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Abstract: This paper investigates the stability of linear systems with time delay.Both constant and varying delay cases are
considered respectively. The criteria of stability is derived based on a new type of Lyapunov-Krasovskii functional and is
formulated as feasibility problems of linear matrix inequalities. Numerical examples are provided to illustrate the effectiveness

of our main results.
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1 INTRODUCTION

Time delays are frequently encountered in many fields
of science and engineering such as communication net-
work, chemical process and economics. In many cases,
time delays are often the sources of instability and poor
performance!®!. Recently, improved performances have been
reported by using Lyapunov-Krasovskii theory and LMIs
techniques!!*»>6131, As we know, one of the difficulties in
applying Lyapunov methods is the lack of efficient algo-
rithms for constructing the Lyapunov functional. In general,
the use of reduced functionals may result in conservatism.
From here, many generalizations have been proposed, in-
volving the various terms(6l:

x(t)" Pz(t)
J z(0)TSz(0)

= [ [0

Va(z:) = z(t)TJ P(0)z(t + 6)d6

Wi (-’l’t) =

V2 -’Et

(0)T Ri:()dodv

’ 0 0
Vs(xzy) = J_h J—h z(t + 0)T P(8,n)z(t + n)dodn

0
Vo) [_hx(e)TS(en(o)de

for the case of delay independent stability, the Lyapunov
Krasovskii candidate that usually applied is V(z;) =
Vi(ze) + Va(zy); As far as delay dependent stability is
concerned, most researchers prefer V(z;) = Vi(xy) +
Vo(z¢) + V3(z:) as the Lyapunov Krasovskii functionals
in spite of these sufficient condition is far from being nec-
essary. Vi(z:), Vs(z:) and Vg(x;) appear in the complete
Lyapunov functional, which is known to be necessary and
sufficient for delay dependent stability and has the follow-
ing form: V(z;) = Vi(ze) + 2Va(xe) + Vs(x¢) + Ve(t).
But, the general computation of the time-varying matrices

* This work is supported by National Nature Science Foundation under
Grant 60574006.

in Vy(z), Vs(xt), Vo(z¢) comes up against computational
problems and result cannot be applied for robust stability
purposes. To solve this problem, Gu¥ proposed a com-
plex discretized Lyapunov functional approach. Recently,
Fridman[?3! combined the discretized scheme proposed by
Gu'®! with the descriptor form approach to analysis the sta-
bility of the time-varying delay system. The criteria showed
significant improvements over the existing results even un-
der very coarse discretization. There exists an interesting
compromise between the reduction of the conservatism and
the computational effort. Furthermore, most of the existing
results obtained using Lyapunov Krasovskii stability theory
for the systems with time-varying delays require constraints
on the time derivative of the delays.

In this note, inspired by the idea of delay fractioning in[4],
new Lyapunov Krasovskii functional are proposed to obtain
less conservative and more concise form of stability condi-
tions for a class of time delay systems.

Notation Throughout this note, the superscript 7' stands
for matrix transposition. R™ denotes the n dimensional Eu-
clidean space, R™*™ is the set of all n x m real matrices.
For two symmetric matrices, A and B, A > (>)B means
that A — B is (semi-)positive definite. I,, and 0,,x, denote
that the identity matrix of size n and null matrix of size n xm
respectively. If the context allows it the dimensions of these
matrices are often omitted. Integer  denotes the delay frac-
tioning number. h is the constant time delay. h,, is the lower
bound of time delay. hj; is the upper bound of time delay. d
is maximal difference between hjps and h.,,, (d = hpr —hp,).
p is the upper bound of delay increase rate.

2 PROBLEM STATEMENTS

Consider the following linear system with time delay:

), =
z(t) =

where z(t) € R™ is the state, ¢(t) is a smooth
vector-valued initial function defined in the Banach
space[—hpr,0], A, A, € R™ ™ are known real constant
matrices. h(t) denotes the time delay, for the constant delay

Az(t) + Apz(t — h(t)) )
¢(t),Vt € [—h, 0]



cases, it satisfy Casel, and for the time varying delay case,
it is assumed to satisfy either Case2 or Case3 as

Casel: h(t)=h
Case2: h,, < h(t) < har, h(t) < p
Case3: hp, < h(t) < hy
The purpose of this paper is to formulate practica‘lly com-

putable criteria to check the stability of the system(1) with
. different delay cases1,2,3 respectively.

3 MAIN RESULTS

3.1 Constant Delay Case

The following theorem gives improved delay-dependent sta-
bility criteria for system(1) with constant delay casel.

