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1. The Piezomagnetic Field Associated with the Mogi Model.

By Yoichi SasaI,

Earthquake Research Inatitute.
(Received May 21, 1979)

Summary

An analytical solution can be obtained for the piezomagnetic field
accompanying a strain nucleus of the center of dilatation within
the semi-infinite elastic medium. In voleanology, the problem is
called the Mogi model, which successfully explains surface displace-
menta around a voleano associated with its eruptions. The stress-
induced - magnetization within a uniformly magnetized crustal layer
can be expressed in the form of a linear combination of stress com-
ponents. The convolution integrals representing the piezomagnetic
field are then evaluated by the Fourier transform method. The solu-
tion consists of combination of dipoles and quadrupoles ~at depth.
Especially under appropriate conditions of actual voleanoes, the piezo-
magnetic fleld accompanying the Mogi model is equivalent to that of
a magnetic dipole embedded at the dilating center. The stress-induc-
ed magnetization might be responsible for at least a portion of the
rapid geomagnetic chang iated with eruptions of the Oshima
voleano, Japan, although the dominant long-period variations would
be of thermal origin.

Introduction

A simple mechanical model was introduced by Mocr (1958) to inter-
pret crustal deformations before and after voleanic eruptions. He
adopted a hydrostatically pumped sphere as a model of the magma
reservoir beneath the voleanic body. According to the elasticity theory,
the surface displacements accompanying Mogi’s model are equivalent
to those of an ideslized strain nucleus, namely a center of dilatation
in the semi-infinite elastic medium. The problem had already been
solved by YAMAKAWA (1865), whose results were employed by MoaI
(1968). Observable surface deformations were successfully explained
in some cases with a hydrostatic pressure amounting to a few kilobars
or more (Moc1 1958, FISKE and KINOSHITA 1969). Another force source
of magmatic intrusion type was proposed by Yokoyama (1971) so as
to attain groand deformations more effectively. The distribution of
normal stress across the surface of the source sphere can be repre-
sented by P, of the spherical harmonics in the case of the Mogi
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model, while that of the Yokoyama model is a Pi(cos ) type. As far
a3 ordinary values of mechanical strength are assumed for competent
rocks within volcanoes, a fairly large amount of pressure changes are
necessary even in the case of the Yokoyama model to interpret ob-
served surface displacements. A stress-induced magnetic change is
therefere anticipated, accompanying the voleanie activities.

The piezomagnetic effect of magnetized rocks has been well estab-
lished during the past decades (NAGATA 1970, STACEY and BANERJEE
1974). The basic concept of the stress-induced voleano-magnetic effect
was first proposed by STACEY, BARR and RoBsoN (1965), who caleulated
the piezomagnetic anomaly field due to some particular stress distribu-
tion ground a magma chamber. Their model caleulation seems, how-
ever, to be somewhat inappropriate, because the stress field solution
in the infinite elastic medium was adopted in their work. YUKUTAKE
and TACHINAKA (1967) obtained the piezomagnetic field associated with
a dilating cylinder at a depth parallel to the surface, in which bound-
ary conditions at the surface are properly taken inte account.
Yukutake's model is nothing but a two-dimensional version of the
Mogi model, which might be usefull in case of the fissure eruption.
The piezomagnetic change accompanying the Mogi model itself was
calculated by DAvis {1976). All these model calculations were numeri-
cal ones, with elaborate compu .r'work.

An analytical solution is presented here of the piezomagnetic field
produced by the Mogi model. The situation is limited, to the case of
a point force source in the semi-infinite elastic medium with uniform
magnetization from surface to a depth of Currie point isotherm. Only
the reversible change with respect to the applied stress is conside ed
here (See NAGATA 1970). The method is based on Fourier transforms
of the convolution integrals. Direct suggestions were wiven to the
present work by HaGIWARA (1977), who derived gravity change as-
sociated with the Mogi model by means of Fourier integral transforms.

