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SECTION 12.1

CHAPTER 12

SECTION 12.1

13.
17,

21.

Ar z 3. 4
A(0-2,5)
[ ]
?
A(2,0,0)
 B(0,0,-4) y
B(4,1,0)
x
length AB: 2/5 length AB: 52

midpoint: (1,0, -2) midpoint: (2,-1,%)

z

4

i A(2,4,7)

i *B(1,6,5)

y

X
length AB: 3 midpoint: (3,5, 6)
z=-2 9. y=1 11. z=3
2+ y-22+(z+1)2%=9 15, (z—2)2+(y—4)>+(z2+4)%=36
(z-32+(y—-22%+(2—-22=13 19. (z-22+(y—-3)2+(¢+4)?2=25

24y’ +22+42-8y—2:+5=0
2 4+4r+44+9° -8By +16+22—224+1=—5+4+16+1

(z+2?+(@y-4>+(z-1)*=16

center: (—2,4,1), radius: 4



2 SECTION 12.1

23. 222+ 27 + 222 482 -4y = -1
222 +4z4+4)+ 2y -2y + 1) +222 = -1+ 8+2

(e+2°+ =17 +27= 5

center: (—2,1,0), radius: %\/i

25. (2,3,-5) 27. (=2,3,5) 29. (-2,3,-5)
31. (-2,-3,-5) 33. (2,-5,5) 35. (-2,1,-3)

37. Each such sphere has an equation of the form
(z=a)’+(y—a)* +(z—a)’ =a’.
Substituting x =5, y=1, z=4 weget
(5-a)’+(1-a)’+(4—a)=ad’
This reduces to a? — 10a+21 =0 and gives a =3 or a=7. The equations are:

(=32 +@y~3)2+(2-3?=9;, -T2+ @w-7*+(E-7>=49

39. Not a sphere; this equation is equivalent to:
(z=2724+(@y+2)%+(z+3)*=-3

which has no (real) solutions.

41. d(PR)=V14, d(QR)=V35, d(PQ)=+59; [d(PR)]+ [d(QR)]* = [d(PQ)}
Ql 5, b2,63
43. (a) Take R as (z,y, z). Since Rx,35) r

d(PrR)=td(PvQ) A_z :

we conclude by similar triangles that :
P(al,az,aa) 1z ~-a3 b3—a3

d(AR) =1d(B,Q) !
and therefore '
2—03=t(b3—03). . A
Thus B

z = ag + t(bz — a3).

b 4

In similar fashion
x

T =a; +t(b1 - d]) and Y =as +t(b2 —_ (12).

ay+by az+by az+bs
2 '’ 2 ' 2

(b) The midpoint of PQ, ( ), occurs at t = %



SECTION 12.2

SECTION 12.2

11.

15.

21.

23.

27.

31.

33.

35.

37.

39.

PQ=(3,4-2; |PQI=v2 3. PQ=(-26) ||PQll=2VI0
PG(-4,2,2); |IPd||=2v6 7. 2a—b=(2-1-3,2-[-2]-0,2-3+1)
=(=1,-4,7)

-2a+b-c=[-2a—-b))-c=(1+44-2,-7-1)=(5,2,-8)

3i —4j + 6k 13. -3i-j+8k
5 17. 3 19. 6

d

=

(8) &, ¢ andd since a=lc=—
: _1
(b) aandc since a= jc

(c) a and c both have direction opposite to d

a 3 4 a 4 3
= B — = = - = 25. =9 T = "'—101_
=5 =53 =i o= (-5:0.5)
a 1 2 2 a 1 . 3 .
=3: L = li-2:i4fk 29, =14 - — = - -
lall = 3; af —3' 73073 e ol = Via  via® Vi

(i) a+b (ii) —(a+b) (iii) a-b (iv) b-a

(a) a—3b+2c+4d=(21—k)-3(1+3j+5k)+2(—i+j+k)+4(i+j+ 6k)
=i—-3j+ 10k

(b) The vector eqhation

(1,1,6) = A(2,0,—1) + B(1,3,5) + C(~1,1,1)

implies

1= 24+ B - C,

1= 3B + C,

6 = -A + 5B + C.
Simultaneous solution gives A=-2, B=3, C=-I.

