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Preface

In the academic years 1991-1992 and 1992-1993, the author had the
opportunity to give a series of lectures entitled Electron Correlation and
Magnetism at the Diploma Course organized by the International Center
for Theoretical Physics (ICTP, Trieste). The Diploma Course is a one-
year teaching program organized for students and young physicists from
developing countries, with the intention of standardizing and upgrading
their education to a level that is equivalent to that expected in the
developed countries. The staff sought to achieve this by elaborating one-
term courses to give a solid background in one of the standard subjects,
but which also open ways into areas of current interest thereby enabling
the students to begin research work.

The one-term, 4-hours-a-week course on magnetism presented a chal-
lenge known to all physicists in the field: research interests in the past
half a century have been dominated by the effects of strong electron-
electron interaction, while standard solid state physics textbooks re-
main within the bounds of band theory which is a suitable language
for weakly correlated systems, and then add a chapter on Heisenberg
magnets whose very existence is in contradiction with the rest of the
material, and gets never properly justified. The usual way of clarifying
these matters is to go through a formal education in many-body theory,
and to learn about strong correlation effects piecemeal from its applica-
tions (and breakdowns). This, however, is usually the beginning of the
professional career of a theoretician, and it may not be the most recom-
mendable approach for others. One takes a long time to discover that
there is a unified, non-formal way of thinking about strong correlation
phenomena that has long been shared by experimentalists and theoreti-
cians in the field; it can be called elementary and should be accessible
to all — but it cannot be found in the well-known textbooks.

The author has attempted to fill this gap in his own way in the
lectures mentioned above. The provision of notes for the courses was
compulsory, and the 300-page handwritten version of the manuscript be-
came an internal ICTP publication (DICTP CMP-MN(1,...,8), 1992).
Yu Lu (who organized the course) kindly suggested that it should be re-
checked, typed, whereupon it might be published by World Scientific,
Singapore as Lecture Notes on Electron Correlation and Magnetism.

xiii



X1v Preface

Though eager to accept the offer, I missed a series of deadlines, and was
unable to avoid a considerable increase in the number of pages. However,
this was made inevitable by (among other things) the nature of the un-
dertaking: gaps in the reasoning had to be filled in, illustrative material
collected, and the delay turned out not to be a bad thing bearing in mind
the developments of the intervening years. | was astonished to discover
that the subject of ferromagnetism which (in teaching) one tends to skip
over as the easiest and dullest part of the subject magnetism, had in fact
been the least understandable in the standard approach which uses the
Hubbard model as its starting point. The developments of 1995-1998
brought significant advances in our understanding of ferromagnetism.
Another subject which did not appear (though it should have done) in
the older version of my notes, is the role of band degeneracy and orbital
ordering, which enjoys great renewed interest.

I had the chance to experiment with new versions of presenting my
material in the following years while giving courses for students special-
izing in solid state physics at the R. E6tvos University (Budapest) in
1993-1995, and at the Technical University of Budapest from 1996 to
the present day. Usually, I give a two-semester course with two hours
a week. Obviously the material assembled here is too much for that, so
it should rather be understood that different versions of the course can
be put together around the same central themes. The essential chapters
are 4 and 5 (chapters 2 and 3 give background material with somewhat
updated emphasis, and may be skipped). Basically, the most important
correlation effect is the Mott transition, and spin models of magnetic or-
dering should be understood as strong-coupling effective Hamiltonians
derived from an underlying fermion model. What follows afterwards
is a matter of taste. One can continue with Ch. 6, or go straight to
either Ch. 7 or Ch. 9. The mean field (Stoner) theories described in
Ch. 7 should be supplemented with their criticism, especially with re-
gard to ferromagnetism (see the discussion on p. 458, and Sec. 8.5).
Any survey of magnetic ordering phenomena benefits from including a
discussion of orbital ordering (sections 5.4 and 8.5). As for chapters 9
and 10, the author found that the Gutzwiller-Brinkman-Rice approach,
though it requires a fair amount of preparation, offers the easiest way to
discussing how the Mott transition is approached from the metallic side,
and thus has some pedagogical advantages. Similarly, the most elemen-
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tary way to discuss the fractional Quantum Hall Effect is by reference
to Jastrow-type correlated many-electron states (Ch. 12).

