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Preface

The last thing one knows when writing a
book is what to put first.

—Blaise Pascal
Pensées, 1670

The fourth edition of Linear Algebra: A Modern Introduction preserves the approach
and features that users found to be strengths of the previous editions. However, I have
streamlined the text somewhat, added numerous clarifications, and freshened up the
exercises.

I want students to see linear algebra as an exciting subject and to appreciate its
tremendous usefulness. At the same time, I want to help them master the basic con-
cepts and techniques of linear algebra that they will need in other courses, both in
mathematics and in other disciplines. I also want students to appreciate the interplay
of theoretical, applied, and numerical mathematics that pervades the subject.

This book is designed for use in an introductory one- or two-semester course
sequence in linear algebra. First and foremost, it is intended for students, and I have
tried my best to write the book so that students not only will find it readable but also
will want to read it. As in the first three editions, I have taken into account the reality
that students taking introductory linear algebra are likely to come from a variety of
disciplines. In addition to mathematics majors, there are apt to be majors from
engineering, physics, chemistry, computer science, biology, environmental science,
geography, economics, psychology, business, and education, as well as other students
taking the course as an elective or to fulfill degree requirements. Accordingly, the book
balances theory and applications, is written in a conversational style yet is fully rigorous,
and combines a traditional presentation with concern for student-centered learning.

There is no such thing as a universally best learning style. In any class, there will be
some students who work well independently and others who work best in groups;
some who prefer lecture-based learning and others who thrive in a workshop setting,
doing explorations; some who enjoy algebraic manipulations, some who are adept at
numerical calculations (with and without a computer), and some who exhibit strong
geometric intuition. In this edition, I continue to present material in a variety of
ways—algebraically, geometrically, numerically, and verbally—so that all types of learn-
ers can find a path to follow. I have also attempted to present the theoretical, computa-
tional, and applied topics in a flexible yet integrated way. In doing so, it is my hope that
all students will be exposed to the many sides of linear algebra.

This book is compatible with the recommendations of the Linear Algebra Curriculum
Study Group. From a pedagogical point of view, there is no doubt that for most students
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concrete examples should precede abstraction. I have taken this approach here. I also
believe strongly that linear algebra is essentially about vectors and that students need to
see vectors first (in a concrete setting) in order to gain some geometric insight. Moreover,
introducing vectors early allows students to see how systems of linear equations arise
naturally from geometric problems. Matrices then arise equally naturally as coefficient
matrices of linear systems and as agents of change (linear transformations). This sets the
stage for eigenvectors and orthogonal projections, both of which are best understood
geometrically. The dart that appears on the cover of this book symbolizes a vector and
reflects my conviction that geometric understanding should precede computational
techniques.

I have tried to limit the number of theorems in the text. For the most part, results
labeled as theorems either will be used later in the text or summarize preceding work.
Interesting results that are not central to the book have been included as exercises or
explorations. For example, the cross product of vectors is discussed only in explo-
rations (in Chapters 1 and 4). Unlike most linear algebra textbooks, this book has no
chapter on determinants. The essential results are all in Section 4.2, with other inter-
esting material contained in an exploration. The book is, however, comprehensive for
an introductory text. Wherever possible, I have included elementary and accessible
proofs of theorems in order to avoid having to say, “The proof of this result is beyond
the scope of this text” The result is, I hope, a work that is self-contained.

I have not been stingy with the applications: There are many more in the book than
can be covered in a single course. However, it is important that students see the impressive
range of problems to which linear algebra can be applied. I have included some modern
material on finite linear algebra and coding theory that is not normally found in an intro-
ductory linear algebra text. There are also several impressive real-world applications of
linear algebra and one item of historical, if not practical, interest; these applications are
presented as self-contained “vignettes.”

I hope that instructors will enjoy teaching from this book. More important, I hope
that students using the book will come away with an appreciation of the beauty, power,
and tremendous utility of linear algebra and that they will have fun along the way.

Features

Clear Writing Style

The text is written is a simple, direct, conversational style. As much as possible, I have
used “mathematical English” rather than relying excessively on mathematical nota-
tion. However, all proofs that are given are fully rigorous. Concrete examples

almost always precede theorems, which are then followed by further examples
and applications. This flow—from specific to general and back again—is consistent
throughout the book.

