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Conserved Quantities and One-Step Corrections Method
for Holonomic System”

Shang Mei', Guo Yongxin?, Mei Fengxiang'

1 Faculty of Science, Beijing Institute of Technology, Beijing, 100081
2 Department of Physics, Liaoning University, Shenyang, 110036

Abstract In this paper, a one-step method for conservative quantities is introduced. The
computational method is taking conservative quantities of dynamical systems as
checks on accuracy at end of each time step. The method generalizes the previous
work and one example is analysed to illustrate the method.

Keywords conserved quantities, one-step method, holonomic system

1. Introduction

It is known that not all integrations can be carried out analytically, and numerical
methods become the only way to solve the problem. Dynamical systems are usually
represented as a set of first-order equations. Various computational methods, such as Euler’s

[1], can be used to

method, Runge-Kutta method and many other integration algorithms
accomplish the numerical integration of ordinary differential equations. In this paper, we shall
present a method of taking conservative quantities of dynamical systems as checks on
accuracy. The method generalizes the work of reference [2] and one example is analysed to

illustrate the method.

2. Equation of motion of holonomic system

The standard form of Lagrange’s equation for a holonomic system is

d(aL) oL
— = |-===0 =1,---, 1
dt[aqs] 24, ety i

Suppose the system is not singular, it means that

2
det( 'aL. J:ﬁO
aqsaqk

Therefore, it is always possible to solve for the §s in terms of gs,gs and ¢ If this is

done, the resulting equations of motion are of the form

Y EZ EAREEE4 (10572021, 10472040), i TEMFE HERFAA B TR 5 4:(3040005), HEFEIEA ARG ShAE
(2004527), HE AR (22005-1-21006), L TEH B TERMBIZTIR] (05L155)FHLR I TR HABFF (BIT-UBF-
200507A4206) %5 BT H .

+ ME (1964 - ) , %, BIFPE, Email: Shangmei505@sina.com,
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gs=a,(q:.9t) (s=1--,n) 2)

At this point there are » dynamical equations, which are linear in the n §s. These n

second-order equations are integrated numerically, usually by converting them into 2n
first-order equations.

3. Conserved quantities of mechanical systems

The theory of symmetries and conserved quantities is an important research field in
mathematics and physics, especially in analytical mechanics. After Noether’s work, many
researchers have done lots of works and much important results have been obtained 1. One
can obtain Hojman conserved quantities and Lutzky conserved quantities directly by Lie
symmetries. Noether conserved quantities can be obtained directly by Noether symmetries,
and also it can be deduced indirectly by Lie symmetries. In order to make sense of the paper, .

here we just simply present the Noether symmetry and Lie symmetry. More detailed works can
be referred to reference [3].

Define an infinitesimal transformation of time and generalized coordinates

£ =t+eé(t,9.9)

a, () =a,(1)+ £ (t.4.9)

where ¢ is an infinitesimal real parameter and &,, £, are infinitesimal generator.

3

Noether’s symmetry means that the action of Hamilton’s variational principle is invariant
under an infinitesimal transformation. Noether’s theorem says that if we can find r functions
G* =G”(t,q,4) such that

oL

oL a,
—8750 —*f + é: +( X

qs]éo— (@=1-,r) )

then it will yield » conserved quantities or constants of the motion

BL(

I,=LE+ > £7-G,E6)+ G =const. (a=1,,7) )

Take an infinitesimal transformation of generalized coordinates and time invariant

t =t

©)
a: (1) =a, () + &, (1,4:4)

Lie symmetry means that the differential equations are invariant under an infinitesimal
transformation. The determining equations of (2) under infinitesimal transformation(6) are

dd da da, d

a4d, 9 7
dtdtés aqu" akdzéz" )
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where .
d_2 0 0
F Gl ——
dr or oq, 04,

The generalized Hojman theorem says that if generators & satisfy (7) and if we can
find a function = x(q,q,7) such that

da, d
—Inpu=0 8
2a, T dr u (®)
then it will yield Hojman conserved quantities
1 0 1 8
Iy, =—— +—— = const 9