Occasionally, when the general derivation of a result would have
meant an undue burden on the main text, a simplified demonstration is
posed as one of the Problems, and outlined in the Solutions. Searching
for these is facilitated by listing the problems as separate Contents items.

I am aware of the many omissions, some of which are hard to justify.
First, essentially the entire solid state physics could be approached by
means of density functional theory (DFT). Some of the problems we
consider to be particularly difficult (for instance, the ferromagnetism of
iron) have been non-problems for DFT experts for thirty years. How-
ever, DFT is an art which one either practices, or one does not; and in
the latter case, it is difficult to do anything more than to acknowledge
what comes out of the calculations. At least, the author found it diffi-
cult to interpret the results by direct insight, or to establish links with
the arguments which are straightforward in terms of the Hubbard model
framework. Thus DFT is not described in any detail, but one has to
keep it in mind that it is a very successful approach within the domain
of its applicability. This domain is certainly getting wider, but we pre-
fer to take the view that the Mott insulator and other strong-coupling
states had better be described in the strong correlation framework. Sec-
ond, even within the scope of lattice fermion models, a different author
might well have written a completely different book with the same ti-
tle, in which exactly solvable models (the one-dimensional Hubbard and
Heisenberg model, and the Anderson/Kondo impurity problems) would
have been dominant themes. In the present text, the emphasis is on
motivating the introduction of models, and characterizing their overall
behaviour (whenever known), rather than on their exact solution in par-
ticular cases. Third, we generally consider lattice problems, and discuss
the (admittedly very important) impurity problems only very briefly.

A word should be added about the references which are many but
even so, the list should not be regarded as complete, representative, or
fair. This is meant to be an introductory text, not a professional re-
view on any of the subjects. To illustrate a point, I usually chose the
first source I came across, and did not attempt to survey the litera-
ture. I tried to cite reviews, or alternatively some of the latest works
on a subject (in the hope that their reference lists lead on to the ear-
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lier publications). Nevertheless, I would like to apologize to all whose
contributions are not properly represented here.

A book like this cannot be written without a great deal of help
from others. Discussions with, and criticism from, colleagues and stu-
dents have played a decisive role in shaping the text. I am particularly
indebted to Attila Virosztek who has carefully read almost the entire
manuscript, not seldom in several versions, and kindly pointed out an
alarmingly large number of mistakes, inaccuracies, and cases of nebulous
formulation. Tamas Kemény and Kazumasa Itai have also given great
help by reading and checking most of the text. Karlo Penc has given
valuable advice about certain subjects, and also helped me with some
of the figures. G. Aeppli, K. Held, M. Jarrell, Y. Tokura and M. Ulmke
sent me postscript files of (in some cases, still unpublished) illustrative
material, as well as valuable comments. It would be impossible to recall
all the occasions when I received assistance from colleagues who com-
mented upon a part of the manuscript, or discussed with me one of the
numerous issues, but let me mention at least C. Andreani, A. Asamitsu,
D. Baeriswyl, S. Daul, P. Erdés, F. Gebhard, B. Gyérffy, J. Hajdu, A.
Janossy, H.-Y. Kee, A. Klimper, J. Kollar, G. Kriza, P. Monachesi, E.
Miiller-Hartmann, T. Pruschke, T. Sakakibara, P. Santini, H. Shiba,
J. Sélyom, A. Siité, H. Tasaki, I. Tiitts, O. Ujsaghy and D. Vollhardt.
I also thank all the authors who permitted me to dispiay figures from
their publications.

The bulk of the work was done in the years 1994-1997 at my home
institute, the Research Institute for Solid State Physics and Optics of the
Hungarian Academy of Sciences. I gratefully acknowledge that during
this period, I received financial support from the Hungarian National
Research Foundation, under Grant No. OTKA T-014201. Since the
beginning of this year, I have been supported by Grant No. OTKA
T-025505.

I am indebted to World Scientific for their ongoing encouragement
and support.

Special thanks do I owe to my wife for her constant support during
all these years.

