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Editor’'s Statement

A large body of mathematics consists of facts that can be presented and
described much like any other natural phenomenon. These facts, at times
explicitly brought out as theorems, at other times concealed within a proof,
make up most of the applications of mathematics, and are the most likely to
survive change of style and of interest.

This ENCYCLOPEDIA will attempt to present the factual body of all
mathematics. Clarity of exposition, accessibility to the non-specialist, and a
thorough bibliography are required of each-author. Volumes will appear in
no particular order, but will be organized into sections, each one comprising
a recognizable branch of present-day mathematics. Numbers of volumes
and sections will be reconsidered as times and needs change.

It is hoped that this enterprise will make mathematics more widely used
where it is needed, and more accessible in fields in which it can be applied
but where it has not yet penetrated because of insufficient information.

GIAN-CARLO ROTA



Section Editor’s Foreword

This is the first book devoted to broad study of the combinatorics of
words, that is to say, of sequences of symbols called /etters. This subject is in
fact very ancient and has cropped up repeatedly in a wide variety of
contexts. Even in the most elegant parts of abstract pure mathematics, the
proof of a beautiful theorem surprisingly often reduces to some very down
to earth combinatorial lemma concerning linear arrays of symbols. In
applied mathematics, that is in the subjects to which mathematics can be
applied, such problems are even more to be expected. This is true especially
in those areas of contemporary applied mathematics that deal with the
discrete and non-commutative aspects of the world about us, notably the
theory of automata, information theory, and formal linguistics.

The systematic study of words seems to have been initiated by Axel Thue
in three papers [Norske Vid. Selsk. Skr. I Mat. Nat. Kl., Christiania, 1906.
1-22; 1912, 1-67; 1914, 1-34.]. Even more than for his theorems, we owe
him a great debt for delineating this subject. Both before and after his time.
a multitude of fragmentary results have accumulated in the most diverse
contexts, and a substantial but not very widely known lore was beginning to
crystallize to the point where a systematic treatment of the subject was
badly needed and long over due.

This need is splendidly fulfilled by the present volume. It provides a clear
and easily accessible introduction to the area, treating in some depth a
representative selection of the most important branches of the subject. In
particular, connections with free Lie algebras and algebras with polynomial
identities are treated in full. The Preface by Dominique Perrin gives a lucid
account of this book, and we need not say more on that matter. However.
we want to amplify his remarks on the origins of this undertaking.

First, Marcel P. Schiitzenberger should be acknowledged as the ““grond-
father” of the book. It was Marco who initiated the systematic combina-
torial and algebraic study of monoids, the natural habitat of words, and of
the connections and applications of this subject to such classical areas as
group representation theory, infinite groups, Lie algebras, probability the-
ory, as well as to more recent “applied” subjects, notably computer science
and mathematical linguistics. In addition to his own important and seminal
work in these subjects, it was he who founded the most important school
dealing with these and related subjects (now the Laboratoire Informatique
Théorique -t Programmation at Paris). Most of the contributors to this book
are his former students, or students of theirs, and all are disciples of his

Xv



xvi Section Editor’s Foreword

teachings. Today, when he is not promulgating the virtues of monoids in
hazardous foreign climes, he is walking the corridors of Paris VII stimulat-
ing the workers there and instigating new lines of research.

Second, this book is the result of a friendly collaboration of the group of
authors that have realized it. This collective enterprise was initiated by Jean
Frangois Perrot and led to its conclusion by Dominique Perrin, who played
the role of editor of the volume. He can be considered to be the “biological
father” of this book, and 1 have been privileged to see him proving
theorems, testing conjectures, as well as phoning long distance to obtain
copy, editing copy, and carrying it to the post office. It is to this team that
we are indebted for both the existence and the high quality of the present
work.

It is a pleasure to witness such an auspicious official inauguration of a
newly recognized mathematical subject, one which carries with it certain
promise of continued increasingly broad development and application.

ROGER LYNDON



Preface

Combinatorics on words is a field that has grown separately within
several branches of mathematics, such as group theory or probabilities, and
appears frequently in problems of computer science dealing with automata
and formal languages. It may now be considered as an independent theory
because of both the number of results that it contains and the variety of
possible applications.

This book is the first attempt to present a unified treatment of the theory
of combinatorics on words. It covers the main results and methods in an
elementary presentation and can be used as a textbook in mathematics or
computer science at undergraduate or graduate level. It will also help
researchers in these fields by pumng together a lot of results scattered i in the
literature.

The idea of writing this book arose a few years ago among the group of
people who have collectively realized it. The starting point was a mimeo-
graphed text of lectures given by M. P. Schiitzenberger at the University of
Paris in 1966 and written down by J. F. Perrot. The title of this text was
“Quelques Problemes combinatgires de la théorie des automates.” It was
widely circulated and served many people (including most of the authors of |
this book) as an introduction to this field. It was J. F. Perrot’s idea tc make ~
a book out of these notes, whose title varied from The Little Red Book in the
sixties (by the color of its cover, later selected for this series) to The
Apocryphal, a name that could dllute the responmbﬂxty for mistakes, if any,
in the text.