Theorem1 Assume the time delay satisfy casel, the lin-
ear time delay system is asymptotically stable if there ex-
ist positive definite matrices P, S;, R; € R™*™, such that
the LMI shown in (2) holds, and the matrices E; =

[Onx(in) ’ In’ O x ('r'—i)'n.]-
II = Ef(PA+ ATP)Ey + EY PALE,

L h
+E; A} PEy + Z{(;)2(AE0 + ALE,)"R;
=1
(AEo + ALE,) + EY |S;E;_, — ETS,E;
—(Bi—1 — E)"Ri(Ei_1 — E))} <0 )
In order to obtain less conservative results, we present a

new discretization scheme of Lyapunov functional V5, V3 as
follows

T 3. pt— =L

%=

r=1"t—zh

z(0)T S;z(0)do

r_opt—2h ot
Vs ZL . J;i:(&)TRiab(G)dev
=l YT Y

Next, we will prove theoem1 through these functionals
Proof choose the following delay fractioning based Lya-
punov Krasovskii funcitonal for the system(1)

.5 b

V() = Vi(me) + Va(zs) + ;V3(-73t) 3

Then the derive V (x;) along the trajectories of system(1) is
V(z:) < 2(t)TII2(2) @

where 2(t)T = [z(t)T,z(t — 2)T,-.. | 2(t — h)T], we find
that V(z;) < —el|z(t)|2, (3¢ > 0) as long as the LMI (2)
holds, which implies that system(1) is asymptotically stable.
This completes the proof.

Remarkl The number of variables involve in LMI (2) is
(2r 4+ 1)(1 4+ n)n/2. However, the number of variables in
[4](Gouaisbaut and Peaucelle,2006) is rn(rn+1)/2+n(n+
1) which is even lower than those of previous results. It is
obvious that our result has lower number of variables than
the aforementioned results.

Theoreml1 only consider the constant case and by proper se-
lection of Lyapunov functional can we make great progress
in conservatism and with lower number of variables in LMI.
How to extend this to varying delay cases is another impor-
tant question to discussion.

3.2 Varying Delay and Its Derivative Dependent Case

The following theorem presents the delay and its derivative
dependent stability conditions for system (1) with varying
delay case2.

Theorem2 Assume the time delay h(t) satisfies Case2,
the linear delay system (1) is asymptotically stable if there
exist positive definite matrices P,S;,R; € R" " X =
[Xij], (XZJ & R"xn,i,j = 1,2,3),W € R™ ™ such that
the LMI shown in (5) holds.

T
- o £2 " h i
= dEanEo + dETT+1X22ET+1 + Z {(Tm)z(AEo
i1
+AREr 11)TRi(AEo + ALE, ;1) + EF | S,E;_,
~ElSiE; — (Ei—y — Ei)TRy(Ei—y - Ei)}
+d(AEo + ApEri1)" Xa3(AEy + ApEyi) + ETW
Er—(1-p)EX \WE.1+02+02T <0 &)
WhereEi = [Onx(in)a Inv Onx('r‘+1—i)‘n]ai =0l ,r 41
2= EOTP(AEO == AhEr+1) -+ dEgX12E7~+1
+(EF X13 + EY, 1 X03)(Ey — Eyy1)
Proof Choose the following Lyapunov functional

4
Vo(zs) = V(zy) + Z Voj(xt) (6)

=1

where V (z;) is same as (3), and the other four terms are
chosen as follows

t p6—hm
Wl = J J £(6,5)TX2(8,5)ddds @)
0 J5—h(s)
t—hm
V.2 = J (eaeit geiiat ¥Rl @®)
t—ha
i
Vo3 = (hp — hm)J &(s)" Xa3(s)ds ®
t—hm
t—hm
Vod = J z(w)Wz(w)dw (10)
t—h(t)

in (7),£(6,5)T = [z(8)T,z(6 — h(0))T, ()T

Now, we consider the derivative of V, (z;) along the trajec-
tories of system(1), one has

Va(@e) < C(t)TTC(t) (11)

where

(BT = [2(O)T, 2(t—2)T, . 2(t—h)T, 2(t—h(E))T).
Therefore, the system(1) with time-varying delay case2 is
asymptotically stable when the LMI (5) holds. This com-
pletes the proof.

Remark2 The Lyapunov functional terms (7)(8) are chosen
as paper[13], but our method is based on delay fractioning
technique and the less conservative results can be obtained
through ours. Furthermore, our method can deal with the
case of h,,, > 0 besides hm = 0 and [13]only considered the
later one.



Tab.1 Comparison of Maximal Allowable Delay

Methods | pisunknown p=0.1 p=2 p=0
[8] 0.3440 - - -
[11] 0.7218 - - -
[6] - 0.9447 - 1
[10] 0.9999 3.6040  0.9999 4.4721

hm =0 0.9999 3.6040 0.9999 4.4721

hm =1 1.576 4.193 1.576  5.143

b =3 3.235 4411 3235 S5.60]

3.3 Varying Delay and Its Derivative Independent Case

If the last term Vy(z¢) of (7) is zero, then the delay derivative
independent conditions for system (1) would follow.
Corollaryl Assume the time delay h(t) satisfies Case3,
the time delay system (1) is asymptotically stable if there
exist positive definite matrices P,S;, R; € R"*" X =
[Xij], (Xi5 € R®*™, 4, 5 = 1,2, 3) such that the LMI shown
in (12) holds.

