:
,




IR

1T

S. L. SALAS
C. G. SALAS

JOHN WILEY & SONS

New York Chichester Brisbane Toronto Singapore




Copyright © 1975, 1979, and 1985, by John Wiley & Sons, Inc.
All rights reserved. Published simultaneously in Canada.

Reproduction or translation of any part of

this work beyond that permitted by Sections

107 and 108 of the 1976 United States Copyright
Act without the permission of the copyright
owner is unlawful. Requests for permission

or further information should be addressed to

the Permissions Department, John Wiley & Sons.

Library of Congress Cataloging in Publication Data:

Salas, Saturnino L.
Preparation for calculus.

Rev. ed. of: Precalculus. 2nd ed. c1979.

Includes index.

1. Mathematics—1961— . L. Salas, Charles G.
I1. Salas, Saturnino L. Precalculus. III. Title.
QA39.2.523 1985 512°.1 84-21003
ISBN 0-471-87386-1

Printed in the United States of America

1098765432



PREFACE

Years ago we wrote a little book that we called Precalculus. The purpose of that book was
to enable students who did not have full command of high school mathematics to move on
to calculus with as little delay as possible. Most of this algebra and trig, we figured,
they’ve seen before. What they need is a reminder. For some students this approach
worked well; for many it did not.

[t is now our view that most students graduating from high school need more than a
quick review of algebra and trigonometry to begin their study of calculus. They need
thorough, detailed explanations supported by many examples and many, many exercises,
some easy, some not so easy, some hard. Preparation For Calculus was written with
these students in mind.

Much in this book was inspired by our reviewers. We are indebted to:

Karen Barker, University of Indiana, South Bend
Bob Boner, Western Maryland College

David Cohen, University of California, Los Angeles
Hugh Easler, College of William and Mary

LaVerne Herzmann, Normandale Community College
Joseph Izzo, University of Vermont

Hannah King, CUNY, Brooklyn College

Ramesh Kulkarni, SUNY, College of Potsdam

Ancel Mewborn, University of North Carolina at Chapel Hill
Randy Murphy, Centralia College

Mark Serebransky, Camden County College

Special thanks to Wiley’s Mathematics Editor, Carolyn Moore. She made many
valuable suggestions.
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PREFACE

A NOTE TO THE INSTRUCTOR

As you'll see, we have resisted the current fashion in precalculus of trying to discuss in
depth the functions e* and log, x. We have never encountered a calculus text that assumed
that the students were familiar with these functions and have never heard a calculus
teacher lament that the students did not understand these functions before they enrolled in
the calculus course. In this text we give considerable weight to exponentials and loga-
rithms but focus mostly on base 2 and base 10, leaving base e to the calculus where, in
our opinion, it properly belongs.

S.L. Salas and C.G. Salas
Haddam, Connecticut
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In the first two chapters we focus on those parts of high school algebra that are necessary
for calculus.

1.1 CLASSIFICATION OF NUMBERS

We begin with the set of natural numbers: {1. 2. 3. ---}. With these numbers we can
count:

L] [ ] L [ ] [ ] L] L]

1 2 3 4 5 6 7

add and multiply:
24+ 3=5, 2:3=6
but we cannot always subtract:
5 — 8 is not a natural number
and we cannot always divide:

5 =+ ¥ is not a natural number.



1.1 CLASSIFICATION OF NUMBERS

To be able to subtract arbitrarily, we enlarge the number system to include the set of
integers: {0, 1, =2, £3, ---}. Now, for instance,

5—-8=-3,

If we wish to divide, we must allow for fractions and use the set of rational numbers; a
rational number, you will recall, is a number that can be written in the form

p/q with p and ¢ integers, g # 0.

