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Preface

Low-dimensional correlated electron systems are a fascinating topic in
condensed matter physics which started in the 1930s, developed in the
1960s and received great attention from physicists during the last decade.
Research into low-dimensional magnetism occupied an important part of
this field, because it originated from electron correlations due to Coulomb
interaction. In the last twenty years the problems of low-dimensional
correlated electron systems has turned from a narrow, special topic of
mathematical physics into one of the central problems of condensed matter
physics. This became true due to the great progress in the miniaturization
of technology, and many great findings in the composition of new materials
like metal-oxides, carbon nanotubes, organic compounds, optical lattices
for ultra-cold quantum gases, etc., in most of which the scale of research is
micro- and nano-physics. New mesoscopic and nano-devices are based on
quantum dots, wires, rings in which the low-dimensionality and quantum
nature are basic features. This, in turn, resulted in the creation and devel-
opment of powerful theoretical and mathematical approaches, like Bethe’s
ansatz, bosonization and conformal field theory. These approaches are not
only important to the pure quantum many-particle theory, but also hap-
pen to be extremely useful in a number of areas related to this theory.
The reason for such an application is that certain important phenomena,
like high-T,. superconductivity, physics of magnetic impurities, etc., cannot
seem to be explained in the framework of weak couplings, i.e., perturba-
tive theory, or mean-field-like approach. One-dimensional exact solutions
provide a complete and unambiguous picture of correlated electron systems
and play a role in the basis to further applications of perturbative methods.

The aim of the book is to present an introduction to recent achieve-
ments \in theoretical studies of exactly integrable low-dimensional models
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of strongly correlated electrons and spin models. The central topic of this
book is finite size effects in lattice exactly solvable spin and electron mod-
els. However, this book is not a review. A great number of papers were
published since the 1920s till now on exact solutions in one-dimensional
quantum models and it would be completely hopeless to discuss and even
mention them all. (I would like to use this opportunity to sincerely apol-
ogise to those authors whose important contributions are not mentioned
here.) Unfortunately, it is impossible to write about the many very impor-
tant aspects of the Bethe’s ansatz, the main subject of this book, like its
purely mathematical developments, exact solutions of field theory mod-
els, continuous models of interacting electrons, models of systems with
more than one internal degree of freedom (e.g., orbital moments of elec-
trons), systems with lower symmetries, models with long-range interac-
tions, multi-chain quantum models, magnetic and hybridization impurities
in three-dimensional metals, etc., though they are related to the topic of
the book. Some effects, like the behaviour of elementary excitations in
quantum correlated electron and spin chains are also not presented here.
I can only refer the interested reader to some excellent monographs, re-
view articles, collections of reprints, like [Baxter (1982); Gaudin (1983);
Andrei, Furuya and Lowenstein (1983); Tsvelick and Wiegmann (1983);
Schlottmann (1989); Izyumov and Skryabin (1990); Jimbo (1990); Kore-
pin, Bogoliubov and Izergin (1993); Schlottmann and Sacramento (1993);
Korepin and Efler (1994); Ha (1996); Schlottmann (1997); Takahashi
(1999)].