¥ o _ L A !k o
T'=dEg X11Eo +dE  Xo2Er 1 + Z{(Tm)z(AEo
=1
+AhEr+1)TRi(AE0 + AhEr+1) + E‘;f_lSiEi_l
—ETlS,E; — (Eiy — E))TRi(Ei1 — Ey)}
+d(AEy + AnEri1)" X33(AEg + ALE,41)
+ETWE,. + 2+ 02T <0 (12)

Remark3 Most of the existing delay-derivative-dependent
conditions for the stability of systems with time-varying de-
lay generally require a constraint of p < 1. Instead, the
conditions provided in corollary1 hold for all p € R.

4 NUMERICAL EXAMPLE

In this section, some examples are used to demonstrate the
effectiveness of our main results.
Consider the linear delay system (1) with

-2 .0 -1 0

A:[ 0 —0.9]"4"_ [ -1 —1]
For Casel, the maximal allowable delay obtained by theo-
reml is 4.4721 when we take » = 1. The result is equivalent
to the main classical results of the literature[1,11]. However,
if we take r = 2, the maximal allowable delay obtained by
theorem1 is 5.71, and when take » = 3, the maximal allow-
able delay is 5.96. It shows that the conservatism is reduced
as the fractioning number 7 increased.
For Case2 and Case3, tablel shows the results obtained by
theorem2 and corollaryl with r = 2.
The results are compared in Tab. 1. It can be seen that less
conservative results for both delay-derivative-dependent and
delay-derivative-independent cases are obtained by our sta-
bility criteria even under very coarse delay fractioning.

5 CONCLUSIONS

This note presents a new Lyapunov-Krasovskii functional
based on delay fractioning technique for a class of linear
delay systems. Both constant delay case and time-varying
delay cases are considered. For the time-varying delay
cases, both delay-derivative-dependent and delay-derivative-
independent criteria are provided by our new form of Lya-
punov functional, and the conservatism can be reduced with
the increasing of fractioning number r. Numerical examples
have demonstrated the effectiveness of the proposed results.

REFERENCES

[1] Fridman E. New Lyapunov-Krasovskii functionals for stabil-
ity of linear retared and neural type systems[J]. Systems and
Control Letters, 2001, 43: 309-319.

[2] Fridman E. Descriptor discretized Lyapunov functional
method: analysis and design[J]. IEEE Trans. on Automatic
Control, 2006, 47(11): 890-897.

[3] Fridman E. A new Lyapunov technique for robust control of
systems with uncertain non-small delays[J]. IMA Journal of
Math. Control & Information, 2006, 23(2): 165-179.

[4] Gouaisbaut F, Peaucelle D. Delay-dependent stability analy-
sis of linear time delay systems. Preprint submitted to IFAC
TDS’06, 2006.

[5] Gu K. A generalized discretization scheme of Lyapunov func-
tional in the stability problem of linear uncertain time delay
systems[J]. International Journal of Robust Nonlinear Control,
1999, 9(1): 1-14.

[6] Richard J P. Time-delay systems: an overview of some recent
advances and open problems[J]. Automatica, 2003, 39: 1667-
1694.

[71 Kim J H. Delay and its time-derivative dependent robust sta-
bility of time delayed linear systems with uncertainty[J]. IEEE
Trans. on Automatic Control, 2001, 46(5): 789-792.

[8] Jiang X, Han Q L. Delay-dependent robust stability for uncer-
tain linear systems with interval time-varying delay[J]. Auto-
matica, 2006, 42(6): 1059-1065.

[9] Moon, Park P. Delay-dependent robust stabilization of uncer-
tain state delayed systems[J]. International Journal of Control,
2001, 74: 1447-1455.

[10] Niculescu S I, Souza C E De. Robust stability and stabiliza-
tion of uncertain linear systems with state dealy: single delay
case(I), IFAC Symp. Robust Control Design. Rio De Janeiro,
Brazil, 1994: 469-474. )

[11]Xu S, Lam J . Improved delay-dependent stability criteria
for time-delay systems[J]. IEEE Trans. on Automatic Control,
2005, 50(3): 384-387.

[12]Wu M, He Y, She J H. Delay-dependent criteria for robust
stability of time-varying delay systems[J]. Automatica, 2004,
40(8): 1435-1439.