Bi+jll=llaj—k|| = 10=a?+1 so a==3
lei+ (e~ Dj+(e+Dkl|=2 = o’+(@-1)+(a+1)*=4
= 3a’=2 so a::i:%\/(—i

+ZV13(3 +2k) since [la(3j+2k)|=2 = oa=xZVI3



4

41.

43.

45.

47.

49.

51.

53.

55.

57.

SECTION 12.2

v = (2 c0s30°)i+ (2sin30°)j = V3i+j

v = cos(n/4)i+sin(w/4)j = £ i+ %J

Since the i component is twice the j component v =2yi+ yj. Now, ||v|| =4y +y* =3
6 .

%. Thus, v \/— \/._l or v= \/_ \/—

If a and b are the sides of a triangle, then b — a is the third side. Now ||a|| = V2 + (1) = V5,
IIbl|=v1IZ+22 =5, and |b-al|=/(1-2)2+(2+1)?= V/10. The triangle is a right
triangle since |[a]|? + ||b]|Z = ||b — a]|?. '

which implies that y =

(a) Since |la—b|| and |la+b|| are the lengths of the diagonals of the parallelogram,
the parallelogram must be a rectangle.

(b) Simplify
V(a1 = b1)2 + (az — b2)? + (a3 — b3)? = /(a1 + b1)? + (az + b2)? + (a3 + bs)*.

(b) Let P = (-'Clayl,zl), Q = (332,3/2,22): and

Q
* M = (m,Ym, #m). Then
(Zm» Ym, 2m) = (21, ¥1,21) + L (22 — 21,92 — 1, 22 — 1)
[Ttz ity aat 2
. “\T2 T2 T2

X

||F1|| sin 40° + ||F2||sin 25° = 200 and  ||F';|| cos40° = [|F[| cos 25°
—  ||F1f|=200.02 and |[Fy|| = 169.05

F; = — ||Fy|| cos40° i + ||Fy||sin 40° j = —153.21i + 128.56
F = ||F2||cos25°i + ||F2||sin 25° j = 153.21i + 71.44

V1 = 600 sin 30° i + 600 cos 30° j = 300i + 300v/3j and
V, = 50 sin45°1 - 50 cos45° j = 25v/2i — 25v/2

V =V, + V2 = (300 + 25v/2) i + (300v/3 — 25v/2) j = 335.36 + 484.26 j

_, 335.36
484.26

ground speed: ||V|| = 1/(335.56)% + (484.26)2 = 589.05 mi/hr

true course: 6 = tan =34.70°; or N34.70° E.

(a) |Ir—a]l|=3 where a=aji+aszj+ask
d) |Irjl <2 (c) |lr—al]|<1 where a=aji+azj+ask
(d) |lr—all=|r=b|] () |ir—all+[r-bll=k
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SECTION 12.3

1.

5.

9.

11.

13.

15.

17.

19.

21.

23.

25.

a-b=(2)(-2)+(=3)(0)+1)3)=-1 3. a-b=2)()+(-4)(1/2)=0
a-b=02)(1)+(1)(1)-(2)2)=-1 7. a-:b
(a-b)-c + b:-(ct+a)=a-c - b:-c+b-c+b-a=a-(b+c)

(8) a-b=(2)@)+1)(-1)+(0)2)=5
e =(2)4) +(1)(0)+(0)(3) =8
b - ¢ = (3)(4) + (~1)(0) + (2)(3) = 18

