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Non-Kirchhoff-Love Theoty For Elastic Circular
Plate With Fixed Boundary Subjected To
Uniform Loading

W. Z. Chien*

Shanghai Institute of Applied Mathematics and Mechanics
Shanghai University, shanghai, P. R. of China

ABSTRACT

The first order approximation theory for circular plate with fixed boundary subjected to miform
loading on the upper surface is given on the bases of general Non-Kirchhoff-Love theory for elastic
plates with arbitrary shapes established in the previous papersf-2l. It consists of a complete set of 6
equilibrium equations and 11 related boundary conditions derived from the generalized variationsl
principle for three dimensional elastic circular piate under the above boundary and loading condi-
tions(?] and the assumption that e, and ey, can be approximated by polynomials,

I. INTRODUCTION

The axial symmetrical problems of circular plates can be treated as three dimensional
axisymmetrical problems of elasticity. In the following we consider a circular plate with con-
stant thickness. A circularcylinder coordinates (r, 8, z) is set up on the middle surface as

shown in Fig. 1.
upper surface z = -h/2

lower surface z = +h/2

Plr.z) U-{—r!:z)

aiddle surface z = 0

z  W(r,z)

Fig. 1: Circularcylinder coordinates (r, 4, z) on 2 circular plate and the displacements U (r, 2),
W (r, z) at point P(g, z) for axisymmsztric problems.
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The stress components are g,, ¢ Oy Gyr=0Cr, Crs™=0gry Ue==0,:, 304 the strain
COMPONENHS ALE ey, 2y, €,, €,7=€r,, €ro==04s, €,y=0,. For circular axisymmaetric problems,
we have

Ter=arg=(), Goa=0 =0, Lor =Ery=1{), €o—Cug=0 (1)
Thete are two displacement components: radial displacement U (r, z) and axial displacement
W (r, z). These stress, strain and displacement components satisfy the following relations:
(i) Strain-displacement relations:

e=QU e=g €=9We _ 172U oW
r ar:a F e az:n“2 2z 3r

(ii) Stress-strain relations:

): € =€rp=0 (2)

Ee,:o-,.—lf(o‘a+o',), Ee,,=(1+v)a..,,
Eeg=0'p_p(0'r+0'5>’ Ee‘s=(l +p)0-38=0’ ( 3‘)
Ee.=0',—'3’(0'9+0'r)9 Eege=(1 F¥)opr=0.
(iii) Strain-stress relations:
E E,
Tr= 1_:)2 {er+”1(ea+e:)}s Try= 1_|_lv1 Crs
s P 1 {E-I-P(B—}-E)} o =i€ =0 (4)
e ]"'7": & irver % ] 13 1—]-!-'1 ag
E. E
Ty= l—lvi {e:+v1(er+ed)}) G'ar“_-—’ﬁ_—l;l“ear=0

in which E and » are respzctively Young’s modulus and Poisson’s ratio, and E, and », are
reduced Young’s modulus and Poisson’s ratio for plane strain problems. They satisfy the
relations:

~E I E E
E= -’ TTU 5 1w 14, ()
(iv) Stress equilibrium equations:
1 2 1 2 do, .1 @ .
+ ‘a—r' (roe) _700+3_z(0'.r)—'0y _azf‘"]' r or (o e)=0 (6)
The body forces are neglected.
{v) External forces acting on upper (z = —%h) and lower (z =+—£— h) surfaces:
a,=—4{, or,=0 {on upper surface z=—%, q>>0 for compression) (7)

g,=0, o,,—0(on lower surface z = %, free from loading)

(vi) Boundary conditions on the edge surfaces:
Ufa, ) = §, Wiaz=0 (8)
The generalized variational principles for three dimensional elastic bodies under the
constrains of prescribed displacement boundary and prescribed external force boundary have
been studied by the author in [3). The related functionals may be found by the method of
undetermined Lagrange multipliers. For axial symmetric three dimensional bodies, the strain



energy density may be written as

—.1 EI

s—--2 1 vg{(er+ea+e.)’+2(1—vl)(e,’,.-—e,.e,—e,e,-—e,.e,)} (%)
1
It is evident that