Budapest, September 1998 Patrik Fazekas



Contents

Preface xiii

1 Introduction 1
1.1 Magnetism and Other Effects of Electron-Electron Inter-

ACRION . v o s v o dr o 2 o5 5w gl T Rir A e 1

1.2 Sources of Magnetic Fields. . . . ... .......... 5

1.3 Getting Acquainted: Magnetite . . . . . . ... ... .. 7

1.3.1 Charge States . . . . .. .............. 8

1.3.2 SpinStates . . ... ................ 9

1.3.3 Charge Ordering . . . . ... ........... 11

1.4 Variety of Correlated Systems: An Outline of the Course 14

2 Atoms, Ions, and Molecules 17

2.1 Hydrogen Atom in a Magnetic Field . . ... ... ... 18

2.1.1 Non-Relativistic Treatment . . . . . . ... ... 18

Motion in a Magnetic Field . . . . . .. .. ... 19

Zeeman Effect (I) . . ... ... ......... 21

2.1.2 Relativistic Effects . . . . ... ... ....... 22

Spin-Orbit Coupling . . . . .. .. ... ... .. 24

Zeeman Effect (IT) . . . . ... . ... ... ... 25

Problem 21 . . . . . »FNS 000000 Ve L. 28

2.2 Direct Exchange . ... ... ... ... ......... 28

Problem 22, .. 2\ 000 d a0 v s s v 36

2.3 Many-Blectron Ions .[00 L 0 Uty s e s v e s s s 36

Problem, 2.3 oaliud o SUIRSWER T00 w we w w 40

2.3.1 Coupling to the Magnetic Field . . . . . . . . .. 40

Digression: The Bohr-Van Leeuwen Theorem . . 42



vi

Contents

232 HundsRules . .. .c: a5 6000 06cceeaes 43

Problem24. .. .. ... .. ........... 45

2.4 Paramagnetism and Diamagnetism . . . ... ... ... 45

2.4.1 Paramagnetic Susceptibility . . . . .. ... ... 46

Magnetization Curve. . . . . . . ... ... ... 51

Problems 2.5-2.8 . . . . ... ........... 52

2.4.2 Diamagnetism . . ... . ............. 53

Digression: Superstrong Fields . . . . ... ... 54

2.5 Hydrogen Molecule . . . . . ... ... .......... 56

2.5.1 Direct Exchange in Non-Orthogonal Orbitals . . 57

2.5.2 Kinetic Exchange . . . . . ... ... ....... 60

2.5.3 Molecular Orbitals versus Heitler-London . . . . 64

Solutions to the Problems . . . . .. ........... 66

Crystal Field Theory 75
3.1 Incomplete Shells in an Anisotropic Environment: Crys-