The structure of this book is as follows. After a short introduction to
statistical mechanics and thermodynamics, I remind the reader of some im-
portant facts about thermodynamics of quantum spins and free electrons
in crystals in Chapter 1. Very important Mermin-Wagner and Hohen-
berg theorems are also presented in this chapter, to explain to the reader
the importance of exact studies in low-dimensional quantum systems. In
Chapter 2 several exact results of one-dimensional theory of quantum spins
are presented. Those theories are relatively simple, but their knowledge
permits us to understand the deeper nature of homogeneous quantum spin
chains. Chapter 3 is devoted to the description of the main aim of this
book — the Bethe’s ansatz in its most known form, the co-ordinate Bethe
ansatz. The development of this method for models of correlated elec-
trons, the nested Bethe ansatz, is presented in Chapter 4. Chapter 5
explains features of the elegant algebraic Bethe ansatz, or the quantum
inverse scattering method to the reader. Hence, the reader experienced
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in Bethe ansatz is, probably, aware of those studies. The main results
of the book are presented in Chapters 6, 7 and 8. Chapter 6 describes
the difference in thermodynamic behaviours of bulk particles with those,
situated at edges (boundaries) of open chains. Similar effects of isolated
impurities are presented in Chapter 7. The reader can see how great the
difference in behaviours of host electrons (spins), and “surface” or impure
ones is. Very often effects for homogeneous hosts and “distinguished” sites
are qualitatively different, and they have to be taken into account when
one interprets data of experiments in low-dimensional electron systems. I
present results for various hosts and impurities, from the simplest ones, to
the more complicated. Chapter 8 gives the description for thermodynamic
behaviour of finite concentration of impurities in correlated electron and
quantum spin hosts. To the best of my knowledge, Bethe ansatz solvable
models are the only example, where it is possible to obtain exact thermo-
dynamic characteristics for correlated electron and spin systems with en-
sembles of impurities, e.g., to investigate the interplay between correlation
effects and disorder exactly. The important method of modern Bethe ansatz
thermodynamics, the quantum transfer matrix approach, is also presented
in that chapter. In Chapter 9 other finite size effects are described. For
example, recent experiments drew attention to studies of quantum topo-
logical effects, like persistent currents in quantum rings with or without
embedded quantum dots. Another aspect of similar finite size effects is
the possibility to extract from them the information about the asymp-
totic behaviour of correlation functions, using the conformal field theory
approach. This is why, in Chapter 9 a short introduction to the scaling
theory and conformal field theory is given. Finally, in Chapter 10 I discuss
which methods can be used beyond exact ones. Here some short descrip-
tions of scaling theory of quantum phase transitions and bosonization are
given. However, all these theories cannot be presented in detail, and I refer
the reader to several excellent books and review articles like [Ma (1976);
Sélyom (1979); Cardy (1996); Di Franchesco, Mathieu and Sénéshal (1997);
Sondhi, Girvin, Carini and Shahar (1997); Gogolin, Nersesyan and Tsvelik
(1998); van Delft and Schoeller (1998); Nagaosa (1998); Sachdev (1999);
Kadanoff (2000)]. I hope that those readers, who are familiar with exact
solutions, will find some new interesting facts about finite size effects in
one-dimensional quantum spin and electron systems, while the book can
serve as an introduction for beginners to introduce them to the beautiful
world of exact solutions.
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My understanding of quantum low-dimensional magnetic systems and
correlated metallic systems has grown over many years. It is a great plea-
sure for me to thank the many friends and colleagues who contributed to
it. First of all I would like to thank my father, who introduced me to
the physics of low-dimensional systems, and V. M. Tsukernik, whose deep
knowledge of quantum physics of magnetism supported me so much. I espe-
cially want to thank my long-term co-authors Pedro Schlottmann, Andreas
Kliimper, Henrik Johannesson, and Holger Frahm for stimulating interac-
tion, helpful suggestions and essential support. I have benefited from and
appreciate interesting discussions with I. Affleck, B. L. Altshuler, N. Andrei,
R. Z. Bariev, B. Dougot, U. Eckern, F. H. L. EBler, P. Fulde, T. Gia-
marchi, L. I. Glazman, F. D. M. Haldane, A. G. Izergin, Y. S. Kivshar,
V. E. Korepin, I. V. Krive, V. E. Kravtsov, H.-J. Mikeska, P. Nozieres,
A. A. Ovchinnikov, L. A. Pastur, N. M. Plakida, A. S. Rozhavsky, E. Runge,
F. Steglich, P. Thalmeier, A. M. Tsvelik, P. B. Wiegmann, Yu Lu, and
J. Zittartz. Finally, I am very grateful for all the valuable support as well
as suggestions from my wife, Natasha.

A. A. Zvyagin
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Chapter 1

Introduction

In this chapter we shall remind the reader of some basic ideas of thermo-
dynamics and statistical physics of interacting electron and spin systems.
We shall show how thermal fluctuations destroy long-range order in low-
dimensional quantum interacting systems at any nonzero temperature if
only short-range interactions are present.

1.1 Why is the Topic of the Book Worthwhile Studying?

Low-dimensional electron systems (insulating magnets and conductors)
have been an active topic of scientific research long before their experi-
mental realization in organic conductors, polymers, Peierls insulators and
nanoscale and mesoscopic systems, e.g., quantum wires and edge states of
the fractional quantum Hall effect devices. There are several principal dif-
ferences between one space dimension and higher dimensions, most of which
can be traced back to the reduced phase space in one dimension. Key prop-
erties distinguishing one-dimensional systems used to be connected with
thermal fluctuations destroying long-range order at any nonzero tempera-
ture if only short-range interactions are present and quantum fluctuations
tending to suppress a broken continuous symmetry, the spin-charge separa-
tion (the charge and spin content of wave functions of electrons move with
different speeds), the breakdown of the Fermi liquid description, i.e., ab-
sence of Fermi liquid quasiparticle pole in the Green’s function (it becomes
a marginal Fermi liqguid or Tomonaga—Luttinger liquid with collective exci-
tations due to global conformal symmetry), and the localization of electrons
with even a small amount of disorder.