Key Goncepts Introduced Early

Many students encounter difficulty in linear algebra when the course moves from the
computational (solving systems of linear equations, manipulating vectors and matri-
ces) to the theoretical (spanning sets, linear independence, subspaces, basis, and
dimension). This book introduces all of the key concepts of linear algebra early, in a
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concrete setting, before revisiting them in full generality. Vector concepts such as dot
product, length, orthogonality, and projection are first discussed in Chapter 1 in the
concrete setting of R* and R’ before the more general notions of inner product, norm,
and orthogonal projection appear in Chapters 5 and 7. Similarly, spanning sets and
linear independence are given a concrete treatment in Chapter 2 prior to their gener-
alization to vector spaces in Chapter 6. The fundamental concepts of subspace, basis,
and dimension appear first in Chapter 3 when the row, column, and null spaces of a
matrix are introduced; it is not until Chapter 6 that these ideas are given a general
treatment. In Chapter 4, eigenvalues and eigenvectors are introduced and explored
for 2 X 2 matrices before their n X n counterparts appear. By the beginning of Chap-
ter 4, all of the key concepts of linear algebra have been introduced, with concrete,
computational examples to support them. When these ideas appear in full generality
later in the book, students have had time to get used to them and, hence, are not so
intimidated by them.

Emphasis on Vectors and Geometry

In keeping with the philosophy that linear algebra is primarily about vectors, this
book stresses geometric intuition. Accordingly, the first chapter is about vectors, and
it develops many concepts that will appear repeatedly throughout the text. Concepts
such as orthogonality, projection, and linear combination are all found in Chapter 1,
as is a comprehensive treatment of lines and planes in [R* that provides essential
insight into the solution of systems of linear equations. This emphasis on vectors,
geometry, and visualization is found throughout the text. Linear transformations are
introduced as matrix transformations in Chapter 3, with many geometric examples,
before general linear transformations are covered in Chapter 6. In Chapter 4, eigen-
values are introduced with “eigenpictures” as a visual aid. The proof of Perron’s
Theorem is given first heuristically and then formally, in both cases using a geometric
argument. The geometry of linear dynamical systems reinforces and summarizes the
material on eigenvalues and eigenvectors. In Chapter 5, orthogonal projections, or-
thogonal complements of subspaces, and the Gram-Schmidt Process are all presented
in the concrete setting of R’ before being generalized to R" and, in Chapter 7, to inner
product spaces. The nature of the singular value decomposition is also explained in-
formally in Chapter 7 via a geometric argument. Of the more than 300 figures in the
text, over 200 are devoted to fostering a geometric understanding of linear algebra.

Examples and Exercises

There are over 400 examples in this book, most worked in greater detail than is cus-
tomary in an introductory linear algebra textbook. This level of detail is in keeping
with the philosophy that students should want (and be able) to read a textbook.
Accordingly, it is not intended that all of these examples be covered in class; many can
be assigned for individual or group study, possibly as part of a project. Most examples
have at least one counterpart exercise so that students can try out the skills covered in
the example before exploring generalizations.

There are over 2000 exercises, more than in most textbooks at a similar level.
Answers to most of the computational odd-numbered exercises can be found in the
back of the book. Instructors will find an abundance of exercises from which to select
homework assignments. The exercises in each section are graduated, progressing from
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the routine to the challenging. Exercises range from those intended for hand computa-
tion to those requiring the use of a calculator or computer algebra system, and from
theoretical and numerical exercises to conceptual exercises. Many of the examples and
exercises use actual data compiled from real-world situations. For example, there are
problems on modeling the growth of caribou and seal populations, radiocarbon dating
of the Stonehenge monument, and predicting major league baseball players’ salaries.
Working such problems reinforces the fact that linear algebra is a valuable tool for mod-
eling real-life problems.

Additional exercises appear in the form of a review after each chapter. In each set,
there are 10 true/false questions designed to test conceptual understanding, followed
by 19 computational and theoretical exercises that summarize the main concepts and
techniques of that chapter.

