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Preface

At the suggestion of several valued reviewers we have made some substantial changes
in the organization of the text and in the treatment of certain topics: you will now find
an early treatment of the calculus of the trigonometric functions, an increased use of
the Riemann definition of the integral, the introduction of several numerical tech-
niques, a relatively early chapter on mathematical modeling, expanded and balanced
(odd/even) exercise sets. Other changes: additional detail, suggested procedures for
problem solving, revised proofs, and additional examples. All is geared toward
providing a complete mathematical treatment that is accessible to students. A
detailed description of these and other changes is given on page vii.

As before, Calculus: One and Several Variables is available in a single complete
volume and in two parts:

Part I —Functions of one variable, differential equations, analytic geometry, se-
quences and series (Chapters 1-13 of the complete volume);

Part II—Sequences and series, vector calculus, functions of several variables
(Chapters 12-19 of the complete volume).

Many people have contributed to this revision. We are particularly indebted to
the following mathematicians for their comments and suggestions:

W. W. Comfort, Wesleyan University; Hudson Kronk, SUNY, Binghamton; Giles
Maloof, Boise State University; Gordon D. Prichett, Babson College; John Saber,
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Preface

Babson College; Ted Scheick, Ohio State University; and Donald Sherbert, Univer-
sity of Hlinois, Urbana.

Special thanks go to Elaine Rauschal and Philip McCaffrey, who supervised
production and to Karin Kincheloe, who supervised the design. The commitment
to excellence on the part of Wiley’s mathematics editor Carolyn Moore is deeply
appreciated. Finally, we are grateful to Charles G. Salas for keeping a careful eye on
the development of this revision, from initial draft to finished product.

S. L. SALAsS
Haddam, CT

JOHN T. ANDERSON
Clinton, NY

A Note From The Publisher. A Student Solutions Manual with complete solutions
to all the odd-numbered exercises is available. Also available is an Instructor’s
Manual, which includes answers to all exercises together with selected solutions. A
Complex Variables/Differential Equations Supplement, chapters 20 and 21 of the
Fourth Edition, is free to those who wish to cover this material. Finally, there is a
Testing Disk, for Apple and IBM, which includes a set of test questions for each
chapter.

True BASIC Calculus Software by John G. Kemeny (for the Apple Macintosh,
Commodore Amiga, and IBM PC, XT, and AT)

True BASIC Calculus Software written by John Kemeny (for the Apple Macintosh,
Commodore Amiga, and IBM PC, XT, and AT, and compatibles) integrates very
nicely with this text. A study guide prepared by Robert G. Phillips keys the True
BASIC software into the text. It is designed for a calculus course in which a personal
computer plays an important role as a computational and pedagogical tool. This
supplement uses the computer to reexamine many of the examples and exercises in
the text. It also contains additional examples and exercises that are intended to be
solved using the True BASIC Calculus software.

Although True BASIC is an item sold in individual copies or in quantity, the pub-
lisher has arranged for free copies of the software and the study guide to be made
available to those instructors who adopt this text.



THE CHANGES

The major changes are highlighted below.

« Trigonometric functions are treated in such a way that the instructor can use them from the

outset (Chapter 2 on limits) or postpone the work to as late as Chapter 7 on the natural

logarithm without disrupting the flow of the course. Sections 2.5, 3.7, 5.1.2, ar_ld 7.6 are

devoted to the trigonometric functions. Exercises and a few examples are given in most of

the other intervening sections.

Exercise sets have been expanded (approximately 1100 new exercises) and balanced (odd/

even). The answer section at the back of the text and the Student Solutions Manual cover

odd-numbered exercises only. )

Chapters 3 and 4 have been significantly rearranged with tangent-line problems and motion

problems treated much sooner to provide greater motivation and to permit more variety in

the exercise sets.

» Numerical techniques are given much fuller treatment: bisection method (Section 2.6),

Newton-Raphson method (Section 3.12), Euler and Runge-Kutta methods (Section 8.9),

numerical integration with error estimates (Section 9.9).

Basic applications of the integral are treated sooner (Chapter 6) and are based on the

Riemann definition of the integral. The notion of integral is still introduced with the

Darboux definition.

Chapter 8 is devoted to mathematical modeling and differential equations for the benefit of

those instructors who are following the CUPM recommendations and experimenting with

UMAP modules or comparable materials in the traditional second semester. The first five

sections include topics (exponential growth and harmonic motion) typically covered in

Chapter 7 on logarithms and may be treated earlier. Subsequent sections include topics

(mechanical vibrations, a predator — prey model, numerical methods) whose coverage can be

postponed.

Additional work with y-substitutions has been provided.

Integration by parts has been placed with other techniques of integration in Chapter 9.

Graphing techniques in polar coordinates (Section 11.2) and parametric equations (Section

11.5) are presented at a slower pace in much more detail.

