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THE FUZZY NONSINGULAR
MATRIX

WANG HONGXU

Dept, of Basis, Liaoyang College of Petrochemistry
CHINA

ABSTRACT

Definitions of the row rank, column rank and Schein rank of a fuzzy
matrix are given in(1 ],

Many papers on fuzzy mathematics established the these problems (as
[13—C6 ) and success fully given an algorithem for solving the row rank,
the column rank and the Schein rank of any fuzzy matrix,

In this paper we put forward a concept of the fuzzy nonsingular mat-
rix and discusse preliminaly its propertis,

Keywords, The fuzzy nonsingutar matrix, The fuzzy matrix of a full
row rank, The fuzzy matrix of a full column rank,

I FUNDAMENTAL CONCEPTS

Let fuzzy matrices A= (2;j) mxqg9 B= (bij) mx, and ke(0,1], The sum
of the two fuzzy matrices, the scalar product of a number and a fuzzy
matrix, and the relation“<<”of fuzzy matrices are defined respectively as
follows,

A+B= (a;j+bij) nvn= (max{ a;j, bii}) axar
kA= (ka;j) nx,= (min{k, a;;}) axgs

A<B iff vi,j, a;;<<b;;,

The product of two fuzzy matriees (A= (@;;j) mxt @nd B= (b;ij) txy4)
is defined as follows,

t
AB=,(Cii) mxarm; { Za;:bij) mxy
k=1

Under the addition and scalar product the set of all ‘n-ary -fuzzy row
(column) vectors forms a fuzzy semilinear space, denoted byVn (V*) ,
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A vector set{X,, <=, X}V, (V")is independent if and only if there
is not X;e{X,, - 5 Xy} rikie=stisy eeevee , t) such that it is represented as a
linear combination of ielements of X, «eeery Xy, X, ovo-X,, If there is
some X; e{X,,‘ ey X} (1 <i<t) such that it is a liniear combination
of elements of X, «ce-e- 3 Xioqy /XiGqs i beeeey Xyy then set{X;, e 3 Xt doit
said to be dependent,

The set of linear combination of all column vectors of a mxn fuzzy mat-
rix A is a subspace of V*, denoted by C (A) .,

The rank p, (A) of C (A) is number of vectors in minimum generating
set of C.(A) , i, &, DIAICEAY = p(AY,

Analogously define the row space R(A) and the row rank p.(A) of A,

A fuzzy matrix A is said to be of rank r if p, (A) =p, (A) =1, wri-
ted by p (A) , '

The Schein rank p. (A) of a fuzzy matrix A is the lecast number of rankl
matrices shose sum is A,

IT FUZZY NONSINGULAR MATRIX

Definition 2,1 A mxn fuuzzy matrix A is said to be nonsingular if
p. (A) =mand p, (A) =n,
Definition 2,2 A fuzzy permutation matrix is a square fuzzy matrix such
that every row and every column contain exactly one 1, and other elements
are 0,
Definition 2,3 A fuzzy square matrix B is said to be an inverse of a fuzzy
square matrix A if AB=BA =1, where I is the unit matrix,

By ‘definition for a fuzzy matrix of order nxn, we have that,
Theorem 2,1 A fuzzy matrix A of order nxn is a nonsingular if and only if
all rows of A'are linear indcpendent and all columns of A are also linear
independent,
Theorem 2,2 A fuzzy matrix A of order nxn is a nonsingular if and only if
p: (A) =p. (A) =p (A) =n,

Therefore by the theorem 3 .2 in paper(7) we give that,
Theorem 2.8 A fuzzy martix A of order nxn is a nonsingular if and only
if p, (A) =n,
Proposition 2,1 Let A is a nXxn fuzzy permutation matrix, And let B 1is an
arbitrary nxn fuzzy matrix, Thenp, (AB) =p. (BA) =p. (B) , p. (AB)=
p. (BA) =p. (B) , p. (AB) =p, (BA) =p, (B) , If a fuzzy matrix B has g
rank, then p (AB) =p (BA) =p (B) ,



Theorem 2 4 Let A is a pemutation matrix , then A’is an inveres of A,
Proof, Let

a,;*a,, dnl...d

Since every row of A -constains exactly one 1, so that

n
dii= Ea“‘a;k=1, (i:l’ ...... n).
k=1

Let in row i of A the t-th element is 1, If i%j, since in conlumn j
of A’7the t-th element is not 1, So that

4 .
dij= kz aicdje= 0 (ixj, i, j=1, o y n) |
=1

Therefore D=1, Similarly may prove that A7A=1,
Therefore A’is an inverse of A,
Theorem 2,5 A fuzzy matrix A there is an inverse if and only if A is per-
mutation ma{rix,
Proof, «<By the theorem 2 4 we have that
A’A=AA’=1,
Therefore A there is an inverse,
=If A has an inverse B, AB=BA =1, Suppose that A is not a permut-
ation matrix,
(i) If some row of A not only contains one 1, but also contains one

non-zero element, Without loss of gencrality, we let the row 1 of A is

C1y 8, 0 creese 0) , (0<a<1) ., Since AB= I, thus the column 1 of B
is (1, 0, **) ’/, and the column 2,:-,the columnn of B are (0 0*--*)
i. e.