Margin icons

The margins of the book contain several icons whose purpose is to alert the reader in
various ways. Calculus is not a prerequisite for this book, but linear algebra has many
interesting and important applications to calculus. The |3 icon denotes an example or
exercise that requires calculus. (This material can be omitted if not everyone in the
class has had at least one semester of calculus. Alternatively, this material can be as-
signed as projects.) The /2+¥ jcon denotes an example or exercise involving complex
numbers. The ¢4 jconindicates that a computer algebra system (such as Maple,

Mathematica, or MATLAB) or a calculator with matrix capabilities (such as almost
any graphing calculator) is required—or at least very useful—for solving the example
or exercise.

In an effort to help students learn how to read and use this textbook most ef-
fectively, I have noted various places where the reader is advised to pause. These
may be places where a calculation is needed, part of a proof must be supplied, a
claim should be verified, or some extra thought is required. The @ icon appears

in the margin at such places; the message is “Slow down. Get out your pencil.
Think about this”
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“Where shall I begin, please your
Majesty?” he asked.

“Begin at the beginning,” the King
said, gravely, “and go on till you come
to the end: then stop.”

—Lewis Carroll
Alice’s Adventures in
Wonderland, 1865

Linear algebra is an exciting subject. It is full of interesting results, applications to
other disciplines, and connections to other areas of mathematics. The Student Solu-
tions Manual and Study Guide contains detailed advice on how best to use this book;
following are some general suggestions.

Linear algebra has several sides: There are computational techniques, concepts, and
applications. One of the goals of this book is to help you master all of these facets of
the subject and to see the interplay among them. Consequently, it is important that
you read and understand each section of the text before you attempt the exercises in
that section. If you read only examples that are related to exercises that have been
assigned as homework, you will miss much. Make sure you understand the defini-
tions of terms and the meaning of theorems. Don’t worry if you have to read some-
thing more than once before you understand it. Have a pencil and calculator with you
as you read. Stop to work out examples for yourself or to fill in missing calculations.
The ¥ jcon in the margin indicates a place where you should pause and think over
what you have read so far.

Answers to most odd-numbered computational exercises are in the back of the
book. Resist the temptation to look up an answer before you have completed a ques-
tion. And remember that even if your answer differs from the one in the back, you
may still be right; there is more than one correct way to express some of the solutions.
For example, a value of 1/V/2 can also be expressed as V/2/2 and the set of all scalar

6
multiples of the vector is the same as the set of all scalar multiples of [1 }

3

1/2

As you encounter new concepts, try to relate them to examples that you know.
Write out proofs and solutions to exercises in a logical, connected way, using com-
plete sentences. Read back what you have written to see whether it makes sense.
Better yet, if you can, have a friend in the class read what you have written. If it doesn’t
make sense to another person, chances are that it doesn't make sense, period.

You will find that a calculator with matrix capabilities or a computer algebra sys-
tem is useful. These tools can help you to check your own hand calculations and are
indispensable for some problems involving tedious computations. Technology also
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enables you to explore aspects of linear algebra on your own. You can play “what if?”
games: What if I change one of the entries in this vector? What if this matrix is of a
different size? Can I force the solution to be what I would like it to be by changing
something? To signal places in the text or exercises where the use of technology is
recommended, I have placed the icon ¢¢ in the margin. The companion website that
accompanies this book contains computer code working out selected exercises from
the book using Maple, Mathematica, and MATLAB, as well as Technology Bytes, an
appendix providing much additional advice about the use of technology in linear
algebra.