Series solutions of differential equations are introduced in Section 13.11.

» More explanation and additional hints to some exercises have made it unnecessary to label
any material as optional. (Of course, some material can still be omitted.)

« The preliminaries in Chapter 1 are treated at a more relaxed pace. Appendices on radian
measure and complex numbers have been added.

» The treatment of max-min problems in several variables has been expanded to include
boundary-value problems.

» Suggested procedures for solving certain kinds of problems, such as max —min problems,
have been added.

» Chapter summaries with page references to key terms and results are provided.

For the benefit of those instructors familiar with the fourth edition of the text we provide a
broad overview of the reorganization:

Chapters 3 and 4 are shuffled, Chapter 8 combines some new material with
Chapter 6 is the old Chapter 10, portions of the old Chapters 6, 7, and 21,
Chapter 7 combines portions of the old Chapter 9 is the old Chapter 10,

Chapters 6 and 7, Chapter 10 is the old Chapter 9.

Here is a list of a few key sections that contain new material or have been revised extensively:
1.9,2.6,3.12,3.5,3.6,3.11,4.7,6.4, 8.1, 8.8,8.9, 11.2, 11.5, 13.11, and 17.5.

F_inally, Chapter 20 on complex functions and Chapter 21 on the theory and applications of
differential equations from the fourth edition are not bound in the text, but are now available
as a supplement.
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The Greek
Alphabet

A « alpha
B B beta

r ? gamma
A J delta

E € epsilon
V4 { zeta

H n eta

S) 6 theta

1 L iota

K K kappa
A A lambda
M u mu

N 4 nu

g ¢ xi

O 0 omicron
I T pl

P 4 rho

) o sigma
T T tau

Y v upsilon
o ¢ phi

X b4 chi

¥ v psi

Q w omega

viii




Contents

Chapter 1 INTRODUCTION 1

1.1  What Is Calculus? 1

1.2 Notions and Formulas from Elementary Mathematics 5

1.3 Some Problems on Lines 15

1.4 Inequalities 18

1.5 Inequalities and Absolute Value 24

1.6 Functions 28

1.7 The Composition of Functions 33

1.8 One-to-One Functions; Inverses 37

1.9 A Note on Mathematical Proof 44
Chapter 2 LIMITS AND CONTINUITY 47

2.1 The Idea of Limit 47

2.2 Definition of Limit 58

2.3 Some Limit Theorems 71

2.4 Continuity 83

2.5 Trigonometric Limits 92

2.6 Two Basic Theorems 98

2.7 Additional Exercises 103

2.8 Chapter Summary 105



X Contents

Chapter 3 DIFFERENTIATION 107
3.1 The Derivative 107
3.2 Some Differentiation Formulas 119
3.3 The d/dx Notation; Derivatives of Higher Order 128
3.4 The Derivative as a Rate of Change 135
3.5 Velocity and Acceleration 138
3.6 The Chain Rule 144
3.7 Differentiating the Trigonometric Functions 153
3.8 Differentiating Inverses; Fractional Exponents 158
3.9 Additional Practice in Differentiation 162

3.10 Implicit Differentiation 164
3.11 Rates of Change per Unit Time 167
3.12 Differentials; Newton-Raphson Approximations 174
3.13 Additional Exercises 181
3.14 Chapter Summary 184

Chapter 4 THE MEAN-VALUE THEOREM AND APPLICATIONS 187
4.1 The Mean-Value Theorem 187
4.2 Increasing and Decreasing Functions 192
4.3 Maxima and Minima 200
4.4 More on Maxima and Minima 208
4.5 Some Max-Min Problems 212
4.6 Concavity and Points of Inflection 220
4.7 Some Curve Sketching 223
4.8 Vertical and Horizontal Asymptotes; Cusps and Vertical Tangents 228
4.9 More Graphing Problems 234

4.10 More Max-Min Problems 235
4.11 Chapter Summary 240

Chapter 5 INTEGRATION 243
5.1 An Area Problem; A Speed and Distance Problem 243
5.2 The Definite Integral of a Continuous Function 247
5.3 The Function F(x) = f S de 254
5.4 The Fundamental Theorem of Integral Calculus 261
5.5 Some Area Problems 266
5.6 Indefinite Integrals 272
5.7 Some Motion Problems 274
5.8 The y-Substitution; Change of Variables 277
5.9 Some Further Properties of the Definite Integral 283