1 0 0
0 0 0
* % *
B=
* ok *
So that



This is contradiction,

(ii) If some row of A not only contains one 1, but also contains
non-zero clements, similarly may porve that there exist a contradicton,

(iii) If some row of A contains not 1, then for any B, AB=I,

Therefore every row of A contains exactly one 1, and other elements
are zero,

Analogously may prove every column of A contains exactly 1, and
other elements are zero,

Therefore A is a Permutation matrix,

By this theorem we see that a fuzzy matrix with there is an inverse,
in fact, is a Boolecan matrix,

In fuzzy mathematics “a nonsingular fuzzy sqnare matrix” “andfuzzy
matrix with has inverse matrix” are not equivalent concept,
For example

0.1 0 0
A=[0 0.2 0
KO0k 0.3

is a nonsingular matrix, but it there is not an inverse matrix,

On the contrary we have that

Theorem 2,6 If a fuzzy square matrix there is an inverse matrix, the
it is a nonsingular matrix,

In fact, a fuzzy square matrix A there is an inverse if and anly if A
is a pemutation matrix, And every pemutation matrix is a full row rank
and full column rank, Therefore A is a nonsingular matrix,

Theorem 2,7 Let A is a nxn fuzzy nonsingular matrix and B is a nxn

fuzzy matrix, If min {a;;}>max{b;;}, then p. (AB) =p. (BA) = p. (B),
i, j i j

p. (AB) =p, (BA) =p, (B) , p. (AB) =p, (BA) =p, (B) , If B has the
rank, then p (AB) =p (BA) =p (B) .

Proof, Obvious,

Theorem 2.8 Let A is a mxn nonsingular fuzzy matrix, and let B is a
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n Xt fuzzy matrix, Then p, (AB) <p. (B) /.

Proof, Let p. (B) =c¢, and let itis B= (B;--B,-B;), Without loss of
generality, we suppose{B,:, B,} is a basis of C (A) , Then B,-:B, are
the linear combinations of B,---, B,, Let B;=a; B+ - +a; B, (i=1, -,
t)

Thus AB;=A (o; B+ +0a;B;)
=0; AB; + 4+ 0; AB, (i= 1, -, t)
That is AB,, -+, AB, are the linear combinations of AB,, -, AB,,

Therefore p, (AB) <c=p, (B) ,

Notice that it is uncertain whether p, (AB) =p, (B) or p. (AB) <

pe (B) |
Example 2,t Let

0.1 0 0) (1 0.9
A=|0 020 |, B=}0,9 0.8 |
0 003 0.8 0.7
Then
0.1 0.1
AB= |0.2 0.2
0.3 0.3).

Obvious A is a nonsingular fuzzy matrix and1 =p, (AB) <2 =p. (B) , If
let

0,9 0 0 0 15052
C= 0 0.8 s Disial 052 053 g
0 0.-0:7 0.3 0.4
Then
0.1 0.2
ED=y [H02 0.3 v,
0,3 0.4,

Obvious C is a fuzzy nonsingular matrix and p, (CD) =p, (D) = 2,
Corollary Let A is a mXxn fuzzy nonsingular matrix, and let B is atXxm
fuzzy matrix, Then p, (BA) <p,. (B) ,

Let a mXn fuzzy matrix is

X,

A= 1 : = A% X ) @.0D

G, <%



e]ll rcws cf A are a linear irdependcnt il #nd only if there extist not X;e
{X,, Xa } ¢i=1, -, m) such that it is repersented as a linecar combin-
ation of elements of{X,, -+, X;-,, X;,,1+y Xn}, if and only if equations
Xi=xyX e+ X0 Kjoy # X34 XK1 F o+ XX
(=15 55 m)
there are not a solution, If and only if fuzzy relational equations
X,

(XXX Xy) S =X; (i=1, =, m) (2,2)

there are not a solution,
Similarly all columns of A is a linear independent if and only if fuzzy

ralational equations

i

Yiji=i

3 PR T ST 46 8 N =Y; (=1, = ) (2.3)
1+1

- ¥
there are not a solution,

In summary we have
Theorem 2,9 Let as A as (2.1) _A is a fuzzy nonsingular matrix if and only
if fuzzy ralational equations (2 2) there are not a solution, and fuzzy ral-
ational equations (2,3) there are also not a solution,
Example 2.2 Let

