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Abstract

In this thesis the spectral methods which are one of three kinds
of numerical methods for partial differential equations are investi-
gated. We take two typical model problems, that is, the famous,
classical equations for describing the velocity and pressure of flu-

| ids in fluid dynamics—the generalized Stokes equation and the
Navier-Stokes equation, to demonstrate our new spectral meth-
ods. These two models have become touchstones of measuring the
advantage and the disadvantage of a kind of numerical methods.
The background is that mathematicians and physicists have been
ceaselessly searching for how to construct a kind of schemes with
characteristics such as simpilcity computation, convenient perfor-
mance and keeping on high accuracy since tI;ese two problems were
proposed. Hundreds even thousands of references in this field are
appeared in the international famous computational mathematics
journals every year. A great deal numerical methods of these two

models have been studied in various aspects and a lot of algorithms
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have been proposed. But it is a pity thaf up to now, the L2-optimal
convergence order of spectral methods in multi-domain cases for the
generalized Stokes (or Stokes) equations can not be found since the
high difficulty of the model and limitations of the adopted methods.
On the basis of analyzing the essence of these two prohlems pro-
foundly, we proposed the single and multi-domain Legendre spec-
tral schemes via divergence-free functions, which decoupled the ve-
locity and the pressure, and thereby the clash between theoretical
analysis and algorithms are eliminated.

In this thesis the other kind of objects we studied are the
time-space spectral methods. For time-dependent partial differen-
tial equations, if the spectral scheme is used in spatial, the differ-
enée scheme is usually,adopted in time. However, when the exact
solution is very smooth> both in spatial ahd in time, the accuracy
" of the approximate solution would be limited by the finite differ-
_ence scheme in time. In recent years, some scholars have noted this
_problem, and they have been seeking for 5, kind of integrant high '

accuracy methods of approximation, and then the spectral methods
in time have been proposed. On the basis of analyzing a great deal
references in this field, we take parabolic and hyperbolic equations

as models to present the new time-spaée speétral methods.
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Firstly, we consider two decoupled weak formulations with re-
spect to the velocity and the pressure for the generalized Stokes
equation and the Navier—Stokes equatioﬁ. On the basis of these,
we construct decoupled single and multi-domain Legendre spectral
schemes with respect to the velocity and the pressure. We intro-
duce a kind of projection operators which play the important roles
in the error analysis —the single domain divergence-free projec-
tion operator P¢V and the multi-domain divergence-free projection
operator Pj\i}". By ingeniously using the interpolation of spaces and
the technique of duality, we obtain the H!- and L?-optimal esti-
mates for these two projection operators. Thereby two common,
strongly useful tools for analyzing the problems with divergence-
free characteristics are constructed. Applying them to the general-
ized Stokes equation, the H'- and L2-optimal error estimates are
achieved for the velocity for the single and multi-domain Legendre
spectral schemes; applying them to the Navier—Stokes equation, al-
though the optimal error estimates are not achieved (only a half
order is lost), the convergence order of this problem is improved.

Secondly, we take the parabolic and hyperbolic equations with
the periodic and non-periodic boundary conditions as models to es-

tablish the single and multi-interval Legendre spectral methods in
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time. Based on the nature of nonsymetry of the first-order partial

differential operator in time, we let the trial function spaces dif-
fer from the test function spaces so that better convergence results
are achieved. The multi-interval spectral method in time has some
merits compared with the single interval one. It can reduce the
scale of the problems and allow for the best use of parallel com-
puters. Also, there is more flexibility in computation, i.e., one may
vary mesh sizes of subintervals or choose polynomials of different
degrees in each subinterval according to properties of the solutions.
We analyze the single and multi-interval schemes in time and ob-
tain better error estimates. Numerical results are coincide well
with the theoretical analysis. The theoretical analysis, algorithm
descriptions (including the analysis of arithmetic operations) and
numerical experiments show that the methods have some merits,
such as simplicity computation, reliable efficiency, convenient per-
formance and high order accuracy etc.. The methods are suitable
for variable coefficient problems. We believe that they are useful
for more time-dependent partial differential equations.

Finally, after better convergence order of the problems
is achieved, we describe the implementations of algorithms exhaus-

tively. For the single domain scheme of the generalized Stokes equa-
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tion, the obtained systems have multi-diagonal forms after choos-
ing resonable basis functions of the velocity approximation spaces,
and it is very convenience for solving them. It suffices to com-
pute inner products for computing pressure and need not solve any
system. The operations for computing presssure relative to those
for computing velocity can be ignored. We give the operations for
computing velocity and pressure with detail. For the multi-domain
scheme of the generalized Stokes equation, we construct a paral-
lel algorithm, and give also the operations for computing velocity
and pressure in this case. Numerical results are coincide well with
theoretical analysis, which show the high order accuracy and ad-
vantage of the methods. For the Navier—Stokes equation, we use the
explicit scheme, and then in each step of time, the single and multi-
domain Legendre spectral schemes for it become the the single and
multi-domain Legendre spectral schemes for the generalized Stokes
equation. Therefore it is very convenience for solving them and can
construct a parallel algorithm for the multi-domain scheme. Then,
we construct convenient performance algo‘rithms for the time-space
spectral methods, and construct parallel algorithms for the multi-
interval scheme, and give the operations of the algorithms with

detail.



