BB OA % ¥ M B ol
BEITR. A% J.-LlLions
2 4. P.G.Ciarlet Z=x#

ISR LR

e 1

Series in Contemporary Applied Mathematics
Honorary Editors: Gu Chao-hao and J.-L.Lions
Editors: P.G.Ciarlet and Li Ta-tsien

Mathematical Problems in
Environmental Science and
Engineering

Alexandre Ern  Liu Weiping

mFEHREH M
HIGHER EDUCATION PRESS




HiEFHF5TIEPH

¥ % M A

Alexandre Ern X|4ER %%

I O = I T

~—~,



BEH#ERSKE (CIP) ¥ig

HEMESTERPHBCERE / FREER —JEK:

B F H R, 2002. 7
ISBN 7 - 04 - 011164 — 0

I.7%... L.z.. I 3FEH¥ N.x11
vh B i A B 48 CIP BB s (2002) %5 038031 &

HEAMNFSTRBPHBERBR
Alexandre Ern X#R 45

HRRIT ®WEHHFHRME

i i SRR YRS 558
BB ARRT 100009

& I 010—64014048

£ W FHEBBELRRTH
B B RSYHEHREGR

8801230 1/32
12.75

¥F
2]
L 360 000

2% N

LR E -
®BREN

1
Ep
E

4t

b4
b/
#

010—64054588
800—810—0598
http://www. hep. edu. cn

http.//www. hep.com. cn

2002%E 7T A 1R
20024E 7 A4S 1 KKEPRY
34.20 53¢

A3, G0 R B T LB T 96 AR IR, T B A R R B R B R

IR WMRKELR



I

HEHF, ARBRETUHMERERKBRFTEE, XHBEMEE
HERBENAN LA RA HILHE. HERRR ™ S ha i
MG, FEEM RN T ARSI EREE. B
W, ATIEBFAMAEREEHREENAERENTERE, 8
FRMLBMNE A THERES TRATR. 5o, HEHEp
B TREATRFRRE (AR, BES) PUEEREREE
PR A

MEZRMMEE, AERBOBIL IR RN, X e n
BETEMER, 0 FEXRNEY. kY. DESEEEELX
I, TR A ERBNRETERS, HEENIRBARHE
. TEXARICET, B TEEXNA A TR SE#HBHEEYH
EHHEAZ BN EXREMB L ERBR RS R MRS &
EHESR.

WICR P KR BRI E T & Mot T IR S Rl 2 Bee A g i E R
WEMETR, TUETREFHXHEFS. JIEHGCEDEN
AE#HRFEDN RS TEAXHEEREFITS b
Wik, VB 2000 FXFH ARSI RSN EEEHZ —, XKF
WM EEREHEREFEEER. FER2ENTEFZ 4
e, REMEFENGYTHEHAN — L2 TR, #) ERAHEHN
BERYEZEAENETHNA, UREHFEREE XSS
E1E.

XRHFiTET 20004 8 H 20 F 26 HEFERMNFILKEE
7, 52 ANRM 100 62, K20 fRHEEE, 1MEARFRE, 8
A FE. 52ERABEMILRIINER, BFER, &K
TREMEVA. FHTENEDIRE S AMXTEXREVHFEEE

.v-



ERBERBMRPIVIE, 10 MEFAKSREN 20 M4,
EFITEBEETAMERREINERS, UARESENE RN —
AME RS

REHPFRRHRNHEANTENBEF, RS HEHERM]
BE R, SRS TER R i B SRBHEE ISR, iR
WREABENERUSE. WU TR EFRITER. LS8
FMBIESHITRLLE. BERESBFS KRR, KABEAE
BHXPHEARMLZY. EFLVRITHXETIEF, XEBXTHE
ERFRZHIENEAKEL RS IR, TEBRME
B, AT S AP RIH B BBk R MR, A45 S pri 42 i
PR H e s s R R R B A BT R A R R A R R85 B