Conserved quantities or integrals of the motion can be used to check the accuracy of
numerically computed solutions. Integrals of the motion are also particularly effective in
detecting programming errors. '

4. One-step method for mechanical system

The goal of the one-step method is to improve the accuracy of numerical results at end of

each time step. Suppose the conserved quantities of the dynamical system have the form of
1,(q.t)=C; =const. (j=1,--,m). Let @;(q,1)=1;(q,t)-C; =0, then we have

9;(q.1)=0 (j=1-,m) (10)

These equations can be represented as surfaces in configuration space (g-space). The
configuration point P, whose position is given by the »-vector ¢, must move on the

intersections of these surfaces if the equations (10) are satisfied exactly. In general, the values
of the function ¢; will not be exactly zero at end of each step. It needs to be corrected to

zero. The gradient vectors of these functions are
09; 0
Vo, {ﬁ . ‘/’f} (11)
aql aqn
The correction vector A g is written as a linear combination of the gradient vectors. It has

the form

Aq:ZCkV(pk (12)
k=1

In terms of scalar components, we have

6¢k )
) =1,---, 13
; £ 3g, (i n) (13)

where Cs are constants whose values are found from the condition that the correction should
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exactly cancel the function ¢ s errors. Thus we require that

V¢1.Aq=-¢j (j: ,---,m) (14)
or, in detail,,
n m a¢ a¢
& _f_i=—¢. j=Llem (15)
;; ! 0g; 0g; ! ( )

These m equations are solved for the m Cs that are then substituted into (13) to obtain the
individual A g, corrections that are added to the corresponding gs.

Similarly, we can use one-step procedure to correct the velocities in a manner such that
all the ¢@s goes to zero. The gradient in velocity space of ¢ is

. . 9T
. |09, 09
0g, 04,
Choose the velocity vector correction Aq of the form
. m
Ag=) KV, (17)
k=1
where the values of K s are such that
Vo -Ag=—¢;, (j=1-,m) (18)
We can write (17) and (18) more explicitly as
5(/’k .
ZKk (i=1-,n) (19)
k=1 aql
where the K s are obtained by solving
- 6<o 0¢ : .
ZZ v OF 0 =—¢, (J=1,"',M) (20)
i=l k=1 aql

Knowing the values of the K s, one can obtain the velocity corrections from (19).
5. Example

Example 1" Differential equations of rotation of rigid body about a fixed point are
Aoy = (4, — Ay ) wy05 + M,
A0, =(4y — A)) oy + M, 1)
A5 = (A4 — 4y oy @, + M
where A4,,4,,4; are principal moments of inertia, @,®,,w; are projections of angular
velocity on its principal body axis, and M;,M,,M; are external moments of force.

Furthermore, we suppose
M, =kAw,, M,=-kAw, M;=0 (22)
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where k is a constant. Find integrals of the system by Poisson method.

Let
x =4y, X;=40, X3=A4ao (23)
then equations (21) can be expressed in following form
H=tah iy, iy = A A Ty, 3y = Aty x, (24)
243 34 142
We have x7 + x5 + x; = C =const., s0
p=x}+x}+x;-C=0 (25)

It is the integral of energy.
Let x;=q; (i=1:--,3), the one-step corrections are found using

n

scoede__, (26)
o 04; 0g;

Then the C is substituted into (13), we have

—(0@/0qg; -2q.
>.(00/00,)"  .(24;)
i=1 i=1

The velocity corrections are obtained by solving first for the Ks, using equations

3 s . 3 . . ; v

o¢ 0 St . 0 — Ut 99 8349

ZK_?’__?=_¢, ¢’=22‘Ii‘1i, .¢=2‘1i & (9191 + 929> + 93 3)
0g; 04; ) g; 20

i=l i i

Agq

The results are

=K%= (0191 + 924> +Q3q3)_

Ag;
B 0g; @

1

g; (28)

Equations (27) and (28) can be used to improve the accuracy of the numerical results by
adding Agq,Aq to gandgq respectively.
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