four-degree-ol-f[reedom beam element [or the uniform torsion
analysis and a four-node, 12-degree-of-freedom rectangular section element for the
warping analysis of the section. Their linear and nonlinear predictions of the
deformations are quite similar and they concluded that the solutions [or the plastic
torque of beams should lie in-between the sand heap analogy and Merchant upper
bound. Bathe, K. J. and Chaudhary, A.'"?1 in 1982 used warping displacement
functions for beams ol rectangular cross section in the formulation of a two-node
Hermitian-based beam and in the formulation of a variable number of nodes
isoparametric beam f{or the linear and nonlinear analysis of torsion. Bathe, K. J. and
Wiener, R. M. %l in 1983 employed a Hermitian beam element and a nine-node shell
element for the elastic-plastic non-uniform torsion of I-beams. Gellin, S. , Lee, G. C.
and Chern, J. M. "%/ in 1983 presented a strip finite-element model for the analysis of
the nonlinear material behavior of thin-walled members in non-uniform torsion. May,
J. M. and Al-Shaarbaf, A. J."“?") in 1989 used a standard three-dimensional 20-node
isoparametric quadratic brick element in the elastic-plastic analysis of uniform and non-
uniform torsion ol members subjected to pure and warping torsion. Their results
supported Baba, S. and Kajita,T’s. conclusions. Chen, G. and Trahair, N. S.'"#!in
1991 developed a [inite-element model for the inelastic analysis of non-uniform torsion
of I-section beams by using the mitre model to describe the shear strain distribution
over the cross section,

Some experimental studies for the elastic-plastic uniform torsion of I-sections are
carried out by Boulton, N. S. in 1962 and Dinno, S. S. and Gill, K. S. %! in 1964
included two tests with ends [ree to warp. The experimental torque results are much
higher than those predicted by the Merchant upper bound and very large rotation angles
are sustained before failure occur. The experimental torque result conducted by
Farwell, C. R. Jr, and Galambos, T. V. "%l in 1969 is shown in Fig. 1. 1.

The purposes of this paper are to present an elastic-plastic model for analyzing
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Fig 1.1 Test setup of steel wide flange I-section beam under non-uniform torsion

(a) Under a load applied mid-span of beam 5 before testing; and (b) After testing until to failure

large torsional deformations of I-section beams, and to investigate the elastic-plastic

behavior of I-section beams in non-uniform torsion.
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CHAPTER 2 INTRODUCTION

2.1 Introduction

Torsion effects are rarely considered in the design of steel structures, usually
because of the difficulty in analyzing them. Even when elastic computer analyses are
used to predict torsion effects, there is a lack of advice on how to design for these except
by a [lirst-yield analysis of the critical member cross sections, which are difficult to
determine and analyze. Torsion in a thin-walled steel member is resisted by a
combination of the resistance to uniform torsion. Fig.2.1 (a) developed by shear
stresses that vary almost linearly across the thickness of the section wall, and the
resistance to warping torsion [ Fig. 2.1 (b)] developed by equal and opposite [lange
bending and shear actions from Trahair, N. S. and Pi, Y. L. > at 1997. Although an
elastic theory for combining these two torsion actions is well developed, manual

solutions are sufficiently difficult to discourage its use in routine design.
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Fig. 2.1 Elastic-torsion shear stresses of I-section thin-walled steel member

(a) Uniform torsion shear stresses 7,3 and (b) Warping torsion shear stresses z,,

Furthermore, the apparently significant combinations of the shear stresses of
uniform torsion with the normal and shear stresses of warping torsion lead to [urther
difficulties. A first dilliculty is the combinations of these different stresses, which cause

[irst yield. More dilficult is the determination of the most heavily stressed point in the
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member, because these stresses vary in different ways around the cross section and
along the member.

On the other hand, designs based on elastic analysis are likely to be extremely con-
servative, not only because of the significant difference between first yield in a cross
section and [ull plasticity, but also because of the unaccounted for yet significant
reserves of strength that are not mobilized in redundant members until after inelastic re-
distribution takes place.

This situation contrasts strongly with what has existed for many years in the design
of braced steel beams, in which the use of plastic analysis not only simplifies the hand
analysis of redundant beams, but also allows due account to be taken of both the
difference between first yield and full plasticity as well as plastic redistribution as the
collapse mechanism forms.

There have been a number of suggestions made {orthe plastic cross-section analysis
(Boulton, N. S.'"™% in 1962; Dinno, R. S. and Merchant, W. %% in 1965; Augusti,
G. "% in 1966 ).Most of these have attempted to produce accurate methods for
predicting the conditions of uniform and warping torsion that cause a section to become
fully plastic. Because these studies ignore strain hardening and the strengthening effects
of second-order longitudinal (Wagner, H.'*°! in 1936) stresses that develop at large ro-
tations (Wagner, H. ), their concentration on producing accurate but safe predictions
has led in many cases to unnecessarily complicated [ormulations that are conservative.

Recent numerical studies (Pi, Y. L . and Trahair, N. S.*% in 1995) have
validated a generalization of a simple method of predicting plastic-torsion collapse that is
an extension of the so-called Merchant upper-bound approximation developed by Dinno,
K. S. and Merchant, W."*3) in 1965 for cantilevers. In this method, fully plastic
collapse capacities are evaluated separately for uniform and warping torsion, and then
added together. Its predictions are very close to those of more accurate small-rotation
inelastic analysis, yet substantially less than those of very accurate large-rotation
analysis. This extension allows a direct transfer of the analysis methods for the plastic
collapse of beams in bending to the plastic collapse of members under warping torsion,
without any new concepts required. The purpose is to explain and demonstrate the use
of this method of analyzing the plastic collapse of members in torsion. Only compact 1-
section members that have no local buckling limitations are considered. Procedures for
the plastic design of members in torsion are presented elsewhere by Pi, Y. L. and
Trahair, N. S. %7 in 1994a, who also consider local buckling, first yield, and first-
hinge design; procedures for the design of members in combined bending and torsion by
Pi, T. L. and Trahair, N. S.8:25] in 1994b, 1994c.



