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Parameterized Solution to Generalized Sylvester Matrix Equation”

Qiao Yupeng, Qi Hongsheng, Cheng Daizhan

Key Laboratory of Systems and Control, Chinese Academy of Sciences, Beijing 100190, P.R.China
E-mail: dcheng@iss.ac.cn

Abstract: The paper considers the parameterized solution to generalized Sylvester matrix equation. A set of matrix computation
formulas have been developed. Using them, formulas for converting generalized Sylvester matrix mappings into conventional linear
mappings are obtained. Based on this equation, an easily computable numerical algorithm for complete parameterized solutions of
generalized Sylvester matrix equation is provided. The standard Sylvester matrix equation AX — EXF = BY and its dual equation
XA - FXFE = Y are considered as its special cases and then the corresponding solutions can be produced easily. Some further
properties are also investigated. Comparing with existing algorithms, new approach simplified the computation significantly.
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1 INTRODUCTION

Sylvester matrix equation has many applications in control the-
ory. Particularly, when a singular control system is considered,
it is used for many design of controls. Say, pole placement,
tracking, design of Luenberger observers etc. So it has been
studied widely [6, 7, 8, 9, 11, 12] and the references therein for
details.

A generalized Sylvester matrix equation considered in this pa-

per is of the following form
AX+XB+CXD+EXTF=GY+MYN+PYTQ (1)

where A,C € Mypxpn, B,D,N € Mpxp, E,F,P € M,y
M,G € Muxr, Q € My, with unknowns X € M,«, and
Y € M, yp. We use M, xy, for the set of m x n matrices. One
can easily check that as the equation is liner with respect to X
and Y, equation (1) is most general, as the dimension matching
condition of matrix product is taking into consideration.
Several methods have been proposed for solving Sylvester
equation and its dual equations [4, 5, 10]. Since equation (1)
is linear with respect to X and Y, it is very natural to consider
converting it into a standard linear algebraic equation. If it can
be realized, finding parameterized solution is standard. Indeed,
it can be achieved, but we need a set of notations and computa-
tion formulas for matrices. We briefly describe them here and
refer to [2] for more details.

Let A = (ai;) € My xn. Its column stacking form is expressed
asg

Ve(A) = (a1,821,7 1@, 1 01ny G2ny** , Gmn) . (2)
Its row stacking form is
Vi(A) = (@11, 812, s Q1n, Gy G2, - ,amn)T 3)
Let z = (x;) € R™”. Then
1.
T1  Tm+1 T(n-1)m+1
Vil emy= | T T
Tm  Tom - Tnm
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T T9 ce Tn

T+l Tn+2 tee Ton
-1
V.  (z,n) = . (5)
T(m~1)n+l T(m—1)n+2 " Tmn

Next, we convert a linear matrix mapping into a conventional
linear mapping. Given a mapping p : X — p(X), where
X € M;xp. Say, we use column stacking form. Denote
z = Vo(X) € R, y = V.(p(X)), and assume the matrix
mapping p is a linear mapping, with its matrix form M, which

_means

y=Ve(p(X)) = Mgz ©)

For various linear matrix mappings we can construct their ma-
trix forms respectively. The followings are some typical ones.
Theorem 1 Assume A € My, xn, B € Mpxq, C € Mumxp,
C € Mpxg,and X € My yp.

1. Ifp: X — AX, then
M;=I,8A )
2. Ifp: X — XB, then

M;=BT®I, ®

3. Ifp: X — CXT, then

My = (I, ® C)Wp, )

P
4, Ifp: X — XTD, then

M¢ = (D" ® I,)W}, (10)

5.Ifp: X+ AXB+ CXTD, then
M:= (BT ® A) + (DT ® C)Wp, (11)
Note that in the above ® is the Kronecker product, and Wim,n)

is a swap matrix. Let A € M,,, x, then

{W[m,n]vr(fn = V.(A) 12

WinmiVe(A) = V2 (4)

The swap property (12) uniquely determin Wy, ,,,. We refer to
[2] or [1] for details.