The final result will be shown to have a very simple form. It is
not intended in this paper to apply the present result to actual field
data. A qualitative comparison will be made in the last section be-
tween two possible causes of the volcano-magnetic effect, namely (a)
stress effect and (b) temperatare effect.

The Stress Field of the Mogi Model

We take the Cartesian and eylindrical egordinate systems as shown

~in Fig. 1, where a semi-infinite elastic body oceupies z = 0. The pro-
blem is to determine the stress field at an arbitrary point in the semi-

infinite elastic medium when a small sphere at (0, 0, D) suffers hydro-
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Fig. 1. Coordinates systems.

static pressure 4P from inside. The displacement field of the present
problem was obtained in a rather classical manner by ANDERSON (1936)
and independently by Yamaxawa (1955), whose solution might be
available to derive the stress field by differentiation. We deal with
the problem here in terms of the Love’s strain function @, which
-i1:isfies the following equation when there is no body foree,

PP - 0 (1)
Fre E F e
ax* ay* oz*
(2)
= & I_!'..i—’—iz a + &

The displacements are given by

0 1 e >
20, = — . =1 . 2pw =] 21— u)pt—
T il = e [(1 24 azJ@ (3

Six components of the stress tensor in the eylindrical coordinates are
derived from the following formulae;

.= G 2 Jo
o= ("V’—i-a——l_@‘;)a
gz roér 1 At
e e = J .
7 &
éwﬁ‘?&z(?) (4)
-1 0 .
. a . 3
= ar (A=) ai: —‘@I
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where v, » and g are Poisson’s ratio and Lame’s constants.

MINDLIN and CHENG (1950) obtained expressions for various types
of strain nuclei in the semi-infinite solid in terms of the Galerkin vector
stress function. The strain function for a center of dilatation placed
at a point (0,0, D) in the semi-infinite medium is given as follows
(MINDLIN and CHENG 1950, See also HacIwara 1977);

_ _ A—pt LRy 22}
rp_c{log(r) 2 R)+3h log e+ D+ R 22 (5)

where

R,=Vr+(D—z}
R=V7T+{D+z) (6)
1'=1/ﬂ:=+y2

The first term corresponds to a strain nucleus at (0, 0, D) in the infinite
medium, while the remainder is the sum of an image nucleus at
(0,0, —D), and the solution of Boussinesq problem for the resultant
normal load. The image nucleus cancels the tangential shear stress,
and the Boussinesq solution nullifies the normal stress at the surface,
respectively. The traction free houndary conditions at the surface
are thus satisfied in the solution (5).

The coefficient C should be determined elsewhere, which indicates
the intensity of the strain nucleus having a dimension of the moment
of force. Consider a small sphere of radius ¢ with its center at (0,
0, D). Taking the spherical coordinates (&, 8, @) centered at (0, 0, D),
the stress components in the spherical coordinates g,p, 4, 0y are re-
lated to those in the cylindrical ones o, 7., o, as follows;

o=k (0.9% 0~ D 20,7 D)

Ou=1 (6, ~ D} 40,420,z D) (1)

am%{ta,--a,)rqz—zina.r[(z—D)*— 1)

Under the assumption that a is small, i.e., a< D, so that R,<R,, the
main contribution to the stress field is that of the first term, @,=
Clog(D—z+R). Substituting @, into equations (4), we have stress
components near the small sphere;
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-3
R
Ri—3(z— Dy
O'¢;=‘-C 23 R:‘ et (8)
3r(D—z)
=——n_ =
ﬂll’ R:
Substituting egs. (8) into (7) and putting R,=a, we obtain
JMZ—:iE; '
Tgy=— RLa ' (9)
Tre=0