Be =0, 8¢, + 0,000 +0 B+ 20,De,¢ ' (10)
The functional of the generalized variational principle for the three dimensional elastic circular
plate of thickness h and radius a under the constraints of strain-displacement relations (2),

strain-stress relations (3), fixed boundary conditions (8) and prescribed surface loading (7)
may be written as

= I"J’ )321?1' drdz +qu () 2TF dr—j o a(Ua s+ Warss) r_aW2 1
o ek 0

in which I (...) dz tepresents the integration across the thickness of plate, i.c.,
h

Lm(...)dz=r: (.) dz 2

and W,_, represents the displacement of upper surface, i.e., Wy =W(r, -h/2), and a is the ra-
dius of the plate.

The equations and boundary conditions of the present problem are derived from the
stationary conditions [1=0:

8H=I.J. de2mr drdz +j‘q5W‘_,2err a'r—j(n%ra(vag,-i-o-,av_;_gua;y
(€3] [y

+ WG 1) 10z =0 13

in which 88 may be simplified by means of (10) and )
3 U 2 2 2
se=0. 2 3U +ou o +rz BW+oms (58W+ 2 w) (14)

Through partial integrations, (13) may be reduced to the following expression

81— j LM{H _,3’; (roy) -—:~a.+-§? rs ] aU +[%—§; (rors)

L]

+-2— 0y ]BW Jamr drdz +{ ses + Wao.,.tma dz

o
+! o Wy — (09 3W ] 277 d"+L (of3'8Uws
o

—aly’8U ) 2mr dr (15
Since the variations 8U, 8W, 8U, ., 0W:roa» U, 83Uy, 3Wins W {(Bor)raas
(8c+) ¢ are allindependent to each other, the stationary conditions of variation 3II=0
give the equations of equilibrium (6), the loading conditions (7) and the fixed boundary
conditions (8). Thus, expression (11) is proved to be the functional of this problem.

[I. APPROXIMATE THEORY OF CIRCULAR PLATE WITH NON-KIRCHHOFF-L OVE
ASSUMPTIONS (i.e., &, &, 0,50

# has been shown in the previous papers that for Non-Kirchhoff-Love theory of plate,

« 2 »



¢, and e,, may be expressed as polynomial series of z, and the cocfficients of each term in the
series may be taken as undetermined functions of r.

For the first order approximation, we
may express e, and e,, as

e,=Aq+ 4,2, e;,= (I —2% (5,185,214 5,2%) (16)
in which A,, A,, S, and 8; are undetermined functions of r. In this problem, the shearing
sttess g,, vanishes on both surfaces z = +#/2. It should be noted that a disk of radius r cut
from the plate is in equilibrium under the loading g on its surface and the resultant force
owrQ of the shearing stress around its boundary. Hence, we have

- B —_E (1 ;e 1 g )E___,l_ 1
0= Lmo"dz_ 147, L;.)e"dz 15, g oot 555 21 n
Eliminating S, from (16) and (17) gives
- ~(Lpa_ )[ ._(l a_ ) _wii_] 18
e,=A,+ Az e, (4}: 22) 8z 20h 2 )5, oD, (18)

Through integrations of e, and e,, against z, we obtain the polynomial expressions for W(r, z)
and U(r, z):

Wir, D=Wr)+ Aot A2

U(r, zy=1u(r) —%?’—z — —é—%i—"z’ -—-%%z“+ (%h’—— é-z‘)z”Sl

_2f1, 1 4aa ) ____qr__(,l_hawl_z&) 19
TR T s Ry, w s | R S & (19

in which w(r) and u(r) are integration constants to be determined. Thus, we have now the
expressions of U(r,z) and W(r,z) in terms of 6 unknown functions u(r), w(r), Ay(r), A,(r), 5,(r)
and S,(r) to be determined.