tal Fields . . . .. ... ... ... ... ... ...... 75

3.2 The Role of Symmetry Arguments in Quantum Mechanics 80

3.2.1 Irreducible Representations . . . . .. ... ... 82

3.3 The Octahedral Group . . . . . . ... ... ....... 86

Problems 3.1-3.2 . . . . . ... ... .. ..... 89

3.4 Symmetry Properties of Atomic States . . . . . . . ... 89

3.5 Splitting of a d-Level in Cubic Field . . ... ... ... 91

3.5.1 Quenching the Orbital Angular Momentum . . . 94
3.5.2 Partial Restoration of Orbital Momentum by Spin-

Orbit Coupling . . . . .. ... . ... ... ... 96

Problems 3.3-34 . - » « « v v v o5 v v nh v 98

3.5.3 High-Spin versus Low-Spin States . . . .. . .. 98

3.6 Jahn-Teller Effect . . . . ... ... ... ........ 100

3.7 Time Reversal Invariance . . . ... ... ........ 104

3.8 The f2 Configuration . . ................. 110

3.8.1 Cubic Crystal Field . .. ... .......... 111

3.8.2 Tetragonal Crystal Field . . . . .. .. ... ... 115

3.8.3 Metamagnetic Transition . . . ... ... .. .. 118

3.8.4 Exchange Induced Magnetism . . . . . .. .. .. 121

Problems 3.5-3.6 . . . . . . ... ... ... ... 122

3.9 Double Groups . . . ... ... ... ... ........ 122



Contents vii

Problems 3.7-3.8 . . . . . . ... ... ... ... 128

3.10 Crystal Field Potentials . . . . ... ........... 128

3.10.1 Quadrupole Moments . ... ........... 132

Solutions to the Problems . . . . . . ... .. ...... 134

4 Mott Transition and Hubbard Model 147
4.1 Metals and Insulators: Breakdown of the Independent-

Electron Description . . . . . .. ... ... ....... 147

4.2 Mott Transition . . . . . .. .. ... ... ........ 150

4.3 The Hubbard Model . . .. .. ... ........... 157

43.1 LocalBasis ... .................. 161

4.3.2 Which Electrons Do We Mean? . . . . . .. ... 162

44 LimitingCases . . ... .................. 163

44.1 TheBand Limit ... ............... 164

Problems 4.1-44 . . . . . ... ... ....... 166

44.2 The Atomic Limit . . . ... ........... 167

What Causes the Ordering? . . . ... ... ... 169

45 Symmetries . . . . ... .. ... ... L. 170

4.5.1 Spin-Rotational Invariance . ........ ... 170

4.5.2 Electron-Hole Symmetry . .. ... ... .. .. 171

Problem 4.5: . . .« « v 5 5 5«5 a6 v 5« wu s 173

4.6 Infinite-Dimensional Hubbard Model . . . . . . . . . .. 173

Problems 4.6-4.8 . . . . . .. ... ... ..... 177

4.7 Hubbard Subbands . . ... ... ............. 178

4.7.1 The Mott-Hubbard Transition . ... ... ... 180

4.8 Ground State Phase Diagram . . ... ....... ... 182

Solutions to the Problems . . . .. ... ... ...... 187

5 Mott Insulators 199

5.1 The Large-U Limit . . . . . .. ... ........... 199

5.1.1 Classification of Hopping Events . . . . . . . . . 200

5.1.2 The Canonical Transformation . . . . ... . .. 203

5.1.3 Hubbard Operators . . ... ........... 205

514 Thet—JModel . ................. 207

5.1.5 Half-Filled Band: The Heisenberg Model . . .. 211

Problems 5.1-8.2 . . . . . v i i i mi v ow 213

5.1.6 Higher-Order Exchange . ... ... ... .. .. 214



viii

Contents

5.2 Superexchange . .. ... ........ ..., 217
5.3 The Extended Hubbard Model . . ... ... ...... 221
Problems 5.3-6.5 . . . . . ... ... ... .... 226

5.4 Orbital Degeneracy, Orbital Ordering . ... ... ... 226
Problems 5.6-5.8 . . . . . . .. ... . ...... 234

5.5 Correlated Insulators . . . . . . ... .. ... ...... 234
5.5.1 Mott Transitions in Transition Metal Oxides . . 235
5.5.2 Mott Insulators versus Charge Transfer Insulators 243

Hole Doping . - « . < s« - o s o aandibadbsdy, . 248

Solutions to the Problems . . . . .. ... ... ..... 250
Heisenberg Magnets 263
6.1 Ferromagnetic Heisenberg Model . . . . . .. ... ... 264
6.1.1 Ground State: Symmetry Breaking . . . . . . . . 265
6.1.2 Excitations: Spin Waves . . . . . ... ... ... 268
Effects of Anisotropy . . ... ... ... .... 275
Magnon-Magnon Interactions. . . . . . . . ... 276

Finite Temperatures . . . . . . ... ... . ... 277

Problem 6.1. . . .. .. ... ... ........ 279

6.2 Antiferromagnetic Heisenberg Model . . . . . . . . ... 280
6.2.1 Introduction . .. ... ... ........... 280
622 SpinWaves . .. ..., ..voddirg b annlob. | 283
Sublattice Magnetization . . . .. ... .. ... 290

Anisotropy. . . 0TSRRI ials Lyreenyt ] 297

A Glimpse at the Strange Worldof D=1 . . . . 299

6.3 Néel Order versus Valence Bond States . . . . . . . . .. 306
6.3.1 Resonating Valence Bonds . . . . .. . ... ... 307
Problems 6.2-6.4 . . . . . ... ... ... .... 311

Digression: Symmetry Breaking . . . .. ... . 312

6.3.2 Valence Bond Solids . . ... ........... 315
6.3.3 TheCaVqOq Story : « < .5 - .. wild.. FJd., 326
6.3.4 Frustgation ... .. . Joie b de i e s e s e 330
Problem 6.5. . . . . .. .. ... ... ...... 335