5.10 Average Value; Mean-Value Theorem for Integrals 287
5.11 Additional Exercises 292




Xi

Contents

5.12 Integrating the Trigonometric Functions 294

5.13 The Integral as the Limit of Riemann Sums 299

5.14 Chapter Summary 302
Chapter 6 SOME APPLICATIONS OF THE INTEGRAL 305

6.1 More on Area 305

6.2 Volume by Parallel Cross Sections; Discs and Washers 309

6.3 Volume by the Shell Method 318

6.4 A Summary on Solids of Revolution 322

6.5 The Notion of Work 324

6.6 Fluid Pressure 328

6.7 Chapter Summary 332
Chapter 7 THE TRANSCENDENTAL FUNCTIONS 333

7.1 In Search of a Notion of Logarithm 333

7.2 The Logarithm Function, Part I 335

7.3 The Logarithm Function, Part II 342

7.4 The Exponential Function 350

7.5 Arbitrary Powers; Other Bases; Estimating e 360

7.6 More Integration of Trigonometric Functions 369

7.7 The Inverse Trigonometric Functions 372

7.8 Additional Exercises 382

7.9 The Hyperbolic Sine and Cosine 383

7.10 The Other Hyperbolic Functions 388

7.11 Chapter Summary 392
Chapter 8 AN INTRODUCTION TO DIFFERENTIAL EQUATIONS 395

8.1 A Note on Mathematical Modeling 395

8.2 First-Order Linear Differential Equations 398

8.3 Applications 402

8.4 Separable Equations 413

8.5 Simple Harmonic Motion 420

8.6 Second-Order Linear Differential Equations 426

8.7 Mechanical Vibrations 436

8.8 A Predator-Prey Model 442

8.9 Numerical Methods 446

8.10 Chapter Summary 450
Chapter 9 TECHNIQUES OF INTEGRATION 453

9.1 Review 453

9.2 Integration by Parts 456

9.3 Partial Fractions

464



Xii Contents

9.4 Powers and Products of Sines and Cosines 472
9.5 Other Trigonometric Powers 476
9.6 Integrals Involving va? + x2 and vx?2 + g2 480
9.7 Rational Expressions in sin x and cos x 483
9.8 Some Rationalizing Substitutions 486
9.9 Numerical Integration 488
9.10 Additional Exercises 497
9.11 Chapter Summary 498
Chapter 10 THE CONIC SECTIONS 501
10.1 Introduction 501
10.2 Translations; The Distance between a Point and a Line 502
10.3 The Parabola 505
10.4 The Ellipse 513
10.5 The Hyperbola 520
10.6 Additional Exercises 526
10.7 Rotations; Eliminating the xy-Term 527
10.8 Chapter Summary 532
Chapter 11 POLAR COORDINATES: PARAMETRIC EQUATIONS 535
11.1 Polar Coordinates 535
11.2  Graphing in Polar Coordinates 543
11.3 The Intersection of Polar Curves 550
11.4 Area in Polar Coordinates 552
11.5 Curves Given Parametrically 557
11.6 Tangents to Curves Given Parametrically 564
11.7  The Cycloid and Some Other Classic Curves; A Note on Area 570
11.8 The Least Upper Bound Axiom 574
11.9 The Length of a Parametrized Curve 578
11.10 Area of a Surface of Revolution 584
11.11 Additional Exercises 590
11.12  Chapter Summary 591
Chapter 12 SEQUENCES; INDETERMINATE FORMS;
IMPROPER INTEGRALS 583
12.1 Sequences of Real Numbers 593
12.2  The Limit of a Sequence 599
12.3 Some Important Limits 611
12.4 Limits as x — + 615
12.5 The Indeterminate Form (0/0) 619
12.6 Infinite Limits; The Indeterminate Form (o0/) 625
12.7 Improper Integrals 632