During recent years the interest in the strongly correlated electron
and quantum spin systems has grown considerably. Usually low-lying
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electron-hole excitations of three-dimensional metals are successfully de-
scribed within the phenomenological Landau’s Fermi liquid theory. A Fermi
liquid is the Fermi sphere and a gas of weakly interacting between each other
quasiparticles defined via poles in one-particle Green’s functions. Quasipar-
ticles continuously evolve from free fermions when the interaction is adi-
abatically switched on. This is why, they have the same sets of quantum
numbers and statistics as noninteracting electrons. In one space dimension
the residue of the Fermi liquid quasiparticle pole vanishes and it is replaced
by incoherent collective excitations, which follow from the global conformal
symmetry. These excitations involve non-universal power-law singularities,
which, in turn, determine the asymptotic behaviour of low-energy corre-
lation functions. Although the Fermi surface is still properly defined, the
discontinuity (jump) of the momentum distribution at the Fermi surface
disappears, due to the above mentioned singularities. Systems displaying
such breakdown of the Fermi liquid picture and exotic low-energy spectral
properties are known as Tomonaga—Luttinger liquids.

On the other hand, in a number of recent experiments on the low-
temperature behaviour of the rare-earth compounds and alloys, which are
essentially three-dimensional, the non Fermi liquid character of the be-
haviour of the specific heat, magnetic susceptibility and (magneto) resis-
tivity has also been observed during last couple of decades. It was pointed
out recently that these features of the non Fermi liquid characteristics can
be explained using the concept of the disordered behaviour of magnetic
impurities in such systems. Superconductivity and antiferromagnetism in
low dimensions has regained interest with the discovery of high-T, super-
conductors and new heavy fermion superconductors. Very anisotropic mag-
netic and transport properties of the former arise primarily from the CuO
planes there. Many of normal state properties of the two-dimensional high-
T, superconductors are very different from normal metals and cannot be
reconciled with a standard Fermi liquid theory. A marginal Fermi liquid
picture, similar to the one of one-dimensional electron systems, has been
proposed to explain some of these features. Models of stripe-like effec-
tively one-dimensional structures were proposed to explain some essential
properties of high-T, cuprates and heavy fermion Kondo lattices. The one-
dimensional Kondo lattice model, realization of which is often considered
as realistic model for heavy fermion materials, is still poorly understood.
One can say that the finite concentration of magnetic impurities and ran-
dom distribution of their characteristics (Kondo temperatures) will give rise
to frustration, spin gap, non Fermi liquid critical behaviour and possible
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additional magnetic phase transitions (similar to metamagnetic ones). Pos-
sible implications of one-dimensional strongly correlated electron systems
other than high-T, superconductors could be new metal-oxides with ladder
structure, and the edge states of the fractional quantum Hall effect, heavy
fermion systems, etc. Ladder spin or correlated electron structures are non-
trivial examples of quantum systems with the properties of both one- and
two-dimensional models.

A substantial level of understanding of one-dimensional quantum cor-
related electron and/or spin systems has been reached over the past years.
The exact solution with the help of the Bethe’s ansatz of numerous mod-
els together with field-theoretical studies have provided deep insight into
the ground state of systems, the complete classification of states, thermo-
dynamic properties, and an asymptotic behaviour of correlation functions.
Within the Bethe ansatz method the eigenfunctions and eigenvalues of the
stationary Schrodinger equation are parametrized by a set of parameters
known as rapidities. A system with internal degrees of freedom (such as a
spin) requires a sequence of additional, nested Bethe ansatz for the wave

- function. In fact, each internal degree of freedom gives rise to one set
of rapidities. Independently of the symmetry of the wave function and
spin, eigenstates are occupied according to the Fermi-Dirac statistics, be-
cause hard-core particles are considered. Usually, in the ground state (and
at low temperatures) each internal degree of freedom contributes with one
Fermi (Dirac) sea. Fermi velocities of these Fermi seas are, generally speak-
ing, different from each other, giving rise to the effect of charge and spin
separation.

Over the past decade finite size effects in one-dimensional systems have
been of considerable interest. The finite size of a system (e.g., an electron
conductor or a magnetic chain) manifests itself in several ways. First,
impurities are important in low-dimensional quantum systems, since their
contribution to extensive quantities (e.g., the energy, charge and magnetic
susceptibilities, resistance and specific heat) can become relatively large and
observable. Boundaries and edges of open chains behave as some special
sort of impurities with many similarities and differences in their behaviours.
Second, the finite length of a mesoscopic (nanoscale) quantum chain (wire)
or ring gives rise to quantum topological effects, i.e., to persistent currents
with oscillation periods given by interferences of the Aharonov-Bohm and
Aharonov—-Casher type. Finally, finite size corrections to the energy of
a one-dimensional system determine critical exponents of the asymptotic
dependence at large distances and long times of correlation functions via
conformal field theory.



