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Abstract

This dissertation is devoted to the problems of
symmetries and conserved quantities for constrained
dynamical systems, mechanico-electrical coupling systems and
relativistic ~ Birkhoffian  systems, including Noether
symmetries, Lie symmetries, form invariance, non-Noether
symmetries, velocity-dependent symmetries, momentum-
dependent symmetries, perturbations of symmetry and
adiabatic invariants of these systems. The first chapter
reviews the significance, the history and the current state on
studying Lie groups analysis, symmetries and conserved
quantities, and summarizes the theory for the mechanico-
electrical analysis mechanics and relativistic Birkhoffian
dynamic system. The second chapter treats the symmetries
and conserved quantities for holonomic mechanical systems.
Firstly, the localized Lie symmetry for the finite degree
freedom systems is investigated, including the determining
equations, structural equation, conserved quantities and
inverse problem, as well as the relationship between the
localized Lie symmetry and localized Noether symmetry.
Secondly, the form invariance for the conservative and the
nonconservative Hamiltonian canonical systems are discussed,

including the definitions and the criterions, the connections
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among form invariance and Noether as well as Lie symmetries
of the systems. Thirdly, the theory of the non-Noether
symmetry and non-Noether conserved quantity for the
nonconservative system is developed. comprising the relation
among the motion, nonconservatiye forces and Lagrangian,
obtaining the non-Noether conserved quantities directly, and
proving the condition of that non-Noether symmetry educe
Noether symmetry, as well as pointing out that the non-
Noether conserved quantity being a set of the Noether
conserved quantities for the system. At the end of the
chapter, we found the theory of momentum-dependent
symmetry for the conservative and nonconservative Hamilton
canonical systems. The author gives the definitions and
structure equations of momentum-dependent symmetry, and
draw the non-Noether conserved quantity directly, as well as
studies inverse problem of the systems. The third chapter
deals with the symmetries and conserved quantities of
nonholonomic systems. First, the theory of form invariance
for nonholonomic canonical systems is established, including
the definition and criterion of form invariance, the
connections among form invariance and Lie symmetry as well
as Noether symmetry, and the conserved quantity associated
with nonholonomic canonical systems. Second, the
infinitesimal transformations are introduced with respect to
time and quasi-coordinates, and then the definitions and

criterions of form invariance and Lie symmetry as well as
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Noether’ theorem, and the conserved quantities, the
relationships among the three symmetries for nonholonomic
systems etc, are presented. Third, the non-Noether
conserved quantities of nonconservative nonholonomic
dynamical systems are studied in the respects of the
connection among the motion, the nonconservative forces,
the nonholonomic-constrained forces, as well as Lagrangian
of the systems, and the condition being satisfied by the
nonconservative forces and the nonholonomic-constrained
forces. Further. the non-Noether conserved quantities are
derived, and the criterion of that non-Noether symmetry is
proven to deduces Noether symmetry of the system.
Fourthly, we present the foundation theory of velocity-
dependent symmetry is presented for nonholonomic system,
including direct and inverse problem, the author gives the
definition, structure equation and determining equations of
the symmetry, and the non-Noether conserved quantities of
the system. Fifthly, the infinitesimal transformations are
introduced as respect to generalized coordinates and
generalized momentums so that the foundation theory of the
momentum-dependent symmetry for nonholonomic systems is
developed, including the definition, the determining
equation, the structure equation, the conserved quantities and
inverse problem of the system. At the end of the chapter, Lie
symmetries and conserved quantities of controllable non-

linear nonholonomic. systems are addressed on the
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determining equations with controlled parameters, the
conditions of possessing the conserved quantity, the form of
conserved quantity, and the inverse problem of the systems.
In the fourth chapter tackles the symmetries and conserved of
the mechanico-electrical systems. Firstly, the foundation
theory of Noether symmetry is presented for the mechanico-
electrical systems, comprising variation principle, Noether
symmetry transformation, Noether quasi-symmetry
transformation and generalized Noether quasi-symmetry
transformation, Killing equations, Noether theorem and
conserved quantities, and an application example. Secondly,
the basic theory of Lie symmetry is developed for the
mechanico-electrical systems, including the determining
equations, structure equation and conserved quantities.
Thirdly, the foundation theory of the form invariance is given
for the mechanico-electrical systems, including the definition
and criterion of the form invariance, the connections among
form invariance and Noether symmetry as well as Lie
symmetry, the form of the conserved quantity, the condition
that form invariance educes Noether conserved quantities for
the systems. Fourthly, the theory of non-Noether symmetry
is established for the Lagrange mechanico-electrical systems,
including the definition and criterion of non-Noether
symmetry, the relation between motion and Lagrangian,
obtains the non-Noether conserved quantity directly, and
proof of the connection between non-Noether symmetry and

—> 4
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Noether symmetry etc. At the end of the chapter, the theory
of non-Noether symmetry is obtained for the Lagrange-
Maxwell mechanico-electrical —systems, including the
connection the motion, generalized non-potential forces and
Lagrangian, the condition satisfied by the nonconservative
forces and the dissipative forces, direct approach to locate the
non-Noether conserved quantities, and the relationship
between non-Noether symmetry and Noether symmetry
associated with the Lagrange-Maxwell mechanico-electrical
systems. The fifths chapteris concerned with the symmetries
and conserved quantities of relativistic Birkhoffian systems.
Firstly, the Pfaff-Birkhoffian principle and Birkhoffian
equations of relativistic Birkhoffian systems is introduced.
Secondly, based on the invariance of the Pfaff action of the
systems under the infinitesimal transformation with respect to
time and generalized coordinates, Noether symmetric theory
of relativistic Birkhoffian systems is developed, including
direct and inverse etc. Third, based on the invariance of the
Birkhoffian equation of relativistic Birkhoffian systems under
the infinitesimal transformation, Lie symmetric theory of the
systems is founded, including direct and inverse issue etc. At
the end of the chapter, the theory of the symmetry
perturbation is studied for relativistic Birkhoffian systems,
including the definition and form of the adiabatic invariant,
the determining equations, structure equation of the

symmetry perturbation, and all-order terms of the symmetry
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perturbation associated with relativistic Birkhoffian systems.
The sixth chapter ends the dissertation by summarizing the
important results and proposing some ideas for the future

research.

Key words Symmetry and conserved quantity,
constrained mechanical system, mechanico-electrical system,
relativistic Birkhoffian system, and symmetry perturbation
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