Next, we use row stacking form. That is, for p : X — p(X),
we denote = V,.(X), y = V,.(AX), and express the matrix
form of p by M7, which means

y=Ve(p(X)) = M3z (13)

Similar to Theorem 1, under row stacking form we have
Theorem 2 Assume A € Myyxn, B € Mpxq, C € Mpxp,
C € Myxg,and X € My, .

1. If p: X — AX, then
M;=AQI, (14)

2. Ifp: X — X B, then
M =1I,® BT (15)

3.Ifp: X — CXT, then
M? = (C ® L)W, ) (16)

4. If p: X — XTD, then

M} = (I, ® D")YW,, an
5.Ifp: X — AXB+ CXTD, then
M, = (A® B") + (C® DT)W,, (18)

2 PARAMETERIZED SOLUTIONS

Using Theorem 1 we can convert equation (1) into a system of
linear equations as

[Ri Ry] [ﬂ =0 (19)

where

Ri=I,®@A+B ®L, + DT ®C+ (F' ® E)W, .,
Ro=-L, G- NT® M- (Q"®P)Wp,,,

Proposition 1 Equation (1) has solutions of rp degree of free-
dom, if and only if the coefficient matrix of equation (19) has
full row rank. That is

rank [R] Rz] =pn (20)

Assume (20) holds, then we have rp linearly independent solu-

tions of (19)
1 2 rp
Bl] , [;2] R [;”,,] @1

Then the set of rp linearly independent solutions of (1) are

Xi = V-1 (g
. Vcl(g”.’”) i=1,2-,rp  (22)
Y =V ')
It follows that the parameterized solution is
rp 1 .
X = Z Mz‘VJ (wlan)
= (23)

rp )
Y= Zl :u’i‘/chl(ylv T)

where y1 = (g1, , ftrp) T are parameters. Each p1 # 0 corre-
sponds to a non-zero solution. »
Equation (20) is important in finding independent solutions. An
easy way to find the solutions is to choose any rp rows, equiv-
alently, an rp X (r + n)p matrix J, such that

_[Ry R,
w._[ . }

is non-singular. Then the last rp columns of ¥~* form (21),
the set of rp linearly independent solutions of equation (19).
We can also use Theorems 2 to solve (1). First, convert equa-
tion (1) into a system of linear equations as

[Rs R4 m =0 4

where

Ry=A® L+ 1,®B" +C®D" +(E® FN)W,,),
Ri=-G&IL,~M&N" — (P® QM)W ,,

Similar argument as for Proposition 1 yields the following
corollary

Corollary 1 Equation (24) has solutions of degree of freedom
D, if and only if the coefficient matrix of equation (24) has full
row rank. That is

rank [Rs3 R4} = pn (25)

Now assume (25) holds, and the linearly independent solutions
of (1) have the form of (21). Then the set of rp linearly inde-
pendent solutions of (1) are

X=V2ahn) ), 26)
" _ ; t=1,2,---,1p
Y=V y',p)
The parameterized solution is

X =3 wV; (zt,p)
i L 27)
Y =% wV: (Y, p)

i=1

where it = (g1, -+ , prp) " are parameters. 4 # 0 corresponds
to non-zero solution.

3 APPLICATION ON THE SYLVESTER MATRIX
EQUATION AND ITS DUAL EQUATION

In this section we consider the Sylvester matrix equation as a
special case of (1). It has the form

AX -~ EXF = BY (28)

where A, E € Mpx., B€ M, ., F € M, ., with unknowns
X € MpxpandY € M, xp. The Sylvester matrix equation
(28) and its dual equation play an important role in linear sys-
temn analysis and control design.