(b) |lall= V5, bl = V14, [lell =a5: b Then, 5 1
o8 3(ab) = el = (v8) (vin) = 18V

8 8
cos Y(a,c) = m = %\/g,

18 9
cos {(b, c) = (714)—(5—) = 55\/]__4

(c) up= \711—-—‘1(3i—j+ 2k), comppa=a-u,= 7—11_;1-(6— 1) = %m’

Ue = %(4i+ 3k), compca=a- u.= g
(d) projya = (compy a)up = 5(3i - j+ 2k)

Projca = (compc a) uc = £(4i + 3k)

T, T, 2T 1, 1 -, 1
u—cos§l+cosz_|+cos?k—51-&-5\/53—51:
cos0—(3i_‘i—2k)'(i+2j—3k)— 7 _1 P

T Bi-j-2k|[Ji+2j—ok|]  idvid 2 3

, cosf= —%, cosy = %\/ﬁ

[T

Since [li—j+v2k||=2, wehave cosa=

The direction angles are 37, 2w, im.

0 = cos™! o b = cos~! (;1—) = 2.2 radians or 126.3°
llalllibl| 231
0 = cos~! = b = cos~! (_—13) = 2.5 radians or 145.3°
llallllbll 5v10
; 1 2 2
lla|| = vVIZ+22 422 = 3; cosa = 3, cosﬂzg, cosy = 3
aT05° [48.2°, = 48.2°
3 12 4
= 2 12)2 2=13; = — = — = —
llall = /3% + (12)2 + 42 = 13; cosa = o, cos 3 3 7= 13

a=T76.7° [=226° y=T721°
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27.

29.

31.

33.

35.

37.

SECTION 12.3
(a) proj,aa=(ca - up)up = a(a - up)up, = a proj, a
(b) proj, (a+c)=[(a+c) - upjup
=(a-ump+c-up)u

= (a - up)up + (¢ * up)up, = proj, a + proj, c

(a) For a # 0 the following statements are equivalent:

a-b=a-.¢c, b-a=c:a,

b'll%uzc.i b.ua=c.ua b

(b - ug)ua =(c- Uq)Ug,

1 ___ e __w_
[

v

proj, b = proj, c.
a-b=a-c but b#c
(b)) b=(b-i)i+(b-j)i+(b-kk=(c-ii+(c-jj+(c-kk=c
(12.3.13) (12.3.13)

(8) lla+bl?~|la=b|’=(a+b)- (a+b)—(a=b)-(a—b)
=[(a-a)+2(a-b)+(b-b)]—[(a-a)—2(a-b)+(b-b)]=4(a- b)
(b) The following statements are equivalent: s
alb, a-b=0, |la+b|*~|la=b|*=0, |la+b}j=|a - bj}.
(c) By (b), the relation |la + b|| = ||la — b|| gives a L b. The relation a+b La—b gives
0=(a+b)- (a~b)=lal]” —|bl*> and thus |la]) = |/b]|.
The parallelogram is a square since it has two adjacent sides of equal length and

these meet at right angles.

la+bl>=(a+b)-(a+b)=a-a+2a-b+b.b=|al?+2a-b+|b|?
la~bj*=(a~b)-(a—b)=a-a—2a-b+b.b=|a)?-2a- b+]|b|?

Add the two equations and the result follows.

Let 6y, 05,03 be the direction angles of —a. Then

0; = cos™* [(‘a : i)] = cos™! [_(TTaIIl_)] = cos™}(~cosa) = cos~!(m —a) = 7 —a.

[l - al|
Similarly f;=7-p8 and O3=m—+.
Ifalbandalec, then
a-b=0, a-c=0
a-(ab+pgc)=a(a-b)+pa-c)=0
al (ab + fc¢).



39.

41.

43.

45.

47.