The strain components ¢, and e,, are given in terms of these functions in (18), other
sizain componenis are expressed as

_ 38U du d*w 1d%4, , 144, (lhn _1 n) a 45,
"= =& ds: aart st T 1" 2t /)

ar

_2 l;__l_a 4) dSS__ q /_Lha___]_ s)z
5 lﬂh 2hz’+z *Tar TaDG-vp \4 3
U u 1 dw 11ddy , 1d4, (l _lz,),&
A A i T L SR S G
21,0 1pe ) ,‘S!____._q_(-l—h'——-l—z*)z
T8 e gh'st +2) 27 9D (1—vp\ 4 2
e"=egr=0 (20)
The stress components in {4} can be rewritten as
E du u dtw 1 dw
el G (T ‘&F)” vidotvid,z
) /2 4, ﬁi@g) _ 1 /d%4, _l_,d_*‘;:_)za
—o\dr Tt ar ¢ e\dr"i'y‘ r dr

_O4v) g 1, 1 ) (_l,hs_. _}_z’)z‘(ﬁ_‘_v _S_i)
zD,(l-v,)(:sh 37 T T2 & TV
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III, DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS

Substituting (i9) and (21) into (15), the stationary conditions of variation 3I=0 give
6 differential equations and 11 related boundary conditions for the determination of the six
unknown functions w(r), #(r), A(r), 4,(r), Sy(r) and S,(r). The six equations are as follows

d 14d dd, B d 1 d _d4, 7 d

dr rdr(m)+ g Sadrradr dr +4,80h‘5?d_r( 51 =0

(22a)

1 d 1,,Vd _d1 1 d a'A.,
—["P?_(m)+A“]+—hs_r§Fra??dr(r")+12 Ot

d
= rSy) -——-—1 =0, (22b)

8
~i0 (1—-v A8,

207, & 41 -—(r5'1) =0 22c)

4704 dr r
a‘ dw d dA,

rarl @ EdE T Taw

+
1 ,,d d14d @
YustE w v a Y T,

1pd, 4

41
dr 40 dr

(23a)

1 d 1 4 dAl]

1,[1 d1d dv o, 14 db
40 [r rrdrrdrfa'r 2”1:-drr dr



1 ,,1d d1d d4y 1,14
+1344 rar T Frd T F 175h r d (rSy)
1 el d di1d 1 d _dw 1 5+3n igq
t o600 T A Td v a S L”x?a?fd"r“t]—ﬁ T—v, D,
(23b)
d 1 d_dw dd, N d 1 d d ] d
FralF N dr 12h ar rar’ + 165 E'F?d-?(rs’)
= 2D, (23¢c)
“The eleven boundary conditions on r—a are as follows

dd,
u(a) =0, An (ay =0, d =0, S]. (G) =0 (r=a)

(242, b, ¢, d)

d 1 dA, d 14d dAo
ar 7@t dr 40h a&F ra ' ad
+ T_p d14d (rSy) +-k' (1-v)8,=0 (r=a) (24¢)
11 dr r dr 1 17+ -
dd; ga _
7 DD (r=a) (25a,b)
. dw _ qah? __jj__ -
S D=0, =gt W@ == ks =) @5c, d)
d1d _ dw  dd, d1d dA, 1 ,,d1d
& ra d& TV 4 40}, a i RETTS 175 dr r dr( Sy
d1d adw d4, 8 ,,d 1 d dd; 41 d
Fra' Fd " w T wrE & _—315h T’
i- 2 — = qr =
+5M -vD 5, 3D, (r==a) (25f)

Equations (22a,b,c) and (23a,b,c) can be solved under the boundary conditions (24a,b,c,d,e)
and (25a,b,c,def). The numerical results will be published elsewhere.
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