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Foreword

This volume is an English translation of “Cohomologie Galoisienne”. The original
edition (Springer LN5, 1964) was based on the notes, written with the help of
Michel Raynaud, of a course I gave at the Collége de France in 1962-1963. In
the present edition there are numerous additions and one suppression: Verdier’s
text on the duality of profinite groups. The most important addition is the
photographic reproduction of R. Steinberg’s “Regular elements of semisimple
algebraic groups”, Publ. Math. LH.E.S., 1965. I am very grateful to him, and to
L.H.E.S., for having authorized this reproduction.
Other additions include:

— A proof of the Golod-Shafarevich inequality (Chap. I, App. 2).

— The “résumé de cours” of my 1991-1992 lectures at the Colleége de France on
Galois cohomology of k(T") (Chap. II, App.).

— The “résumé de cours” of my 1990-1991 lectures at the Collége de France
on Galois cohomology of semisimple groups, and its relation with abelian
cohomology, especially in dimension 3 (Chap. III, App. 2).

The bibliography has been extended, open questions have been updated (as
far as possible) and several exercises have been added.

In order to facilitate references, the numbering of propositions, lemmas and
theorems has been kept as in the original 1964 text.

Jean-Pierre Serre
Harvard, Fall 1996






Table of Contents

Chapter 1. Cohomology of profinite groups

§1.

§2.

§3.

§4.

Profinite groups .. i..eu e sme s essmeenime s s ens s smsws asmwiss 3
11 DEBRItION . o iws smeuismmamens o swn wm s s we s 100 s 55 658 55 %8 5% 535 5 3
1:2 SUBZROMPE oo vnvmswsmsmoe s swmsessownbss s s s @ sos e s 564 68 4 4
1.3 INdices ...oovviiiieiiit it i e 5
1.4 Pro-p-groups and Sylow p-subgroups ......................... 6
1.5 Pro-p-groups . ..ottt e T
CohOmMOIOZY ... oot e 10
2.1 Discrete G-modules . .........ovviiiiiiiiiiiiiii i 10
2.2 Cochains, cocycles, cohomology .........cvviiieeniinnennnnn. 10
23 Lowdimensions ........cccuiiieariiinnennernnnnennnnaneans 11
24 Punctorialiby o ccovinisensinsasassmsniasissermasmses iy suas 12
25 Inducedmodules ........cciviiiiiiiiiiinii it 13
2.6 Complements ..........cooiiiiiiiiiiiiiii i 14
Cohomological dimension .................. .. oiiiiiiranennn. 17
3.1 p-cohomological dimension...................coiiiiiiana.... 17
3.2 Strict cohomological dimension . ..................ccoiiia., 18
3.3 Cohomological dimension of subgroups and extensions ......... 19
3.4 Characterization of the profinite groups G such that ¢d,(G) <1. 21
3.5 Dualizingmodules..............ooiiiiiiiiiiiiiiiiiiinnnn.. 24
Cohomology of pro-p-groups . .. ...........ooviiiriinnannn.... 27
4.1 Simplemodules ......c.civiisiiiiisiiniararinesiies i sens 27
4.2 Interpretation of H': generators.................couvuuenn... 29
4.3 Interpretation of H2: relations .............covveivuennennnn. 33
44 A theoremof Shafarevich....................cc.civviinunn., 34

4.5 POINCATE BIOUPS .« .. vt eiiiiie et ene et eiiiieenneeens 38



VIII  Table of Contents

§5. Nonabelian cohomology ...............cciiiiiiiiiiiinennnn, 45
5.1 Definitionof Handof H' ............ccoiiiiiiiiiiinennnn. 45

5.2 Principal homogeneous spaces over A - a new definition of
HY G A) e e et e 46
5.3 TWISEIIZ « -« v vt eneen et e e e e e e e e e e e et 47
5.4 The cohomology exact sequence associated to a subgroup....... 50
5.5 Cohomology exact sequence associated to a normal subgroup ... 51
5.6 The case of an abelian normal subgroup ...................... 53
5.7 The case of a central subgroup ...............ccooiiiiiiii... 54
5.8 'Complements i s aime s smiess wimsms s s wies 56 68 56 o5 a6le s 85 0 56
5.9 A property of groups with cohomological dimension <1........ 57
Bibliographic remarks for Chapter I............................. 60
Appendix 1. J. Tate — Some duality theorems .................... 61
Appendix 2. The Golod-Shafarevich inequality................... 66
1; The SEaLeMENt : vs s s s mis i o ms 55w o005 508 w4 1.5 5 50508 505 00k 5 308 305 300 66
. PPOOL : vic i s mis s v 5 vis i o 505 578 e 500 6 315 S 000 5050 B RS 6B A § LK s 67