SECTION 12.3 7

Existence of decomposition:
a=(a- up)up+ [a—(a- up)uy).
Uniqueness of decomposition: suppose that
a=a)+aL = A +A;.
Then the vector ay — Ay = A —a, is both parallel to b and perpendicular to b. (Exercises 37 and

38.) Therefore it is zero. Consequently Ay =aj and A, =a,.

n c-d l_21’+1 3:2:41:; $=0’4

cos — = e
3 liellidll” 2 22+2
Ar: We takeu=1iasanedgeand v=i+j+k
as a diagonal of a cube. Then,
u-v 1
(1,1,1) 080 = 0 = ~V/3,
- Tall TV = 3
’ 6 = cos™! (%\/ﬁ) 2 (.96 radians.
y
(1,0,0)

(a) The direction angles of a vector always satisfy
cos’a +cos? @+ cos?y =1
and, as you can check,
cos? 7 + cos tm+ cos? Zx # 1.
(b) The relation
cogza +cos’ ir+cos?in=1
gives
cosfa+i+1=1 cosa=0, a =|a]cosa=0.
Set u =at+bj+ ck. The relations
(@i+bj+ck)- i+2j+k)=0 and (ai+bj+ck)- (3i—4j+2k)=0

give
a+2b+ec=0 3a—4b+2c=0

sothat b= %a and ec= —%a.

Then, since u is a unit vector,

2,32, .2 2 a\2 —ba 2_ 165 ,
a +b +c —-1, a +(§) +(T) —1, —GTG =1.

8 V165
h = —_— = B ilntuied . -_
Thus, a :!:165\/165 and u==:=% 165 (8i +j — 10Kk).
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49. Place center of sphere at the origin. ‘
A
FQ- @ =(-a+b)- (a+b) N &

= —alf* + ] ‘/
P.

=0. :

51. (&) W=F-.r (b) 0 (c) NIFli-(b—a)i=|F||(b—a)
53. (a) W =(15c0835°i+ 15sin35°j) - (50i) = 15-cos35° - 50 = 614.36 joules

(b) W = (15 cos50°i+ 15 sin50° j) - (50 cos 15° i + 50 sin 15° j)
= 15 - 50(cos 50° cos 15° + sin 50° sin 15° = 15 - 50 cos 35° = 614.36 joules

55. Let ||Fy|| = ||F2ll = C.

(a) Wy =Ccosby; Wy=C cosby =C cos(—-0,)=C cosfy =W, Thus, W, =W,

®) Wi =C-costn/) Il = $Cllel and Wa = C-cos(x/6) - sl = 2 Clls

Thus, W, =+3W,

SECTION 124

Lo G+)xE-D)=Bx G- +[x G- =01 +(-k-0)=—2k

3. (=)xG-0)=[(xG-0]-[x(G-K]=G+k)-0-i)=i+j+k

5. (2i-k)x (i—3i)=[2x (i—3)] - [kx (i-3j)] = (-2k)— (j+3i) = —3i—j—2k

or

i k 2 -1 0 -1 0 2
2% — k) x (i — 3i) = _1l=3 s i
(2i ~k)x (i—3j) (1) _23 01 I_3 Ol J(l _3,+k|1 _3' Ji—j-2k
7. j-(ixk)=j-(=j)=-1 9. (ixj)xk=kxk=0 1. j-(kxi)=j-(G) =1
i j ok
13. (i+3-k)x(i+k)= ; g —11 = [(3)(1) = (=1)(0)]i - [(1)(1) = (=1)(D))j + (Do - (3)(D)]k
=3i-2j-3k
ij k
15, (i+j+k)x(2i+k)= ; (1) } = [(1)(1) = (D(0)]i - [(1)(1) — (1)(2)]J + [(1)(0) - (1)(2)] k

=i+j-2k
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1 -3 1
17. Ri+j)-[(i-3+k)x @i+k)]=[4 0 1|=
2 1 0

[(0)(0) — ()(1)] = (-3)[(4)(0) — (1)(2)] + [(4)(1) - (0)(2)} = —3

19. ((G-3)x G-k x [i+5k] = {[ix (G—K)] - [§x (—k)]} x [i +5k]
= [(k +3) — (-i)] x [i + 5k]
=(i+j+k) x (i +5k)
=[(i+j+k)xi] + [(i+]j+k)x 5k]

= (~k +j) + (—5j + 5i)

=bi—-4j-k
1 -3 1
21. axb=|4 0 1|=3i-3j-6k
2 1 0
axb 1 1 2 bx a 1., 1., 2
=—im —jo—k; 2 gty 2y
laxbll V6 6 V6 [bxal Ve V6 V6
23. Set a=PQ=-i+2% and b=PR=2—k Then
N=PQxPR=([-1 0 2|=3j
2 0 -1

and A= L[lax bl = 1|3 = .