Let us put aside for now the domestic history of this book and turn to its
subject. The objects considered by people who study combinatorics on
words are words, that is to say, sequences of elements taken from a set.
Typical phenomena that can be observed in a word are certain kinds of
repetitions, decompositions into words of a special sort, and the results of
rearrangement of the Jletters. The type of results obtained is perhaps
reminiscent of the beginnings of number theory. '

The first significant works on the subject go back to the start of this
century, appearing in“A. Thue’s papers on square-free words and Mac-
Mahon’s treatise on combinatory analysis. Apart from pure combinatorics
this kind of problem has also been studied by scholars dedicated to

. probabilities, especially to fluctuations of random variables. In pure algebra,
,problenf,s on words appear in a number of situations, including free alge-
bras, free groups, and free semigroups. More recently, the theory of au-

xvii



xviii Preface

tomata and formal languages was developed, taking inspiration from prob-
lems of computer science. For these problems, words are the natural object,
because any computation-gives rise to a sequence of elementary operations
and also because a sequential machine can process an object only if it has a
linear structure, which again is a word. The same observations obviously
apply to natural languages. In fact, the beginnings of automata theory and
of modern linguistics are interconnected.

The main originality of this book is that it gathers for the first time the
pieces of the jigsaw puzzle just described. It is dedicated neither to group or
semigroup theory nor to automata theory but only to words (although the
origin or the consequences of the methods and results presented are
explicitly mentioned all along). The subtlest difference between the subject
of this book and any of the aforementioned theories is perhaps with
automata theory. It can be roughly said that automata theoiy (and formal
language theory) deals with sets of words whereas combinatorics on words
considers properties of one word. This distinction is sometimes rather
artificial, however, and the situation is the same as for determining what the
work “combinatorial” exactly means. We have put aside another subject
that is rather wide and also closely related to this one, the theory of codes,
which will be the subject of another book. Let me now briefly present the
contents of this book.

Chapter 1 contains the main definitions, together with some elementary
properties of words frequently used in the sequel. The following three
chapters deal with unavoidable regularities, which are properties of words
that become true when their length tends to infinity. It is therefore a study
of asymptotic properties of words.

Chapters 5-7 may be considered another block. They deal with properties
of words related with classical noncommutative algebra. The first, Chapter °
5, treats Lie algebras, the second is linked with nilpotent groups, and the
third algebras with polynomial identities. The rest of the book, Chapters
8-11, deals with specific aspects of words, each worthy of a complete
volume.

This book is written at a completely elementary level so as to be
accessible to anyone with a standard mathematical background. The author-
ship of each chapter is different, but the notation is uniform throughout and
the architecture of the book (including use of resuits from one chapter in
another) is the result of the joint conception of the coauthors.

Each chapter ends with a series of problems. Either they comment upon
particular cases of the results of the chapter, or, more often, they mention
some additional results, Difficult ones are indicated with an asterisk or
double asterisk.

It is a pleasure to express the thanks of the authors of this book for the
collaboration that we received during its preparation. Dorothée Reutenauer
translated the paper of Shirshov on which Chapter 7 relies. Howard
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Straubing read several chapters and formulated useful comments. Volker
Strehl carefully read Chapter 10 and helped with suggestions. We are also
indebted to Georges Hansel, Gérard Lallement, André Lentin, Roger
Lyndon, and Maurice Nivat and, of course, to Jean-Frangois Perrot whose
work was the starting point for this enterprise. The help of Claudine
Beaujean, Maryse Brochot, Martine Chaumard, Monique Claverie, Arlette
Dupont and Sylvie Lutzing, in particular for typing, is gratefully acknowl-
edged.

To close this preface, I should like to mention the belief my coauthors
and I share that this book will serve as an incentive for further develop-
ments of this beautiful theory. It might be the case that a good part of it will
be superseded within a few years, and this is exactly what we hope.

DOMINIQUE PERRIN
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CHAPTER 1

Words

1.0. Introduction

This chapter contains the main definitions used in the rest of the book. It
also presents some basic results about words that are of constant use in the
sequel. In the first section are defined words, free monoids, and some terms
about words, such as length-and factors.

Section 1.2 is devoted to submonoids and to morphism of free monoids,
one of the basic tools for words. Many of the proofs of properties of words
involve a substitution from the alphabet into words over another alphabet,
which is just the definition of a morphism of free monoids. A nontrivial
result called the defect theorem is proved. The theorem asserts that if a
relation exists among words in a set, those words can be written on a
smaller alphabet. This is a weak counterpart for free monoids of the
Nielsen-Schreier theorem for subgroups of a free group.

In Section 1.3 the definition of conjugate words is given, together with
some equivalent characterizations. Also defined are primitive words, or
words that are not a repetition of another word. A very useful result, due to
Fine and Wilf, is proved that concerns the possibility of multiple repeti-
tions. The last section introduces the notation of formal series that deal with
linear combinations of words, which will be used in Chapters 5-7 and 11.

A list of problems, some of them difficult, is collected at the end. Two of
them (1.1.2 and 1.2.1) deal with free groups; their object is to point out the
existence of a combinatorial theory of words in free groups, although the
theory is not developed in the present book (see Lyndon and Schupp 1977).
Two others (1.1.3 and 1.3.5) deal with the analysis of algorithms on words.

1.1. Free Monoids and Words

Let 4 be a set that we shall call an alphabet. Its elements will be called
letters. (In the development of this book, it will often be necessary to
suppose that the alphabet 4 is finite. Because this assumption is not always
necessary, however, it will be mentioned explicitly whenever it is used.)
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