The rational numbers include the integers (n = n/1) and the fractions, both positive and
negative. They also include the mixed numbers, since these can be written as fractions:

2%=% 48 =% e
With the rational numbers we can count, we can add and subtract:
5,2 _ 1 5 _1_5_2_
g+i=8+%=4 d-1=%3-%=1%
multiply and divide:
5.1_ 5 5.1 _5 4_20
81 = 33, 8§+ T1=8"1<

but we cannot always take roots and we cannot measure all distances. Consider, for
example, a unit square (Figure 1.1.1). By the Pythagorean theorem, the distance be-
tween the opposite vertices of this square must be V2, the square root of 2. As we show in
Section 2.1, this is not a rational number. With only rational numbers at our disposal we

Figure 1.1.1

TThe Pythagorean theorem states that in a right triangle, a*> + b*> = ¢2, where a and b are the legs and c is the
hypotenuse (Figure 1.1.2). In the case of the unit square, 1> + 12 = ¢?, so that ¢*> = 2 and ¢ = V2.

a
Figure 1.1.2
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could not measure this distance. Nor could we find \/§, \/5 V13 (the cube root of 13),
or V5 (the fifth root of 5). The circle would also give us trouble. You are familiar with the
formula

circumference = 27r.

According to this formula, the distance around a unit circle (r = 1) would be 2, but 7
is not rational and neither is 277.7 With only rational numbers, we could not even measure
the distance around a wheel of radius 1.

To be able to take roots of all positive numbers and to be able to measure all dis-
tances, we must enlarge the number system once again. We must accept not only the
rational numbers but also the irrational numbers. Together these comprise the set of real
numbers.t

Real Numbers and the Number Line

You can visualize the real numbers on a horizontal line, as in Figure 1.1.3. Choose a point
for 0 and a unit of length. Then place the number r that number of units to the right of 0
if r is positive, and —r units to the left of O if r is negative. The resulting pattern is the
familiar number line, also called the coordinate line. Each point on it corresponds to a
unique real number, and each real number corresponds to a unique point.

< | i [ [ T | I L >
-4 ~7=3 ~2-~2-1 -3 0 %} 1+2 2 37 4
Figure 1.1.3
Decimal Expansions
Every decimal represents a real number:
a, ar das
nayaaz -+ = np+—+ t—+
10 100 1000

and every real number can be written as a decimal. Terminating decimals such as
0.5, 1.62, 5.0025
and repeating decimals such as
0.333 -+ = 0.3, 42121 -+ =421, 0.1735735 - - - = 0.1735

represent rational numbers. Y The nonrepeating infinite decimals represent the irrational
numbers.

TYou are asked to show this in Exercise 11.

#To take even roots of negative numbers we must expand the number system once more, this time to include the
complex numbers. You can find an introduction to the complex numbers in Section 8.6.

We use a bar to indicate the repeating block.
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To find a decimal expansion for a rational number p/q we divide the denominator q
into the numerator p.

o Problem. Express 13 45 a decimal.

Solution.  We divide 5 into 13:
2.6

5113.0

10 B =26 0O
30

30

0

® Problem. Express 1 as a decimal.

Solution. We divide 11 into 5:

0.4545

11]5.0000
44

60
55
50
i&!
60
55
50.

The cycle goes on repeating itself. Once again we find ourselves dividing 11 into 50. Thus

£ =0.454545 .- - =0.45. 0O

® Problem. Express 0.555 - - - = 0.5 as the quotient of two integers.

Solution

10(0.5) = 5.5
- 05 =05
90.3) =5

Therefore 0.5 = 3. O
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® Problem. Express 0.141414 --- = 0.14 as the quotient of two integers.

Solution. In the previous problem the repeating block had length 1 and we multiplied by
10. Here the repeating block has length 2 and we multiply by 100. If the repeating block
had length 3, we would multiply by 1000; and so on.

100(0.14) = 14.14
- 014 = 014
99(0.14) = 14

Therefore, 0.14 = 3. O

EXERCISES
(The starred exercises have answers at the back of the book.)

A
1. Draw a number line and mark on it the points 0, 3 1,1, 2, 133, —4.
2. Draw a number line and mark on it the points 0, 10, 50, —65, and —100.
3. Show that the number is rational by expressing it as the quotient of two integers:
*(a) 63. (b) —21. *c) 2-%. @ -2-3
*e) 3.1. (f) 1.35. *(g) 3.176. (hy -—2.115.