25, Set a=P_C.2=i+j—3k and b=P_R=—i+3j—k. Then

— — |1 J k
N=PQxPR=|1 1 -3|=8j+4j+4k
-1 3 -1

and A= j|lax bl = §|8i+4j+4k| = VBT + 42 + 42 = 2/6.

2. V=|li+i)x @Gi-K)]- @i+k)|=|(-i+j-2k) - Gj+k)|=1

—_ e 12 3
20. V=0P-(OQxOR>= 11 2|=2
2 11
31. (a+b)x (a—~b)=[ax (a—b)]+[bx (a—b)]

= [ax (=b)] + b x a]

=—(axb)—-(axb)=-2(axb)
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33. axi=0, axj=0 = ajli and a||j = a=0

35. (aa + Bb) x (ya + éb) = (ca x 6b) 4 (Fb x va)

It

aé(ax b)—pfy(ax b)

(axb)

B
6

(o~ Br)(axb) = |7

37. a-(bxc)=(axb)-c=(cxa)-b=(bxc)-a=(ax—-c):b
a:(cxb)=c- (bxa):(—«a*b) ‘c

39. ax b is perpendicular to the plane determined by a and b;
¢ is in this plane iff axb - ¢ =0.

4. a-b=a-¢c = a-(b-¢)=0; a isperpendicularto b—c.
a>l<b=ax ¢ = ax(b-c)=0; a isparallelto b—ec.
Since a # 0 it follows that b—c=0or b =c.

43. cxa=(axb)xa=(a-a)b-(a-b)a=(a-a)b=|alf’b

Exercise 42(a) a-b=0
45. Expanding the determinant by the bottom row gives
@y az ag

bl bg b3 =
C; C2 C3

a2 as
by b3

a; az

by by

a1 as

bl b3 +c3

~ cg

47. |||l = |ir|| - ||F]| sin @ = (10)(20) sin 50° = 163.21 inch-lb = 12.77 ft-lb;

the bolt moves into the plane of the paper.

SECTION 12.5

1. P (whent=0)and Q (whent=-1)

3. Take ro=OP =3i +j and d=k. Then, r(t) = (3i+j)+tk.

5 Take rp=0 and d= 6?) Then, r(t) = t(z1i+ y1j +‘z1k).

7. 136 =i—j+k so direction numbers are 1,—1,1. Using P as a point on the line, we have
2(t) =1+, y(t)=—t, z2(t)=3+1.

9. The line is parallel to the y-axis so we can take 0,1, 0 as direction numbers. Therefore



11.

13.

15.

17.

21.

23.

SECTION 12.5
z(t) =2, yt)=-2+4t, =z(t)=3.

Since the line 2(x+ 1) =4(y—3) =2z can be written
z+1  y—3 _

z
2 1 4’

it has direction numbers 2,1,4. The line through P(-1,2,~3) with direction vector

2i + j + 4k can be parametrized

r(t) = (=i + 2§ — 3k) + £(2i +j + 4k).

Weset ri(t) =ra(u) and solve for t and u:
i+t = j+u(i+i),
(I-u)i+(-1-u+t)j=0.
Thus,
l-u=0 and -1-u+4+t=0.
The equation gives u =1, t=2. The point of intersection is P(1,2,0).