EATHTSMARE, RIEXILSHUTIE ZHLWEHL
WA ARRRBREBHES: TEETBRERARESFTEAAER
Fo. PTEERANYESERS. REKY, #HLK¥. EES
ERMEE, BEE LSS, EEREMRIEFKEEAT.
BMLEREEN S ARNRENEE. BRIFNRBA TR
B H BB, e, ExA, 8. EHELA Daniel Zimmer, iF
RN TAEETT 53 T BB, SERFIREREAKN
HRA, MWK AOMEN FARNEEBEESERAN. REEH
KEZKHEBE T Pierre-Arnaud Raviart ${#2 X126 p X BT 28
RAEMZR. RERMNEHESEFTHREEERERELB TS
FHIEH.

Alexandre Ern X4t R#
2001 £ 9 A

.Vi.



Preface

The last decade has witnessed an increasing awareness of environ-
mental problems in both developing and industrialized countries. With
policies and regulations getting more and more stringent over the years,
environmental impact has become a key issue for industry and public
institutions. As a result, scientists and engineers have devoted extensive
efforts to environmental sciences and engineering with the goal to assess
and hopefully remedy the heavy burden currently placed on worldwide
environmental resources. Environmental sciences have also played an
increasingly important role in the forecast of environmental cataclysms
such as floods or heavy storms.

From a scientific viewpoint, environmental problems are extremely
difficult to handle. Their complexity arises from various reasons, includ-
ing the wide range of biological, chemical and physical phenomena that
need to be accounted for, the scarce availability of data to feed the mod-
els and the extremely high costs often involved in numerical simulations.
In this context, applied mathematics appear as a very valuable tool to
help clarify the intimate relationship between data and models, the ap-
propriate framework in which to discretize equations or the stochastic
nature of the model fields.

The material collected in this book originates from survey lectures
on various mathematical methods for environmental sciences and invited
talks more closely related to engineering and industrial practice. These
contributions were given during the ISFMA “Symposium on Environ-
mental Science and Engineering with Related Mathematical Problems”.
As one of the main activities of the Chinese-French Institute for Ap-

plied Mathematics (ISFMA) in the year 2000, the symposium aimed
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at promoting the collaboration between mathematicians, environmental
scientists and engineers from France and China. The purpose of the
symposium was in particular t¢ introduce the present state of the art
for several mathematical tools, to popularize the basic knowledge and
explore the potential applications of mathematics in environmental sci-
ences and to push forward the cooperation between France and China
on these topics.

The symposium, held at Zhejiang University, Hangzhou, China on
August 20-26, 2000, was attended by over 100 participants including 20
from France, 1 from Greece and 8 from Thailand. Among the partic-
ipants were experts from university and industry, government officers,
postgraduate fellows and graduate students. The activities of the sym-
posium included five survey lectures on mathematical topics which play
an important role in environment applications, 10 invited and 20 con-
tributed talks focusing on engineering issues, modeling tools and regu-
lation policies and a final roundtable with government officers.

The survey lectures contained in this volume start at an introduc-
tory level and then elaborate their material to include recent theoretical
advances with illustrations through applications in the environmental
sciences. The survey lectures deal with data assimilation by optimal
control techniques, finite element discretizations of partial differential
equations, stochastic multifractal fields COMPLETE. The invited lec-
tures emphasize engineering and industrial aspects related to air pollu-
tion, water treatment and management COMPLETE . To those working
in industry, this book should provide a broad insight into the role math-
ematics can play in the environmental sciences. Those working in uni-
versities and research institutes will find here new challenging problems.
The material collected in this book will also be beneficial to graduate and
postgraduate students specializing in mathematics or in environmental