Now we assume that the normal stress at the spherical surface is
balanced with the internal hydrostatic pressure 4P (the compressive
force is taken to be positive). With the aid of the first equation in
(9) we obtain

c=%4F o
2
The deriving process of the factor C shows that eq. (10) holds
under the condition that a<D. The internal pressure has sometimes
been discussed on the basis of eq. (10) by assuming some values of
the radius a. 4P and @ are essentially not independent in the Mogi
model, so that the factor C itself seems to have a more direct physical
meaning. The quantity C has a dimension of the moment of force,
indicating the magnitude of the force source within a volcano.
Finally, the stress field components are given as follows by means
of egs. (4);

0,.,=C{-2—— 3(z— Dy + 2(2n +3p) ;I.__3(2+D)(llz+3D) + 30z(zTD)’}
R} R} ?\c;;.u E; R} K]

. ZC{___+>L—3;1 e . ,G(z+D)(pz»—R.D)}
i B Aatp B np R}

_ 1 3(z— Dy 1, 3z+D)bz—D) 30z(z + D)y
“—C TEm YT e TS T -
ou=Cl-git BB R =

_ z2—D  8z+D "10z(z+ Dy
a.,mCSr{ I + B 7 }
g,,.=0
e =0

an
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Stress-induced Magnetization

Magnetic properties of compressed rocks have been studied by
many rock-magnetitians, and are summarized by NaGATA (1970) and
STacey and BANERJEE (1974). The induced magnetization due to the
susceptibility and hard remanent magnetization such as TRM and CRM
vary with the uniaxial compression (¢2>0} in such a way as

g
S ¢ = J. (1—

J Tge (1—30)

Jie— e =y (14- % ,@a) (12)

where the signs // and L indicate the component paraliel and perpendic-
ular to the applied stress respectively, while the subsecript 0 denotes
the value of unstressed state. 5 is called the stress sensitivity having
an order of 107 bar'. Empirical relations (12) are presumed to hold
for the uniaxial tension (¢<0) by theoretical considerations.

Egs. (12) were extended to the general three dimensional case by
STACEY, BARR and RoBsoN (1965). We may resolve the magnetization
J, into orthogonal three components (.J, J,, J;) in directions of prineipal
stresses g, 0, 0, and apply the relations (12) to each component. The
stress-induced magnetization in each direction of the principal axis is
then represented as

AFe,=ad; EL'Lar—*—oi e
(" ) (18)
(2,7, k=12 3. ixj=k)

where {e, €, e;} are the unit vectors in directions of principal stresses
g, &, 7, at & point considered.

We are now to investigate principal stresses of the Mogi model's
stress field. The stress components in egs. (11) can be transformed
into those in the Cartesian coordinates as follows,

G, COSP+0,. sinp, (6,-0.)sinpcosp, o, cosP|
T=|(¢,,—06.Jsinpcosp, 0, sin'p+o.cos’p, o,sing| (14)
g, CO5 P, .. 8ing, o,

Principal stresses are obtained by solving the eigen value equation of
the matrix T, namely

IT—al]=0 (15)

where 1 is the unit matrix. The solutions are given in the following:
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o= d,,-}z-a,. N \/( a',,;o',. )_2+u'i,
O =0y (16)

g,= G'.-r';'ﬂ',, _/W—

We may introduce an orthonormal matrix P, columns of which
consist of eigen vectors of T. P satisfies the matrix equation:

[' a 0 0
P'TP=/0 o, 0 (17
00 g
,from which we obtain the following expression for P.
"'_a"cusqa, —sinp, _%ng;‘
P:gﬁ_&sing), cos @, _ T 8int}’>||
4 - P
(18)
| _f& 1] 0 — 0y
L4 ’ 4
where |
4=v{e,~0, FF0L=V@G,~0, 1o, J

The matrix P defines the transformation of the original Cartesian
coordinates {e., e,, €,} into another set of Cartesian coordinates {e,,
€, €}, whose axes coincide with the principal axes of the stress tensor
T. Direction cosines of ¢, g, and o, axis are then given by components
of the column vector of P. An arbitrary vector J'=(J!, J%, J0) in the
principal axes coordinates le, e, e} is related in a following way to
the vector J=(J,, J,, J.), which is the same vector as J’ but is deseribed
in the original coordinate {e,, ¢,, ¢},