Solutions to the Problems . . . . .. . .. ... ..... 336



Contents ix

7 Itinerant Electron Magnetism 341
7.1 Introduction . . . . . SF¥C 5 JASL AG1 0 YIMEEIE; L 341
72 MagneticOrder . . .. . . .. ... ... L. 344

7.2.1 Digression: Symmetry Breaking . . . . . . .. .. 347

7.3 Mean Field Theories . . . . . .. ... .......... 349
74 - Stoner Model . ... - P03 sty siinsail oL, L L. 352
Problems T.1-7:3 . « - V"R JB a5 o6 0 s s 357

7.5 Generalized Susceptibility . . . . .. ... ... ... .. 357
7.5.1 Ciriteria for q # 0 Instabilities . . . . . ... ... 360
Problems 7:4-7.5 . . 00800 L La v 362

7.6 Spin Density Waves . . . ... .............. 363
76.1 GapEquation. .. ................. 367
7.6.2 Finite Temperatures . . . . ... ......... 370
7.6.3 Strong Coupling Limit . . . . . ... ....... 376
7.6.4 Away from Half-Filling . .. ... .. SR R 381
Problems 7.6-7.9 . . . . ... ... .. ...... 385

7.7 'Transition Metals and Alloys . . ... ... ... .... 386
7.7.1 Introduction ... ... .............. 386
7.7.2 LSDA versus Lattice Fermion Models . . . . . . 389
7.7.3 Nearly Ferromagnetic Metals . . ... ... ... 394
7.7.4 Ferromagnetic Metals . . .. ... ..... ... 396
Weak Itinerant Ferromagnets . . . . . .. .. .. 396

Iron Group Elements . . ... .......... 399
Paramagnetic Susceptibility . . . . . ... .. .. 401

775 Chromium ..................... 402
Solutions to the Problems . . . . ... ... .. .. ... 406

8 Ferromagnetism in Hubbard Models 419

8.1 Preliminary Overview . . . ... ... .......... 419
8.1.1 The Low-Density Limit . . . . ... ....... 423
8.2 Exactly Proven Cases of High-Spin Ground States . . . 425
8.2.1 Lieb’s Ferrimagnetism . . . ... ... ... ... 426
8.2.2 Flat-Band Ferromagnetism . .. ... ... ... 428
8.2.3 Nagaoka Ferromagnetism . ... ...... ... 430
Problem 8.1. . . . . ... ... .......... 433
8.2.4 Ferromagnetism in a Nearly Flat Band . . . . . . 433

8.3 The Ring Exchange Mechanism . . . . . ... ... .. . 435



8.4

8.5

9 The
9.1

9.2

9.3

10 The
10.1
10.2

10.3

10.4

10.5
10.6

Contents

Problem 8.2. . . . . ... A5 morleyn UE it 440
Instability of the Nagaoka State . . . . . ... ... ... 441
8.4.1 The Single-Spin-Flip State. . . . . . ... .. .. 442

8.4.2 Improved Variational Methods: Square Lattice . 448
8.4.3 Lattice Structure Dependence of Ferromagnetism

in a Single-Band Model . . . . ... ... .... 451
The fcc Lattice . . . .. . ... ... ... .... 455
DiSeusSBIOn: . . . « & » o'e 4w il b b EiB 5 458
Effects of Degeneracy . . . . .. ..o cvv v v ... 463
8.5.1 Double Exchange . . . .. ... ... ....... 463
Problem 8.3 . « .+ 5 » & o winl sl wiae. « 9 470
852 Two-Band Model . . . . . ... .......... 470
8.5.3 The LaMnOj System . . ... ... ....... 473
Magnetostructural Transition . . . . . .. .. .. 478
Charge Ordering i/ ' « aus o s v o o dus 3 480
Solutions to the Problems . . . . . ... ... ...... 485
Gutzwiller Variational Method 497
Minimum Polarity Principle . . . . . . . ... ... ... 499
9.1.1 Digression: The Early History . . . . . .. .. .. 502
The Variational Ground State . . . . . ... .. ... .. 505
9.2.1 The Gutzwiller Trial State. . . . . . . .. .. .. 506
Problems 9.1-9.2 . . . . . .. .. ... ... ... 013
9.2.2 The Cluster Method . . . . . ... .. ...... 513
Brinkman-Rice Transition . . . . ... ... ... .. .. 520
Solutions to the Problems . . . . . . ... ... ..... 525
Correlated Metallic State 527
The Reduced Fermi Step . . . . . . . . ... ... ... .. 527
Heavy Fermions: Half-Filled Band . . . .. ... .. .. 530
The Effect of a Strong Magnetic Field . . . . . . 535
Problems 10.1-2 . . . . . . . .. ... ... ... 537
Arbitrary Band Filling . . . . . . ... ... ... ..., 537
Problems 10.3-10.4 . . . . . ... ... ... .. 542
The Fermi Volume . . . . ... ... ........... 542
The La;_;Sr;TiO3 System . . ... .. ......... 543