Chapter II. Galois cohomology, the commutative case

81, Generalitiel ... ... soscosmsvsoures o omamans vsamon s veme o voses 71
1.1 Galoiscohomology........c.coviiiiiiiiiiiii it iieieenn. 71
1.2 Firstexamples ......coiviuiiiiieiinrncinsaisnsrernnnnnnnaas 72
§2. Criteria for cohomological dimension ........................ 74
2.1 An auxiliary result ... .veve s sisis s s s sie s s smessais o sws 74
2.2 Case when p is equal to the characteristic..................... 75
2.3 Case when p differs from the characteristic.................... 76
§3. Fields of dimension <1 .......... ... ...ttt 78
B DEADIRION .oyf 5in 5 udnste: S5YR5 a5 ihenageres oxbraaries [ . g Sekss sy Rl SRR o s 78
3.2 Relation with the property (C1) ......cvvvvviiiiiiinniniinans 79
3.3 Examples of fields of dimension <1 ..................c0ivunn, 80
§4. Transition theorems ..................coiiiiiiiiiiiaiinennan, 83
4.1 Algebraic extensions ..:.::c.sssscessssscnssscisosassesmnnss 83
4.2 Transcendental extensions ............... ... ciiiiiniiann. 83
43 Localfields .......covviiiiiniiiiiie i iiiiin e 85

4.4 Cohomological dimension of the Galois group of an algebraic
number field .. ... ... ... e 87

A5 Property (Ch)i i i 65009600 515 55 0 i 36 5.4.5.508 Wb, 4.5 61§ b 5700 5.8 .40 215 87



Table of Contents IX

§5. padic Relds. . :.couscssosnsvaonenn vpnsams sevmon e savavavsnds 90
5.1 Summaryof knownresults..............oiieiiiiiiiaiiiiia, 90
5.2 Cohomology of finite Gx-modules.................cooiinna... 90
5.3 First applications .. . cescssssssininmssssssssssosssncnsasss 93
5.4 The Euler-Poincaré characteristic (elementary case)............ 93
5.5 Unramified cohomology ............ccoiiiiiiiiiiiiiiiaann, 94
5.6 The Galois group of the maximal p-extensionof k ............. 95
5.7 Euler-Poincaré characteristics ................oooiiiniiinn. 99
5.8 Groups of multiplicative type .............cooiiiiiiiiiiin, 102
§6. Algebraic number flelds...................cooiiiiiiiiiiiinn 105
6.1 Finite modules — definition of the groups Pi(k,4) ............. 105
6.2 The finiteness theorem ............... ..., 106
6.3 Statements of the theorems of Poitou and Tate................ 107

Bibliographic remarks for Chapter II

Appendix. Galois cohomology of purely transcendental extensions110

§2.

§3.

1. Anexact BBQUENCE . o ws v sv a5 56 66 a0 0@ 58 55 35655 508 6055 50 b o 110
2. The local CABR s uem s siws aimims s o5 8 wd ¥ 8585 5 408 S 556866 3 5730 5w 111
3. Algebraic curves and function fields in one variable ............. 112
4. Thecade K =K8(T) «.ccoosvuosomvsssannsnsnsnsossmss imams s 113
B INOYBEIOM. =5 vix v 5 s 50 5w 675 5 6.5 70 5w 415 876 6 578 36 5101 67005 505.750 370 5.6 5 o & 405 114
6. Killing by basechange ..........oooviiiiinniiiiiniiiiiiaan. 115
7. Manin conditions, weak approximation

and Schinzel’s hypothesis . ............coiiieiiiiiiiiiinnnn, 116
8. Sievebounds ......... ... i e 117

FOTMB ‘i o s i 515 5.5 w00 60 409 § 578808 518 5,502 55 AT6.078 5.5.6 54 3116w 6. §1008 618 b 3 e 121
1l "TeNBOKE o0 s s o o s s s 408 653 65 8 508 516 9k, 555 5806 3k 05 $ 3780 5508 Sk i 558 121
L2 EXBIPIOH oy 055 00 0 wwmen win om0 506 6755 3 5 906 505 5 0 .48 8 S0 i 508 5 506 B 6 T8 123
1.3 Varieties, algebraic groups, etc.................coiiiiiia.... 123
1.4 Example: the k-forms of thegroup SL,, ...................... 125
Fields of dimension <1 ...........................cciiuinn.. 128
2.1 Linear groups: summary of known results..................... 128
2.2 Vanishing of H! for connected linear groups .................. 130
2.3 Steinberg’stheorem...............ccvviiiiiniiiiiinnnenennn. 132
2.4 Rational points on homogeneous spaces ...................... 134
Fields of dimension <2 ................. ... ... .. .ciivin... 139
3.1 Conjecture IT . ... ...t 139