You are about to embark on a journey through linear algebra. Think of this book
as your travel guide. Are you ready? Let’s go!



| m

M2

|

1.0 5|5 PEEWFH 1

11 (AR LA S R 3
12 KEFMFEAM: 8 15

1.3 HZ&S5Fm 28

LRl 44

Y

20 31F: =XiN 44

2.1 ZMETTREA 45

22 ZMET AN EERE: 50
2.3 ALK 66

Hilg 80

Y

30 3|5 EMEH 80

3.1 HEMEH 82

32 JEREAEL 98

33 M 107

34 FAE. HE. ¥R 123
3.5 SRMEmRGEIS 143

36 M 158

ASAERT SASAE R 181

 J

40 SlE:EEMshhR%E 181
41 FHEHESFHEREEA 182
42 1770 191 k

4.3 nxnl M R REE(E S FIE ] B
44 MLERXMAL 229

45 N 0 239

220

Y



7 B
M5 T IEZ&PE 257 \
| so g MEmEE 257
51 RFHHIERH 259
52 TEAMSERRE 269
53 MRS SORME 279
54 XMBEMEMERfL 287
5.5 ﬁﬁ% 295
6T T M2 306 )
| 60 Bl (YR EERREEE 306
6.1 [HZSER T2 308
62 MM, MSMR 322
6.3 HA M 341
64 HfEAH 350
65 WIS 359
6.6 &AM 375
BT T P EIE 398

7.0
749 |
72
73
7.4

515 HAHZER L 398
Wz 400
oG mE 421
B/N"JEEIE 431

A FE MR 453

\



Con_f[ents

s

Preface i
To the Student vii
Chapter 1 T Vectors 1
—— e e e i b
| 1.0 Introduction: The Racetrack Game 1

1.1 The Geometry and Algebra of Vectors 3
12 Length and Angle: The Dot Product 15
e Lines and Planes 28

Chapter Review 42

Chapter 2 | Systems of Linear Equations 44

Y

2.0 Introduction: Triviality 44
2.1 Introduction to Systems of Linear Equations 45
22 Direct Methods for Solving Linear Systems 50

2.3 Spanning Sets and Linear Independence 66
Chapter Review 78

Chapter 3 Matrices 80

Y

S

3.0 Introduction: Matrices in Action 80
3.1 Matrix Operations 82
3.2 Matrix Algebra 98
33 The Inverse of a Matrix 107
34 Subspaces, Basis, Dimension, and Rank 123
35 Introduction to Linear Transformations 143
3.6 Applications 158 -
Markov Chains 158
Linear Economic Models 163
Population Growth 167
Graphs and Digraphs 169
Chapter Review 179



Chapter 4

Contents

Eigenvalues and Eigenvectors 181

4.0 Introduction: A Dynamical System on Graphs 181

4.1 Introduction to Eigenvalues and Eigenvectors 182

4.2 Determinants 191
Vignette: Lewis Carrolls Condensation Method 212
Exploration: Geometric Applications Q_/' Determinants

4.3 Eigenvalues and Eigenvectors of n X n Matrices 220
Writing Project; The History of Eigenvalues 229

4.4 Similarity and Diagonalization 229

4.5 Applications 239

Markov Chains 239
Population Growth 244

Linear Recurrence Relations 247
Chapter Review 255

214

269
279
287

A
Chapter 5 Orthogonality 257
|
. 5.0 Introduction: Shadows on a Wall 257
5.1 Orthogonality in R" 259
5.2 Orthogonal Complements and Orthogonal Projections
53 The Gram-Schmidt Process and the QR Factorization
5.4 Orthogonal Diagonalization of Symmetric Matrices
5.5 Applications 295
Quadratic Forms 295
Chapter Review 303
A
Chapter 6 . Vector Spaces 306
% 6.0 Introduction: Fibonacci in (Vector) Space 306
6.1 Vector Spaces and Subspaces 308
6.2 Linear Independence, Basis, and Dimension 322
Exploration: Magic Squares 338
6.3 Change of Basis 341
6.4 Linear Transformations 350
6.5 The Kernel and Range of a Linear Transformation 359
6.6 The Matrix of a Linear Transformation 375
Exploration: Tilings, Lattices, and the Crystallographic Restriction
Chapter Review 396

Chapter 7

Distance and Approximation 398

s e Y

7.0
7.1

7.2
7.3
7.4

Introduction: Taxicab Geometry 398

Inner Product Spaces 400

Explorations: Vectors and Matrices with Complex Entries
Geometric Inequalities and Optimization Probleins

Norms and Distance Functions 421
Least Squares Approximation 431

The Singular Value Decomposition 453
Vignette: Digital Image Compression 469

Chapter Review 472

412
416

¥