Contents Xiii

12.8 Additional Exercises 638

12.9 Chapter Summary 639
Chapter 13 INFINITE SERIES 643

13.1 Sigma Notation 643

13.2 Infinite Series 646

13.3 The Integral Test; Comparison Theorems 656

13.4 The Root Test; The Ratio Test 664

13.5 Absolute and Conditional Convergence; Alternating Series 669

13.6 Taylor Polynomials in x; Taylor Series in x 675

13.7 Taylor Polynomials in x — a; Taylor Series in x - a 687

13.8 Power Series 691

13.9 Differentiation and Integration of Power Series 697

13.10 The Binomial Series 709

13.11 Series Solutions of Differential Equations 711

13.12 Additional Exercises 715

13.13 Chapter Summary 718
Chapter 14 VECTORS 721

14.1 Cartesian Space Coordinates 721

14.2 Displacements and Forces 725

14.3 Vectors 729

14.4 The Dot Product 738

14.5 Lines 748

14.6 Planes 758

14.7 The Cross Product 766

14.8 Some Geometry by Vector Methods 774

14.9 Additional Exercises 776

14.10 Chapter Summary 779
Chapter 15 VECTOR CALCULUS 781

15.1 Vector Functions 781

15.2 Differentiation Formulas 789

15.3 Curves 793

15.4 Arc Length 803

15.5 Velocity and Acceleration 810

15.6 Curvature 818

15.7 Chapter Summary 829
Chapter 16 FUNCTIONS OF SEVERAL VARIABLES 831

16.1 Elementary Examples 831

16.2 835

A Brief Catalog of the Quadric Surfaces; Projections ; ! U

0F /o€



Xiv Contents

16.3 Graphs; Level Curves and Level Surfaces 844
16.4 Partial Derivatives 851
16.5 Open Sets and Closed Sets 860
16.6 Limits and Continuity; Equality of Mixed Partials 864
16.7 Chapter Summary 873
Chapter 17 GRADIENTS; EXTREME VALUES: DIFFERENTIALS 875
17.1 Differentiability and Gradient 875
17.2 Gradients and Directional Derivatives 882
17.3 The Mean-Value Theorem; Chain Rules 892
17.4  The Gradient as a Normal; Tangent Lines and Tangent Planes 904
17.5 Maximum and Minimum Values 914
17.6 Second-Partials Test 923
17.7 Maxima and Minima with Side Conditions 929
17.8 Differentials 938
17.9 Reconstructing a Function from Its Gradient 943
17.10 Chapter Summary 950
Chapter 18 DOUBLE AND TRIPLE INTEGRALS 953
18.1 Multiple-Sigma Notation 953
18.2  The Double Integral over a Rectangle 956
18.3 The Double Integral over More General Regions 965
18.4 The Evaluation of Double Integrals by Repeated Integrals 968
18.5 Double Integrals in Polar Coordinates 980
18.6 Triple Integrals 990
18.7 Reduction to Repeated Integrals 993
18.8 Averages and Centroids 1002
18.9 Integration in Cylindrical Coordinates 1012
18.10 Integration in Spherical Coordinates 1017
18.11 Chapter Summary 1023
Chapter 19 LINE INTEGRALS AND SURFACE INTEGRALS 1027
19.1 Work and Line Integrals 1027
19.2 The Fundamental Theorem for Line Integrals 1035
19.3  Green’s Theorem 1041
19.4 Multiple Riemann Sums; Surface Area 1048
19.5 The Mass of a Material Surface; Surface Integrals 1057
19.6 The Divergence Theorem 1064
19.7 Stokes’s Theorem 1069
19.8 Chapter Summary 1078



Contents XV

Appendix A SOME ELEMENTARY TOPICS A-1
A.l Sets A-l
A.2 Radian Measure A-5
A.3 Induction A-9
A.4 Complex Numbers A-11
Appendix B SOME ADDITIONAL PROGFS A-17
B.1 The Intermediate-Value Theorem A-17
B.2 The Maximum - Minimum Theorem A-18
B.3 Inverses A-19
B.4 The Integrability of Continuous Functions A-20
B.5 The Integral as the Limit of Riemann Sums A-24
Appendix C TABLES A-25
Table | Natural Logs A-25
Table 2 Exponentials (0.01 to 0.99) A-26
Table 3 Exponentials (1.0 to 4.9) A-27
Table 4 Sines, Cosines, Tangents (Radian Measure) A-28
Table 5 Sines, Cosines, Tangents (Degree Measure) A-30
ANSWERS TO ODD-NUMBERED EXERCISES A-33
INDEX -1

TABLE OF INTEGRALS

Inside Covers




Introduction

WHAT IS CALCULUS?

To a Roman in the days of the empire a “calculus” was a pebble used in counting and
in gambling. Centuries later “calculare” came to mean “to compute,” “to reckon,”
“to figure out.” To the mathematician, physical scientist, and social scientist of
today calculus is elementary mathematics (algebra, geometry, trigonometry) en-

. hanced by the limit process.

Calculus takes ideas from elementary mathematics and extends them to a more
general situation. Here are some examples. On the left-hand side you will find an
idea from elementary mathematics; on the right, this same idea as extended by
calculus.

Elementary Mathematics Calculus
slope of a line slope of a curve
y=mx+b y=fx)




Introduction

tangent line to
a circle

tangent line to a more
general curve

average velocity,
average acceleration

instantaneous velocity,
instantaneous acceleration

distance moved under
a constant velocity

distance moved under
varying velocity

area of a region bounded
by line segments

area of a region bounded
by curves

‘sum of a finite collection
of numbers
al + a2 + oy % e + an

sum of an infinite series

al+a2+..-+a"+...

average of a finite
collection of numbers

average value of a function
on an interval

length of a line segment

/‘\_/\

length of a curve

CH.



Sec. 1.1 ° What Is Calculus?

center of a circle centroid of a region

volume of volume of a solid
a rectangular solid with a curved boundary

surface area of surface area of
a cylinder a more general solid

tangent plane to tangent plane to
a sphere a more general surface
— . LY 4 '.v; lfn,’.{,—"v'nr';A
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