X Table of Contents
§4. Finiteness theorems ...................... ... ... ...l 142
4.1 Condition (F) . ....ooini e 142
4.2 Fieldsof type (F) ...oovviniiiii it 143
4.3 Finiteness of the cohomology of linear groups ................. 144
4.4 Finitenessof orbits ......... ... i iiiiiiii i 146
45 Thecase E-= R -« cociom anmed 630 506 5518 5 ook adirodene: fios Srmabunse 5 147
4.6 Algebraic number fields (Borel’s theorem) .................... 149
4.7 A counter-example to the “Hasse principle” ................... 149
Bibliographic remarks for Chapter ITI ........................... 154
Appendix 1. Regular elements of semisimple groups (by R. Steinberg) 155
1. Introduction and statement of results ...............o0veei... 155
2. Somerecollections ........ ...ttt i e 158
3. Some characterizations of regular elements..................... 160
4. The existence of regular unipotent elements.................... 163
5. Irregularelements ......... ...t 166
6. Class functions and the variety of regular classes ............... 168
Te OEPUCLUTE OF IN i ccsmcm550 505 tmssindie botis mammmsos somrmssomesssiss 172
8 Proofof Lidand 15 icvivemiswasinromenvams s st sieionsnssss 176
9. Rationality of N - icicvsmsnvamimenismsasnssmsns siessomnims s 178
10. Some cohomological applications ............cooviiinineiinn.. 184
11: Added it PPOOE.: <z o s m s s s ma 51s bm s avs s v s 508 065 5 6t00m § 5 £ 576 wivi 2156 6 185
Appendix 2. Complements on Galois cohomology ............... 187
T INOEBRLION : ..o - 5 55 i 5 ok o5« e s o o ool 35578 mm Saies o s rel o o ot ! B 187
2. Theorthogonal case .....:sisicasaissivsasisamrriinesinannns 188
3. Applications and examples ..........coiiiiiiiiiiiiiiiiaiies 189
4. Injectivity problems .......... ... i 192
5. Thetrace form.........ccouuiiiiin i iiaannrnnn. 193
6. Bayer-Lenstra theory: self-dual normal bases................... 194
7. Negligible cohomology classes ..................cniii... 196
Bibliography . ......oiiiiiii e e 199
Index .. .o e e 209



Chapter I

Cohomology of profinite groups






§1. Profinite groups

1.1 Definition

A topological group which is the projective limit of finite groups, each given the
discrete topology, is called a profinite group. Such a group is compact and totally
disconnected.

Conversely:
Proposition 0. A compact totally disconnected topological group is profinite.

Let G be such a group. Since G is totally disconnected and locally compact, the
open subgroups of G form a base of neighbourhoods of 1, cf. e.g. Bourbaki TG
111, §4, n°6. Such a subgroup U has finite index in G since G is compact; hence its
conjugates gUg™! (g € G) are finite in number and their intersection V is both
normal and open in G. Such V’s are thus a base of neighbourhoods of 1; the map
G — lim G/V is injective, continuous, and its image is dense; a compactness
argument then shows that it is an isomorphism. Hence G is profinite.

The profinite groups form a category (the morphisms being continuous ho-
momorphisms) in which infinite products and projective limits exist.

Ezamples.

1) Let L/K be a Galois extension of commutative fields. The Galois group
Gal(L/K) of this extension is, by construction, the projective limit of the Galois
groups Gal(L;/K) of the finite Galois extensions L;/K which are contained in
L/K; thus it is a profinite group.

2) A compact analytic group over the p-adic field Q, is profinite, when
viewed as a topological group. In particular, SLy(Z,), Sp,,,(Zp), . . . are profinite
groups.

3) Let G be a discrete topological group, and let G be the projective limit of
the finite quotients of G. The group G is called the profinite group associated to
G} it is the separated completion of G for the topology defined by the subgroups
of G which are of finite index; the kernel of G — G is the intersection of all
subgroups of finite index in G.