[13]Jing X J, Tan D L, Wang Y C. An LMI appoach to stability of
systems with severe time-delay[J]. IEEE Trans. on Automatic
Control, 2004, 49(7): 1192-1195. ‘



Proceedings of the 26" Chinese Control Conference
July 26-31, 2007, Zhangjiajie, Hunan, China

BMI Approach to Decentralized and Cooperative Control of
Large-Scale System”

Cao Li, Nian Xiaohong, Tang Wenyan

The School of Information Science and Engineering, Central South University, Changsha 410075, P. R. China
E-mail: mathcaoli@163.com .

Abstract: Based on the bilinear matrix inequality (BMI) technique, the problems of designing decentralized controllers and
cooperative controllers of linear large-scale systems are considered. Necessary and sufficient conditions of the optimal decen-
tralized and cooperative stabilization of the linear large-scale systems are obtained. The problems of designing decentralized
and cooperative controllers are formulated into the non-convex optimization problems with BMI constraints. To solve these
problems, the alternate optimized algorithms are proposed. Finally, example is given to illustrate the main results. It shows
that a large-scale system can be stabilized via cooperative controllers or decentralized controllers and needs not presumer each

subsystem be stable.
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1 INTRODUCTION

Large-scale systems with many state variables and compli-
cated structure often appear when it is applied to solve prob-
lems such as electric power systems, economic systems,
transportation systems, etc!'. Decentralized control theory
is a basic method for large-scale systems. The decentral-
ized control theory has attracted a great amount of interests(?!
since 1960s due to its advantages in computation and imple-
mentation of control laws. But it is very hard to obtain the
necessary conditions and sufficient conditions for decentral-
ized stabilization of large-scale systems.

In traditional study of the stability of large-scale system, it
presumes each subsystem is stable or strong stabilized ev-
ery subsystem via local feedback of subsystem in generally.
It composes the large-scale system via decreasing the action
of interconnection relatively. But in fact, the cooperation is
playing key role to the stability of large-scale systems. Re-
cently, Duan etc. present a series of significant results for co-
operative control of linear and nonlinear systems'?!. It shows
that unstable subsystems can form a stable large-scale sys-
tem via appropriate interconnections and cooperation con-
trollers. )

LMI (Linear Matrix Inequality) and BMI (Bilinear Matrix
Inequality) methods have played a leading role during the
last twenty years in linear system theory!®®l. It is a use-
ful tool to solve a variety of optimization and control prob-
lems. On the other hand, some optimization problems are
non-convex with BMI constraints, so it is extremely hard
to find the globally optimal solutions. Therefore, many re-
searchers have devoted their efforts to develop algorithms
to solve these problems!’-#). In [7], the controller designing
problem is directly formulated as an optimization problem
with BMI constraints. In this paper, the non-convex optimal
problem is solved perfectly by an algorithm. ‘
The paper consists of the following parts. In section 2, th
decentralized control and cooperative control problems of

* This work was supported by the National Natural Science Founda-
tion of P. R. China (60474029), China Postdoctoral Science Foundation
(2005038558) and the Natural Science Foundation of Hunan Provincial of
P. R. China (00JJY1009).

large-scale system are described. In section 3 and section
4, necessary and sufficient conditions for decentralized sta-
bilization and cooperative stabilization of large-scale system
are presented respectively in terms of BMI. In section 5, an
optimization algorithm is proposed to solve the optimization
problems. In section 6, example is given to illustrate the
main results. Finally, the paper concludes in section 7 with a
brief discussion of the results.

2 PROBLEM FORMULATION

All the results of this paper can be easily extended to the
large-scale system composed of N subsystems, for conve-
nient to describe, only the interconnected large-scale system
with two subsystems are discussed here. .
At first, gives a linear interconnected system

#1(t) = Aniza(t) + A12za(t) + Briuai(t) + Biauia(t)
#2(t) = A2121(t) + Az272(t) + Baiuai (t) + Baguaa(t)
(1)
where z;(t) € R™ (fori = 1,2, ny +ng = n) are state
variables, A;; € R™*™, B;; € R%*b (fori,j = 1,2 we
known constant matrices.

_ uii(t) = Kuai(t), i=1,2 (2)

are decentralized controllers and
uij(t) = Kijzi(t), i, = 1,2, i # 5 (3)

are cooperative controllers. where K;; € RW*™i(j =
7),Ki; € RYXM (i # j), (for i,j = 1,2) are unknown
constant matrices to be design.

Define a quadratic performance index

oo
J(u11,u12, U1, u22, To) = J (=" (t)Qz(t) +
0

2 2

Q7D uij (&) Rijus; (t)ldt @)
i=1 j=1
where: Q = R"x",R-ij 5 Rl,—xlj(i 7& j);Rz‘j I Rlix“ (Z e
J) (for i = 1, 2) are given real constant positive definite ma-
trices, 2(0) = x is the initial value of state .