A basic assumption for the solution of (28) is the so called R-
controllable. (E, A, B) is called R-controllable if

rank [sE—A B]=mn, VYseCrank(B)=r (29)



The following lemma is proved in [5].
Lemmal If E, A, B satisfy R-controllable condition (29) then
equation (28) has rp degree of freedom. In other words, equa-
tion (28) has rp linearly independent solutions.
Recently, in [10] a complete general parametric expression
for the solution (X,Y") is obtained under the assumption that
(E, A, B) is R-controllable. In this note it can be obtained in a
easy way.
For system (28), the equation (19) becomes

L& A-FT®E -I,9 B] m =0 . (30)
where z = V(X)) and y = V.(Y'). Then we have the following
corollary:
Corollary 2 Equation (28) has solutions of rp degree of free-

dom, if and only if the coefficient matrix of equation (30) has
full row rank. That is

rank ([, A—FT®FE —IL,®B)=pn (1)

Assume U is a nonsingular matrix such that U~_1FU = J
is the Jordan canonical form of F. We define X = XU and
Y = YU, then equation (28) can be expressed equivalently as

AX -EXJ=BY (32)
Correspondingly, (30) becomes

i
y

where & = V,(X) and § = V,(Y). Now equation (33) can be
written as

L, ®A-JTQE ~1,,®B]H:0 (33)

z
ri.{=0 34
H 34)
where I has block lower triangular form as
A-ME —-B 0 ‘e 0
* A-XE —-B--- 0
I = .
* * - A-)E -B
and A;, 4 = 1,-- -, p are eigenvalues of F. From (34) we have

the following
Proposition 2 Equation (28) has solutions of (minimum) de-
gree of freedom rp, if and only if

rank(AE — A B) =n, VA€ o(F) (35)

Obviously, Lemma 1 is a particular case of Proposition 2, be-
cause (29) assures (35).

Assume (35) holds, then for system (28) the formerly defined
¥ becomes

B [I,,@A—FT?E —IP®B}

then the set of rp linearly independent solution of equation (28)
can be obtained as

Tp N .
X =3 f‘ch_l(xzvn)
Ci=1

P .
Y= Z .u'i‘/c—l(yza 7')
i=1

where (1 = (u1, -+, ptrp) T are parameters. Each p # 0 corre-
sponds to a non-zero solution.

In the design of Luenberger observer, we have to solve the dual
equation of equation (28) [10]. Precisely, it is

XA-FXE=YC (36)

where A, E € Mpxn, C € Mmpxn, F € Mpy,, with un-
knowns X € My, andY € Mpyxm,.
Using Theorems 2, we can convert equation (36) into the form

[, @ AT—-F®ET -I,9CT") m:o G

where z = V,.(X) and y = V,.(V).

Define X = U~'X and Y = U~'Y. Similar argument as for
Proposition 2 yields the following corollary:

Corollary 3 Equation (36) has solutions of (minimum) degree
of freedom rp, if and only if

AE - A

rank { C

] =n, VAeo(F) (38)

Now assume (38) holds, and the linearly independent solutions
of (37) have the form of (21). Then the set of rp linearly inde-
pendent solutions of (36) are

Xi :V;'_l(xivn) . )
X ) =1,2,---, 39
{Y’ —Vlghm) R
The parameterized solution is

Tp .
X =3 wV, (2%, n)
i=1

5 40)
Y=§#M (y*,m)

4 AN ILLUSTRATIVE EXAMPLE

As an application example, we consider a singular linear sys-
tem [10]

R" R™
S , U € (41)

y=Cz, yeR™

{Ew’ = Az + Bu,
To assure the uniqueness of the solution, we assume (E, A) is a
normal pair (or the system (41) is normal), if there exists s € C
such that

det(sE — A) #0 42)
The system is called R-observable if
rank {SECT A] =n, VseC 43)

The Luenberger observer has the following form

44

2=Fz+Gy+ Su, zeRP
w=Mz+Ny, weR"