As direction vectors for the lines we can take u =j and v =i+j. Thus

_u-v 1 _ 1
0= v = O 7v2

The angle of intersection is i radians.
We solve the system
3+t=1, 1—-t=4+u, 542=2+4u
for ¢ and u to find that t = —2, u=—1. The point of intersection is (1,3,1).

Since i-j+2k is a direction vector for /; and j+k is a direction vector for Iy,

i—-j+2k)-(G+k 1
cosl9=(l J+\/€\)/§(‘l+ )=2‘/§=é 3 and 0= 1.28 radians.
d
(:vo - aizo, Yo — 3—:z0, 0) 19. The lines are parallel.

r(t) = (2i+ 7 - k) +¢(2i— 5+ 4k), 0<t<1

Set wo PO _ 442+ Lk
”%” ”—4i+2j+4k” 3 3

2
+ §k.

11
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25.

27.

29.

31.

33.

SECTION 12.5

Then r(t) = (6i— 5 + k) +tuis OP at t = 9 and it is OQ at ¢ = 15. (Check this.)

Answer: u=-3i+1j+ 2k, 9<t<15.

The given line, call it I, has direction vector 2i — 4j + 6k.

1If ai + bj + ck is a direction vector for a line perpendicular to I, then

(21— 4j+6k) - (ai+bj+ck)=2a—4b+6c=0.
The lines through P(3,—1,8) perpendicular to [ can be parametrized

X(u)=3+au, Y(u)=-1+bu, Z(u)=8+cu
with 2a — 4b + 6¢ = 0.

I3 + 2k) x (2i — j + 2k)|| -

T 1
112i - j + 2K||

d(P,l) =

The line contains the point Py(1,0,2). Therefore

_@i+k) x G=2+3K) _ [69 _
d(P,l) = =% Tkl _,h4_zm

The line contains the point Py(2,~1,0). Therefore

_NG-i-K)xG+ill _ .
d(P,l) = TR =V3=173.

(a) The line passes through P(1,1,1) with direction vector i+ j. Therefore

IG+i+k)x G+l _

T 1.
lli + il

d(0,1) =

(b) The distance from the origin to the line segment is v/3.
Solution. The line segment can be parametrized
r)=i+j+k+t(i+j), te[0,1].
This is the set of all points P(1+¢,1+¢,1) with t € [0,1].
The distance from the oriéin to such a point is
O =v2(0+2)+1.

The minimum value of this function is f(0) = /3.
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Explanation. The point on the line through P and @ closest to the origin is not on the line

segment PQ.

35.  We begin with r() = j— 2k + t(i — j+ 3k). The scalar ¢, for which r(fo) L! can be found by
solving the equation

[J—2k +1o(i—j+ 3k)] - [i—-j+3k]=0.
This equation gives —7+ 11¢p =0 and thus ¢ = 7/11. Therefore
r(to) =j—2k+ f(i—j+3k) = Li+ 4j— £k
The vectors of norm 1 parallel to i—j+ 3k are
1
+——(1—-j+3k).
m( J+3k)

The standard parametrizations are

7,04, 1, ot . .
R(t)—fl—l-f-i—fj-'l—lkiﬁ(l",]‘f':‘]k)
:%(7i+{i—k)it[—g(i—j+3k)].

37. 0<t<s
By similar triangles, if 0 < s < 1, the tip of 5;1 + 4y
SAB + sBC falls on AC. If 0 < t < s, then the B

tip of E‘l + s;‘i—l} + tB_é falls short of AC and stays
within the triangle. Clearly all points in the interior A sBC
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of the triangle can be reached in this manner.
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SECTION 12.6

1. @
3. Since i — 4j + 3k is normal to the plane, we have
(#-2)~4(y—-3)+3(2~4)=0 andthus z—-4y-+32—2=0.

5. The vector 3i — 2j + 5k is normal to the given plane and thus to every parallel plane:
the equation we want can be written

(z-2)-2y-1)+5(z—1)=0, 3z—2y+5z—-9=0.