4) If M is a torsion abelian group, its dual M* = Hom(M, Q/Z), given the

topology of pointwise convergence, is a commutative profinite group. Thus one
obtains the anti-equivalence (Pontryagin duality):

torsion abelian groups <=> commutative profinite groups



4 1.§1 Profinite groups

Ezercises.

1) Show that a torsion-free commutative profinite group is isomorphic to a
product (in general, an infinite one) of the groups Z,. [Use Pontryagin duality
to reduce this to the theorem which says that every divisible abelian group is a
direct sum of groups isomorphic to Q or to some Q,/Z,, cf. Bourbaki A VII.53,
Exerc. 3.]

2) Let G = SL,(Z), and let f be the canonical homomorphism

G — [ SLa(Z,).
p

(a) Show that f is surjective.
(b) Show the equivalence of the following two properties:
(b1) f is an isomorphism;
(bz) Each subgroup of finite index in SLy(Z) is a congruence subgroup.
[These properties are known to be true for n # 2 and false for n = 2.

1.2 Subgroups

Every closed subgroup H of a profinite group G is profinite. Moreover, the ho-
mogeneous space G/H is compact and totally disconnected.

Proposition 1. If H and K are two closed subgroups of the profinite group G,
with H D K, there ezists a continuous section s : G/H — G/K.

(By “section” one means a map s : G/H — G/K whose composition with
the projection G/K — G/H is the identity.)

We use two lemmas:

Lemma 1. Let G be a compact group G, and let (S;) be a decreasing filtration
of G by closed subgroups. Let S = () S;. The canonical map

G/S — lim G/S;
is a homeomorphism.

Indeed, this map is injective, and its image is dense; since the source space is
compact, the lemma follows. (One could also invoke Bourbaki, TG I11.59, cor. 3
to prop. 1.)

Lemma 2. Proposition 1 holds if H/K 1is finite. If, moreover, H and K are
normal in G, the extension

1—H/K— G/K—G/H—1
splits (cf. §3.4) over an open subgroup of G/H.
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Let U be an open normal subgroup of G such that U N H C K. The re-
striction of the projection G/K — G/H to the image of U is injective (and is a
homomorphism whenever H and K are normal). Its inverse map is therefore a
section over the image of U (which is open); one extends it to a section over the
whole of G/H by translation.

Let us now prove prop. 1. One may assume K = 1. Let X be the set of
pairs (S, s), where S is a closed subgroup of H and s is a continuous section
G/H — G/S. One gives X an ordering by saying that (S, s) > (8',¢') if SC &’
and if &' is the composition of s and G/S — G/S'. If (S, s;) is a totally ordered
family of elements of X, and if S = [S;, one has G/S = lim G/S; by Lemma
1; the s; thus define a continuous section s : G/H — G/S; one has (S, s) € X.
This shows that X is an inductively ordered set. By Zorn’s Lemma, X contains
a maximal element (S, s). Let us show that S = 1, which will complete the proof.
If S were distinct from 1, then there would exist an open subgroup U of G such
that SNU # S. Applying Lemma 2 to the triplet (G, S, SNU), one would get a
continuous section G/S — G/(SNU), and composing this with s : G/H — G/S,
would give a continuous section G/H — G/(SNU), in contradiction to the fact
that (S, s) is maximal.

Ezercises.
1) Let G be a profinite group acting continuously on a totally disconnected
compact space X. Assume that G acts freely, i.e., that the stabilizer of each

element of X is equal to 1. Show that there is a continuous section X/G — X.
[same proof as for prop. 1.]

2) Let H be a closed subgroup of a profinite group G. Show that there exists
a closed subgroup G’ of G such that G = H - G’, which is minimal for this
property.

1.3 Indices

A supernatural number is a formal product []p™», where p runs over the set of
prime numbers, and where 7, is an integer > 0 or +00. One defines the product
in the obvious way, and also the ged and lem of any family of supernatural
numbers.

Let G be a profinite group, and let H be a closed subgroup of G. The index
(G : H) of H in G is defined as the lcm of the indices (G/U : H/(HNU)), where
U runs over the set of open normal subgroups of G. It is also the lcm of the

indices (G : V) for open V containing H.
Proposition 2. (i) If K C H C G are profinite groups, one has
(G:K)=(G:H)-(H:K).
(ii) If (H;) is a decreasing filtration of closed subgroups of G, and if H =
(N H;, one has (G: H) =lem (G : H;).

(iii) In order that H be open in G, it is necessary and sufficient that (G : H)
be a natural number (i.e., an element of N).