1 0.9 0.8
A= 0.9 0.8 0.7
0.8 0,7 0,6
Since
(X,X3)

0.8 0.7 0.6 CL 08 0783,

(0.9 0.8 0.7 ]

1 0.9 0.8
%) |58 0.7 0.6

]

(0,9 0.8 0,7)



1 0.9 0.8
(X,X%,) Lo_g 0.8 0.7 = (0.8 0.7 0.6

there are not a solution and since

‘1 0.9 e 0.8
0,9 0.8 = 10,713
0.8 0.7 Y2 0.6

¢ ~ ‘0.9
1 0.8 [y, .
0.9 0.7 = |0.8];

Lo.8 0.6/ LY¢ o
0 8 1

-2 B Y2
0.8 0.7 = |o0.9
0.7 0.6 ¥s 0.7

there are not solution,

Therefore A is a nonsingular fuzzy matrix,

REFERENCES

1 Kim K H, and Roush, F, W,, Generalized Fuzzy Matrix, Fuzzy Sest And
Systems,1980(4).239~315 :

2 Wang Hongxu and He Zhongxiong, Solution of Fuzzy Matrix Rank, Fuzzy
Mathamatics,1984(4):35~44

3 Wang Hongxu et al,, Fuzzy Relational Non-Deterministic Equation, Fuzzy
Mathematics,1984(3).17~26

4 Zha Jinlu, The Dependent of A System Of Fuzzy Vectors And The Rank of
A Matrix, Fuzzy Mathematics,1984(4):71~81

5 Wangxu, Fuzzy Relational Non-Deterministic Equation And Solution of the
Schein Rank of Fuzzy Matrix, BUSEFAL, 1986(27):88~93

6 Zha Jinlu, The Dependent of A System of Fuzzy Vectors And The Rank of A
Fuzzy Matrix, Fuzzy Mathematics,1982(2); 11~19

7 Wang Hongxu & Yi Chongxin,, The minimum rom(column) space of fuzzy
matrix, BUSEFAL,33°(1987)

(% = FEETP(BUSEFAL)34(1988))



X TF RO IG5 e 5 v
Il TR

(W) AXRENLBTAAGEM MK LT &, #F7T -4 A,
MiLTETI®,

X@iE. ~oA%; Aams mAeHLFG &

1 FAFuzzy A 0040 %6 b B 7 2 F A

Fuzzy R SELE CUEIRBELD) MOT5HE, fE—Lhria s 2] 7 W Zhiyiz i
(13023, WAVEAA G ERAWF
1.1 WEHEUEF
ERBIE A E T, IR MUET, D
c={c ", Cu}
HMUUETFE, Heili=, -, m}AHEEIHET.,
1.2 #AkH
HEARE RN
X={Xy, *yXa,Xo}

Hhx hEEEAR, X, =y X WK SX LD ER B A, 8 A0 HEL

¥ OB &
B
# L ¥ G 2 ‘m
A #
1 2
X b < e e m
Xo 0 0 xo
1 2 B
X1 X3 X3 X,
Xn 1 2
xﬂ xn wes aee X':

1 xR PEARX XTSI ARPLA T 1O 463 Kl
1.3 BXEER
X E R AR

_8-_



Dj=|x3-%x{|, (=1, n) (1)
AR 1) ERRENELEFe, d=1, ~m 5, HAX:S5HE E FEAXK
6 08 {8 BE S
1.4 By FuzzyiB{El6E Stk 56 E
ME—MEHEFe, d=1, -, n , ALK (1) FHEHMFEAED] =1, ~n,)
Ja, MR
rii=1 (o) , Hi=jf

D! i
“prepr o Hi#in (2)
1

rii=1-r};, Hixjn
(s 2450 (2) RS = nTd s R
1_r|.=_llli+D: LY D 3 D}
T DI+D] T DI+ D) = D] +D)

1R, FAMB=R, RIRERFazzy OIS L A MR 82D #33] Fuzzy (L
MELLERER = (1)) axa.
1.5 REUEE

fEFuzzy JEFER " 1, KT /NBEEME, WIEABMEM:, EATHEN RS, kL
B ETBRENAL ERTRS, BRHINB—THRBROREAN SEEEA X &
A, BETHH1LHEANEE, THARETC NS, SFAKSEEHAHECIERE RN
FEbi, (i=1, 2, 3, -, n) ,JBbi1HEAK2.,

#2088 o B B %

rij=

=TI

i

Sy

|
ML A - l
e BN, Tl 2 by | AR g
* \ | ji=1 ‘
|
b bym a
X1 11 1 3 bii ‘ 1
i=1
Xn bnl 1Te bnm g‘r bni ( ag
j=1