The design. purpose is finding parameter matrices F' € My p,
G € Mpym, S € Mpyr, M € M, xp, N € M, ., such that
for a certain K € M, x,, any initial £(0), z(0) and arbitrary
input «(t) we have .

tliglo(Kw(t) —w(t))=0 (45)



We refer to [3] or [10] for the following result.
Theorem 3 Assume system (41) is normal and R-observable.
Then system (44) is a Kz observer, if and only if, there exist
matrices F, T, G, S, M, N satisfying

S=TB

TA-FTE=GC

K=MTE+ NC

Relo(F)] <0 (ie., F is Hurwitz)

(46)

Next, we use the same example in [10] to show how convenient
our approach is. '
Example 1 Consider system (41). Assume

1 00 -5 0 0
E=10 0 1 A={0 1 0
0 0 0 0 0 1
(1 0
C= [(1) (1) g] B=1]0 1
10 0
As in [10], we want to design a Luenberger observer to track
Kz, where )
01 o0
K= [1 0 —1]

F can be any stable matrix. Now following {10], we choose
0 —
r-[r
Consider the second equation of (46) first. Using (37), a
straightforward computation shows that it can be write as

-5 0 0 2 00 -1 0 0 O
0 1 00 00 O -1 0 O
6 0 1 0 20 06 0 0 O H_O
-1 0 0 300 0 0 -1 0]]lgl"
6 0 0 0 10 0 0 0 -1
0 -1 0 0 21 0 0 0 0

“7
where t = V,.(T') and g = V,.(G). We can choose a ¢ and
construct the (n + r)p X (n + r)p matrix ¥ as

(—500200—1000
0 1 0 0 00 0 -1 0 O
0 0 1 0 20 0 0 0 o0
-1 0 0 -3 00 0 0 -1 0
g0 0 0 0 10 0 0 0 -1
0 -1 0 0 21 0 0 0 0
0O 0 0 0 00O O 0 0 1
0 0 0 1 00 O O 0 O
1 0 0 0 00 O O 0 O
(0 0 0 0 01 0 0 0 O]

Then the last four columns of ¥ ~* form the linearly indepen-
dent set of solutions of equation (47):

[0 0 1 o©
2 0 0 1
-2 0 0 O
0 1 0 0
o2 3 ¢t |1 0 0 0
[gl # ¢ ¢ 0o 0o o0 1
0 2 -5 0
2 0 0 1
0 -3 -1 0
(1 0 0 o0

Then .
n-[p 2] m-f 2
n=l oo =l o
6] es[i ]
G3=‘[j 8] G4=[g (1)]

Using (40), the parameterized solutions are

T = [us 2401 + g —2H1]

Hz2 K1 4
Q= |22 5u 2m+ H4]
—3pa — p3 I
It follows that
S =TB= |:/‘L3 2/"'1 +/‘L4]
H2 231

Then we solve the third equation of (46). Denote o = V(M)
and 8 = V,(INV), we have

[ETTT ®I; CT® .[2] [g} = V.(K) (48)
And (48) can be rewrite as

00001 O0O0TO0 0
0 000 O0O1O0O0 1
0 00 0O0O0T1 0] 1 )
00 00O0O0ODO01 [,8} B ) (49)
100 00 O0O0TO0 0
01 0000 O0T O ~1

Its general solution is
0 -1 a1 @ 0 1 1 0]

where a1, az € R are parameters.
Using (4), we have

_ 0 (s 31 _ 01
M—[—l az] N_—l:l O:’

Letpyy = po = 3 =0, ug = 1, @y = az = 0, we have the
particular solution given in [10] as

r=lo o 1] 5=[o o) €=[¢ g

=4 =l

5 CONCLUSION

This paper considered the parameterized solutions of general-
ized Sylvester matrix equation (1). Formulas for parameter-
ized numerical solutions were obtained. Comparing it with
the methods provided in [10], where the general solutions are
parameterized by matrices, the conditions and algorithms
developed in this paper are neater and simpler.