4. Write the fraction in lowest terms by canceling all positive integer factors common
to the numerator and denominator:

*(a) 8. (b) 4 *e) #89. (&) 1050-
*e) z10. () 33 *(2) T29s. () 1555.
5. Fractions are added, subtracted, multiplied, and divided according to the following
rules:
Pr_pste p _r_ps-gq
q * s gs qg s gs
r r r s s
por_pr £+—:£-~~:—p—providedr;é().
q s qs q s q r qr
Carry out the indicated operations expressing your answer as a fraction in [owest
terms:
@) 3+ ® -3 - o i+ @ - 15
ONESS (f) 25- 7% @ 2+ ) 55+ 5.
i) 24 B TE+d *&) Tz¥ M 72+ 130.
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*9.

10.

11.

2.

Express the fraction as a decimal:

*a) 32, b 3. *©) 1T @ 4.
*e) 3. ) £ “g) % (h) TH.
Write the decimal as the quotient of two integers: .
*(a) 0444 .--=04. (b) 0.212121 ---=0.21.
*(¢) 0.373737 --- = 0.37. (d) 4.5123123 --- = 4.5123.
*(e) 0.0101(1] et = 05, (f) 0.010201(12 trr = 021—1_0_2
Given that
r; = 0.66, r, = 0.33, ra =0.66 ---, ry =033 ---,

carry out the indicated operations expressing your answer as a fraction in lowest
terms.

*(a) r + ra. (b) ry —r;. *(C) rr;. (d) rl/rz.

*e) ry—r4. ) rz3+rsg *(g) rilrg. (h)  rarg.

*A)  ry o, G ri—ra *K) rp+ra. D rn—r.

*m) ryrs. (n) ri/r,. *0) rors. (p) railrs.
B

Given a unit length, use right triangles and the Pythagorean theorem to construct
line segments of lengths V/3 and V5. (ant: First construct a line segment of length

V2)

The set of rational numbers is closed under addition and multiplication; that is,
if r; and r, are rational, then r, + r, and r,r, are rational.

Is this true for the set of irrational numbers? Explain.

Show that, since 7 is irrational, 277 is irrational. (HINT: Show that, if 27 were rational,
then 7r would be rational.)

Find r given that r is rational and, for some irrational number z, rz is rational.

THE ARITHMETIC OF REAL NUMBERS

Here is a list of the basic arithmetic properties of the real-number system with here and
there a comment attached. We assume that you’ve seen all this before in one form or
another. Nevertheless we urge you to give this material at least a quick run through.

1 Addition

Addition is associative:

(a@a+b)y+c=a+h+o)

and commutative:

at+tb=b+a.
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(Therefore, when we add numbers, we can group them as we please and add them in any order we
choose.)

The number 0 is an additive identity:
a+0=0+a=a.
Every real number a has an additive inverse —a:
a+ (—a)=(~a)+a=0.
The additive inverse of —a is a:

—=(—a) = a.

Il Multiplication
Multiplication is associative:
(ab)c = a(bc)
and commutative:
ab = ba.

(Therefore, when we multiply real numbers. we can group them as we please and multiply them in
any order we choose.)

The number 1 is a multiplicative identity:
al=1-a=ua.
Every nonzero real number a has a multiplicative inverse 1/a:
1 1
a-—=—-a=1.
a a

The multiplicative inverse of l/a is a:

1

l/a

Ill1 Subtraction and Division

Subtracting b is the same as adding —b:
a—b=a+ (=b)

and subtracting —b is the same as adding b:
a—(—b)=a+b.

Dividing by a nonzero number b is the same as multiplying by 1/b:
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and dividing by 1/b is the same as multiplying by b:

a

— = ab.
1/b

IV The Distributive Law (Two Forms)
Multiplication distributes over addition and subtraction:
albxc¢)y=ab * ac and (a = b)c = ac * bc.

(This is the basis for factoring.)

V More on Products and Quotients
The number 0 times any number is O:
0-a=a-0=0.
To multiply by —1 is to change the sign:
(-H)-a=a-(—1)= —a.
If the product of two factors is 0, then at least one of the factors is 0:
if ab=0, then «a=0 or b=0.

(If, for example, we are given that (x — 3)(x — 5) = 0, then we can conclude immediately that
x=3o0rx=35)

We can test whether two quotients are equal by cross multiplication: for b # 0 and
d#*0

L= —:1— if and only if ad = bc.

To add or subtract quotients we first give them a common denominator:

ad bc
+

< ad * bc
d bd ~ bd bd

4
b

To multiply quotients we multiply numerators and denominators:

a . d_ ad
b ¢ bc