1.6 RREHERE
fede 2, 4 S biy (=l oy ) BUSBCEHUNBICHE, B3] “RRBLE

JEFS5a: "5, SEHN BN, T A B A AR S 1 R R AR X o A B

2 xtFuzzy MR 5 oy i T A5 H A

i LR 9Fuzzy AR SE FERO R DT, i A e Bk ] R T B80Ty, G R
i 25 BRds SR e, A K HEAT IO Ak



2.1 HURER 18— 4E

NFERYUETFc,, BEEE—NEAX,, U<1,<n) , f#ix],=x;,l|D},=0,
Dix0 (ie{1, --,n}Hixly) , Mifi .
0<tli= propr<l G i=l -, nHix) iixlo) @
., __ D! _DI
r“’i=D}‘,+Di= D}

=1, (j=1-nHjsslo)

Tilo=1=-13;=0, (j=1, --,nHj#*lo)
r”__l (1_1, ey 10, ey n)

SR A R RS LB ARy C4)

Xy X, X1 Xo-1 X, |
| 1 I |
X, 1 Ty, 0 Tia-1 Tag ‘
X, X31 1 0 Tio-1 T3, ’
R! = . \ (4)
|
X0 1 1 1 1 1 '
Xyot | Taeis Tacqy v = O v 1q 5 tia ’
xn rllll 1'-1:2 e 0 e r:n—l 1

BRHR, FABERARERE, WR'WBFELEAERT 27 (ENML EMT
R BR 1, EEEARX  SxRAHEl, B (3) A (4) v HFH XA — 47 (&1,
i) HRXBLTHR 1, MABTHARETHN1 (ENMAK ETERN . WE

el N TFEMEOREFe, HHFEEE—MHERX, A<lo<n) , fx],=x], fi
Hegafxi#x,G€{1, -, n}Hixlo), MEEARX, 5 EEREAX, 1Y AH LI ERL,

b R R ERA E’%EIH@%#T, KM BFIBEEARX, 0 2 53+ 5T 7T H 8455
X, o 5 E R AR AR ERL REHEFEARX 5 X g2y, X,, ‘—ﬁ@ﬁ#ixomm
RER T, EE, Eﬁﬁ]?ﬁ‘ﬁlﬂ'; *HM%:FFT?%DMZ H4h.

NFREMUETC, HHEELAHEREEAR Xy, ,X e Qg1 €{1,n}) ,
45

X[ =X[,= =X =X, (5)

HRBEARBEAK i1 Xi, Ay 1y, oy Logleg o AL, nfg— AN HEF)

E.XQ*X: (i=lt+l""""ln) ’ I
D},=Dj,=+-=Dj:=0 (6)
D}=0 (i=le+n'"’ln) (7)

== 0 =



BERE, HEEHRAR (2) FHE, ﬁ%mﬂhm%a@%&. i, W Ce) A

Di, -8
D}, +Dj, 0

A RN B, S P uzzy M1 U 56 Hhit J5 18, whax b BLERAG

WATBEREAX 15X 20 X0 ol (6) 4 (7)) FILEDREA M Ay LK 4615, dlCRE
AXy X AR 1. REEFEREAR ,, - X SXMHCRELR 1,

2 M TEMELE e, HEFELAMRANEER X, ~, U=, H»<n),
it (5) Az, MEFERGRETX,, MEEAX, -, X CGEZEARX, 948 R
BRI, '

I DAFE 6 B 2 B9 4EF, ROTADBEIBEEARRX, 1, , X B 5 F T E$E /5 2Xtp
PEASEEREARNAHBRENR 1, WEAFEANR ML 4095 B TR E ST, 1
SRR, BEIANECEEFSBEN 2 k.

2.2 (HE SHEERE REQEENELRE

TESERRR Fh RIS I, BP0, HFEFTE N RROAREMR. @i,
XERCIp# 2, HEBSHERDAREETTHRE. ) Mo cReTE, BEEkEZ
FEUE? FRATF gk KT8 XA | L,

BV 5307 — T RS A MEG 2] T R Ay i

W3 {EFuzzy EBMEEHEMR = (r;)) 1 WE—T(ENAL ETREERMD
R /NS, FIZER MR ATIOA L, 4UminZl, 7850 b o 5ok IO 3B 43 % B2 i R A
58 A BARRL, ENMEEARN T IE LRGUF S 1, HEnFIRKFER kEAE
24, WIFEM R FEAR T #ie LAHRUF 5 1. R EREREHAETFE S5, |
R T BB S0 2 AR, RESITT &, B AI20 4 3 FEA S 8 2 4 Ao
IR R S,

FRAT 30 7 A8 O SR I 3 R 15 1L T

Bl 1 EER VI,

Il (o=

1 2 3 4 5 6 min
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