sciences.
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As organizers of the symposium, we would like to take this oppor-
tunity to express our gratitude to various institutions for their support:
the Mathematical Center of the Education Ministry of China, the Na-
tional Natural Science Foundation of China, Fudan University, Zhejiang
University, the Embassy of France in China, the General Consulate of
France at Shanghai, Electricité de France and Vivendi. We also thank
all the lecturers, plenary speakers and participants to the symposium
for their enthusiasm and contribution. Our deepest appreciation goes to
many of our colleagues, among others Chen Shuping, Yan Jinhai, Cai
Zhijie, Zheng Wei, Tong Changlun and Daniel Zimmer, whose work has
been instrumental for the success of the symposium. The collabora-
tion of several anonymous referees has been extremely useful in editing
this volume and is gratefully acknowledged. We would like to thank
Academician Li Ta-Tsien and Professor Pierre-Arnaud Raviart for their
confidence and support in launching this symposium. Finally we address
our sincere thanks to Higher Education Press for their help in editing
this book.
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A Subgrid Viscosity Method for Solving
Non-Coercive PDE’s in Environmental
Science

J. -L. Guermond
LIMSI (CNRS-UPR 3152), BP 133, 91403, Orsay, France
(gquermond@limsi.fr)

ABSTRACT

The goal of this course is to present a stabilized Galerkin
technique for approximating non-coercive PDE’s. This tech-
nique is based on a two-level hierarchical decomposition of the
approximation space. This space is broken up into resolved
scales and subgrid scales. We show that in general the Galerkin
formulation provides an a priori control on the resolved scales of
the approximate solution, whereas it cannot control the subgrid
scales. The missing stability is obtained by slightly modifying
the Galerkin formulation by introducing an artificial diffusion
on the subgrid scales. Numerical tests show that the method

applies also to nonlinear problems.

1. Model problems

In this section we recall an abstract existence result and we show
that the Galerkin formulation is not optimal for approximating PDE’s

dominated by first order differential operators.

1.1. An abstract existence and stability result. Let V C L



be two real Hilbert spaces with dense and continuous embedding. For
any Hilbert spaces H we denote by (-,-)y and || - ||z the scalar product
and the norm in H respectively. For any Banach space, we denote by
B' = L(B;R) the dual of B. Hereafter we make the usual identifications
VcL=L cV. Let a € L(V x L;R) and consider the following
problem.

Forall fe L, find u € V s.t.
(1.1)

a(u,v) = (f,v)r, VveL.

Sufficient and necessary conditions for this problem to be well-posed are
stated in the following theorem due to Netas[Ne¢62]:

Theorem 1.1 (Necéas). Problem 1.1 is well posed if and only if

. a(u,v)
Ja > 0, inf sup ————— > a, (1.2
A2 52 Tllv Ilollz )
Vel (v#0)= (sup a(w,v) o) . (1.3)
wev |lullv

To interpret this theorem, let us define the operator A : D(A) =
V C L — Lsuchthat (Au,v)r = a(u,v) for all (u,v) € V x L. Condition
(1.2) is equivalent to assuming that A is injective and its range is closed,
whereas (1.3) states that A! is injective. As a result, these two conditions
are equivalent to assuming that A is bijective [Bre91].

Now let us look at the approximation of (1.1). Let V;, C V and L), C

L be two finite-dimensional vectors spaces and consider the following
discrete problem.

(1.4)

For u, € V}, s.t.
a(up,vn) = (f,vn)r, Von € L.



Proposition 1.1. Assume that dim V}, = dim L, and

dap > 0, VYwp € V, sup M

S0 ol 2 erlwendlv o (15)

1
Then, problem (1.4) has a unique solution and ||jup||v < a—HfHL-
h

Lemma 1.1 (Céa). Under the hypotheses of throrem 1.1 and

proposition 1.1 we have

uunlly < (1+220) ot =i (1.6

1.2. Example 1: advection/reaction. Let us consider an ad-
vection /reaction problem. Let 8 be a smooth vector field in R, say

B e L*(Q)%and V-8 € L>(Q), and set
I"={zel|B(z) n(z) <0}, I''={zel]|B(x)  n(r)>0}

'~ is the inflow boundary and 't is the outflow boundary. It may
happen that these two subsets of are empty if 5 is such that §-n(z) =0
for all z € T. Let u be a function in L*®(2). We introduce the following
differential operator

A(u) = pu+ 3 - Vu.
To give a precise meaning to A, we introduce its domain

V = D(A) = {w € L*(Q); 8 - Vw € L*(Q)} C L*().