Discussion and OQutlook . . ... ... ... ... .... 548



Contents X1

10.6.1 Gutzwiller Method: Exact Treatment . . . ... 549
10.6.2 Metallic and Insulating States . . . . . . ... .. 553
Problem 105 . . . .loooado'T sl @ o . 556

10.6.3 Digression: The 1/r Hubbard Chain . . ... .. 556
ProblemedB. @i ioal - bl loasl old LS L 560

10.6.4 Gutzwiller States with Magnetic Order. . . . . . 561
Ferromagnetism . . ... ............. o961
Antiferromagnetism . . . ... ... ... ... 563

Phase Segregation versus Stripe Phases . . . . . 568

10.6.5 The Infinite-Dimensional Hubbard Model . . . . 574

The Correlated Metal . . . . . ... ... .... 577

Phase Diagram . . . . .. .. .. ... ...... 582

Solutions to the Problems . . . . ... ... ....... 590

11 Mixed Valence and Heavy Fermions 597
11.1 Lanthanides and Actinides . . . . . . .. ... ... ... 598
11.2 The Kinds of Valence: Integral, Mixed, Nearly Integral . 600
11.2.1 Digression: Valence Skipping . . . . .. ... .. 604
11.2.2 Valence Mixing in Rare Earth Compounds . . . 605
11.2.3 Renormalized Hybridized Bands . . . . .. . .. 611
11.2.4 Nearly Integral Valence: Heavy Fermions . . . . 619

11.3 Kondo Lattice. . . . . . ... .. .. ... ........ 628
11.3.1 Kondo Impurity . ... ... ... ........ 632
11.3.2 Indirect Exchange . . ... ... ... ... ... 641
11.3.3 Kondo Singlet versus RKKY Magnetism . . . . . 644
Doniach Phase Diagram . . . . . ... ... ... 646

Variational Approach . . ... ... ... ... .. 651

Additional Remarks . . . .. .. ... ... ... 660

11.4 Rare Earth Magnetism . . . . . . . . . ... .. ..... 662
12 Quantum Hall Effect 669
12.1 Introduction . . . . . .. . . ... ... 670
12.2 Motion in a Magnetic Field . . . . ... ... ... ... 677
12.2.1 Landau Levels . . . .. ... ... ........ 678
12.2.2 Algebraic Approach . . . .. ... ........ 683
12.2.3 Symmetrical Gauge . .. ... ... .. ... .. 685

12.3 Integer Quantum Hall Effect . . .. .. ... ... ... 688



xii Contents

12.3.1 High-Field Argument . ... ........... 692

12.3.2 The Gauge Argument . . ... ... ....... 695

12.3.3 Periodic Potential . . . . ... ... .. ..... 700

12.4 Fractional Quantum Hall Effect . . . . .. ... .. ... 703
12.4.1 Correlated Many-Electron States . . . . . . . . . 704
Fractionally Charged Quasiparticles . . . . . . . 707

JainStates . . . ... .. ............. 712

12.5 Discussion and Qutlook . . .. ... ... ........ 715
Phase Diagram . . . . .. ... ... ... ... . 17

SpinEffects .1z..c . o ..o ey sel . 721

A Hydrogen Atom 725
A.1 Hydrogenic Wave Functions . . . . . ... ... ..... 725
A2 J-Eigenstates . ... .. ... ... .. .......... 727

B Single-Spin-Flip Ansatz 729
C Gutzwiller Approximation 733
D Schrieffer—Wolff Transformation 741
Bibliography 747

Index 773



