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Preface

On the occasion of the 70th birthday of Professor Rangquan Wu, we edit this book
for an obvious reason — to celebrate his birthday. We sincerely wish Professor Wu a
very happy birthday!

There are however several other reasons for us to edit this book. One is that this
book will show clearly the contributions of Professor Wu to the field of stochastic
differential equations (SDEs) and their applications. Professor Wu is one of the pio-
neers in China in the development of the study of SDEs and has published 7 research
monographs and over 100 peer-reviewed journal papers in this area. Another rea-
son, perhaps more importantly, is to show how Professor Wu has devoted his nearly
50-year university career to Chinese education. Professor Wu has supervised over 50
graduate students and many of them have become leading experts both in home and
abroad.

This book will therefore emphasize the joint contributions of Professor Wu and his
students to the field of SDEs. SDEs arise in mathematical models of physical systems
which possess inherent noise and uncertainty. Such models have been used with great
success in a variety of application areas, including biology, epidemiology, mechanics,
economics and finance. This book will not only cover the theoretical research of SDEs
from the fundamental existence-and-uniqueness theory through much modern SDEs
driven by semimartingales to the more recent fuzzy SDEs; but will also highlight the
important applications of SDEs to finance, control and biology which are currently
very hot topics.

The book will have a direct impact on those who work in the field of SDEs, in
particular, academic including senior undergraduates and graduates, as well as pro-
fessional researchers in biology, epidemiology, mechanics, economics and finance.

Liangjian Hu, Donghua University
Zengjing Chen, Shandong University
Xuerong Mao, Strathclyde University

In November 2006
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Part 1 Stochastic Differential
Equations






Existence and Uniqueness of the Solu-
tions of Stochastic Differential Equations

Rangquan Wu® Xuerong MaoP
2Dept. of Mathematics, Northwestern University, Evanston. Illinois
60201 USA

b East China Institute of Textile Science and Technology, Shanghai,
P.R. China

Abstract. The standard existence and uniqueness theorem for stochastic differential equa-
tions requires Lipschitz condition of the coefficients. In this paper, we extend these results
to the case in which the coefficients are not required to be Lipschitz continuous, instead they
only satisfy a “weak” type of Lipschitz condition.

1. Introduction

Inf1], K.A. Yan studied the following typical stochastic equation

X = &(X)+ F(X).M (%)

where X € 2, 2 is the set of all cadlag adapted process, M is a semimartingale
with My =0, F is a map from £ into & such that F(X) is integrable with respect
to M, & is the set of all predictable process, & is a map from £ into Z .

Yan proved the following existence and uniqueness theorem. Let M be a semi-
martingale with My = 0. F € Zy(a), € LP(B), where 1 < p < o00,a>0,0< 8 <
1, then Eq. (*) has a unique solution in % .

(VX € &, and stopping time T, F(X)Ijo 1) = F(XT™) o1y, l
({HVX,Y € Z,a>0,|[|F(X) = F(Y)|lsp < allX = Y||»p,

LPa)=F: 1<p<oo, >
(iii) F(0) € L(M)(L(M) denotes the set of all predictable

( and integrable processes with respect to M.

7

By =1 o (i))VX € &, and stopping time T, (X )Ijo. [ = H(XT™) I,
Tl @VX,Y € Z,0<B8<1,||8(X) — (V)|ls, < BIX — Y5,



In this paper we will give the proof of another existence and uniqueness theorem
for Eq.(*). This new theorem does not require that F and & satisfy the Lipschitz
conditions

IF(X) = F(V)ll#p < al|X = Yl5p,

1.1
12(X) = 2(Y)lls#p < BIIX = Y||5p- o
We only need the weaker local Lipschitz conditions
IF(XT) — F(Y )|l sp < anl| XM — YR |5p,
18X — oY1) p < Ball X — YRy, o
where
XM = X1 (X) + nlno) = 7l(—oo—n)(X), @n >0, 0< B, <1,
and we add the growth conditions:
1F(X)|52p < K1 (1 + 1 X || ),
(1.3)

|2(X)ll#p < K2 + 0| X]| 5.

It is easy to deduce from (1.1) that F' and & satisfy (1.3), if F € L},(a), & € S?(B)
and F(0), #(0) € &7, In the above,

X : X an optional process with finite norm || X ||, < oo,

SP = A A
[ X|lp = 11 X*|lp, X* = sup |Xq.
teR 4

(See [4] p.305-308, or[8]).

This paper is separated into two parts, Sections 2 and 3, containing respectively
the statements and proofs of the main theorems.

Finally, we point out that our results can be generalized to a stochastic equation

X = &(X)+ fj Fi{(X).M".

=1
2. Main theorem

Let (Q, #, P) be a complete probability space, (#;):cr, be a family of o-algebras
satisfying the usual conditions and let &2 represent the set of all predictable processes.
All predictable and integrable processes with respect to M will be denoted by L(M).

Definition 2.1 Let1 < p < 00, {an} be a sequence of positive real numbers, K; > 0,

then £LP({an}, K1) is the set of all maps F from & into P satisfying the following
conditions:



i) For all X € 2 and all stopping time T,
F(X)jom = F(XT ) o7 (2.1)

ii) Forall X,Y € &,n=1,2,---,

IFX™) — P, < anllX™ - Y| 5, (2.2)
iii) For all X € &,
IF(X)|lp < K1 + | X||525)- (2.3)

Definition 2.2 Let1 < p < 00,0 € a < 1,K2 2 0,{Bn} be a sequence of real
<

numbers satisfying 0 < B, < 1, then €°({Brn}, a, K2) denotes the set of all maps &
from & into & satisfying:
i) For all X € & and all stopping times T,

(X)o7 = $(XT ) o1 (2.4)
ii) Forall X, Y € £,n=1,2,---,

|e(X) — o(Y")||5p < Bal| XM — YIP)|| 50y, (2.5)
iii) For all X € &,
[|8(X)|l., < k2 + || X]]5,. (2.6)

Theorem 2.3 Let M be a semimartingale with My = 0,F € 2Z?P({an}, K1),
@ € €P({Bn},a, K2), where 1 < p < oo, and let {an} and {Bn} be two sequences
of nonnegative real numbers and 0 < B, <1,0< a<1,K; >0,K2 > 0.

Then the equation

X =9X)+F(X).M.
has a unique solution in Z .

L
Theorem 2.4 Under the conditions of Theorem 2.3, if 0 < b < C_K('J’ then there
piAl

exists a stopping time sequence Sy, T co(a.s.) such that M5+~ € 2(b)! and the unique

1 Let b be a constant, M be a semimartingale, M € J£° and there exist stopping times
(Tj)ogj<k (0= To, Tt, - - , Tk) such that M = MTEk~ and

M — MTi-1)Ti= || 5. b, for i=1,---,k.

We say that M belongs to Z(b)(i.e.M € Z(b)), and we say (T, -- ,Tx) partition M into sections
with lengths less than b.