When equipped with the norm |jw|ly = (Jlw]j3 o + |8 - VwlZ )'/?, it is
clear that V is a Hilbert space and A € £(V;L). In general A is not
an isomorphism if we don’t assume any other hypotheses on i and 3.

Hereafter we assume that there is yg > 0 so that

uwlx) — %V -B(x) > o >0 ae. zin Q. (1.7)



We define Vy = {w € V,wi|r- = 0}. We introduce the bilinear form
a € L(Vy x L*(Q); R) associated with the restriction of A to Vj:

a(u,v) = (pu+ 8- Vu,v)oq, Yu€eVy, Vve L*(Q). (1.8)

Lemma 1.2. The bilinear form defined in (1.8) satisfies the two
condition of the Necas theorem.

The consequence of this lemma is that for all f € L2(Q), the fol-
lowing problem

For u in Vj s.t.
(1.9)
a(u,v) = (f,v)0,0, Vv € L*(Q)

has a unique solution. Equivalently, it means that is an isomorphism.

Remark 1.1. If 4 = 0 and V - 3 = 0, the hypothesis (1.7) is not
satisfied. Nevertheless, the conclusions of lemmma 1.2 still hold if 8 is a
filling field: i.e., if for almost every « in (2, there is a characteristics of 3
that stars from x and reaches I'™ in finite time. The reader is referred
to Azerad and Pousin [Aze95] for other details on this problem.

1.3. Example 2: The Darcy equation. Let {2 be a porous
medium characterized by the permeability tensor K(z). This tensor is
assumed to be symmetric positive definite and its smallest and largest
eigen values are assumed to be bounded from below and from above
uniformly in 2. Let I' = I'; UTs be a partition of I'. We consider the
following problem:

Kl -u+Vp=f,
V-u=g, (1.10)

u- ’I'l,lr‘1 = 0, ph"2 =0.



This problem is known as the Darcy problem. In nonlinear form, it
plays an important role in underground storage problems, hydro-geology,
and in the petroleum industry. It is very often coupled to a transport
equation for the concentration of a chemical specie or a phase fraction.
To formulate (1.10) in weak form, we introduce some definitions.
X ={ve ’(M%4V -ve L?(),v-nlr, =0},
lvllx = (lllg. + 1V - oli50)'/2,
Y = {g € L*(); Vg € L*(Q),4|r, = 0},
liglly = llglly,e-
X and Y are Hilbert spaces. Weset V = X xY and L = L?(Q)¢ x
L2() that we equip with the norms ||(v, g)llv = (|lv[|% + |lgll3)'/? and
v, )l = (IlvllE o+1lglld o)/? respectively. We now define the operator
A: VoL
(v,q) = (K~ 'v + Vg,V -v).

A is clearly continuous. Finally, we introduce the bilinear form a €
L(V x L;R) such that a((u,p), (v,9)) = (A(u,p), (v,9))r.

Lemma 1.3. The bilinear form a satisfies the two conditions of
the Necas theorem.

The direct consequence of this lemma is that for all f € L?(2)¢ and
q € L?(), the following problem

For (u,p) € V s.t.

a((uﬁp)’ (UaQ)) = ((f7g)7 (U:Q))La V(’U, q) €L,

has a unique solution.

(1.11)

1.4. A 1D model problem. Let us simplify the advection prob-
lem (1.9). Let © =]0,1f and set 3 = 1, 4 = 0. We define the Hilbert