J'=pP'J . (1,

For the convenience of fD]lowing'calcu]ations, we may rewrite eq. (18)
and put

R’I PI yl
Pi=P=|n 4y
L T
b b s ¢
e P Urratnes vV Fre

=l—sing, cosp, o
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| - I
e s b 20
(v Fea®? vEe Y Vi =0

where

S
i, —F g,.,—a
pe Tu=Tu | /( o ")+a§r-
2 A 2

Te=4a,, ¥

We are in a position to obtain the stress-induced magnetization.
Here the horizontal and the vertical magnetization cases will be dealt
with separately.

(1) In the case of Horizontal Magnetization in the x Direction:
we put J=J,e, and substitute it into eq. (19);

Ji =M ey + Ao wey o My 0y (21)

Applying the empirical formulae of piezomagnetism (13) to the ele-
mentary volume dV=dxdydz at a point (z, y, z), we obtain the incre-
ments of magnetization in the principal axis directions as follows,

dM,=BT\J,d Ve, |
AM, =8 T\J,d Ve, (22)
dM,=BTaJ,d Ve,

where
T‘l—_*‘al2 ;‘0'3 —

_0,+4a,
h="5—"-0 (23)

TS"':%_-JG |

With the aid of the following relations derived from eq. (19),

e, =N\e,+ e, +uve,
e =Ne, + e, tve, (24)
;=€ + e, +y.e,

we obtain the toﬁal increment of magnetization dM, at a point as;

AMy=dM,+dM,+dM,=8J,(S,.e,+8.,e, +5,.e)dedydz (25)

where
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S.=MT + AT +MT,
Su = ‘M.F‘1T1 + mTz + )\'sf-‘u Tt (%)
S..=nY, T+ A';z"’sa To4 2, T,y ’
Eq. (25) shows that 8J;S.., efc. are the stress:induced magnetization
in the z, ¥ and z direction respectively for a given horizontal magnet-
ization.
(II) In the case of Vertical Magnelization:
putting J=Jye, in eq. (19), we obtain
Ji=v e +vJ e+ Je, (27)

The incremental magnetizations in the principal axis direction are in
this case as follows,
dM =5Twv.J,dVe,
dM,= 8 Tw,J,d Ve, (28)
dM,= 8Ty Jd Ve,
The total stress-induced magnetization dM, in the vertical magnetiza-
tion case is given by
dM,=pJ.(S..e. +5,,e,+85,.e.)dzdydz (29)
where
See =y Ty + M Ty + g2, Ty
Su=pu T+ FIATN P AV (30)
S =uT +ui T+ 13T,
BJy8.., ete. are the stress-induced magnetization in the ¢,y and z
direction for a given vertical magnetization.
Substituting eqs. (16}, (20) and (23) into (26) and (30), we find each

component of the stress-induced magnetize jon in the form of linear
combinations of stress components:

S..*- (o..+0, —26,?‘)—— G,,— 0, )Co8'P
S..=— E(fr,, — & ,.)8in @ cos @

3
S.=——a,
5 Ter COSP

Su =8,

S:.=-%0"sin¢=

(31
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8,.= %(0.. +0.—20.,) }

It should be emphasized that egs. (31) hold for any axi-symmetric
problems with respeet to the z axis, because these formulae are de-
duced solely on the basis of general symmetric properties of the

stress tensor and ¢,,=0,.=0.

Finally, the stress-induced magnetization for the Mogi model is

given in a concrete form as:
., _ 31 »n+13p 1 3n - 5y 2p z+D
Sp=0 b ———C = J D)
2R 2(zt+p) R} (J\.+,a #t At p ) R
~8#(1_(@-DF atiu L
27 B R oatp R
_(117\.+13p,, A+3p D\z+D +Lﬂz(z+D)’}
Ty rtp )R o
_..9 xy {1 (z—DF »+3ux 1
Sey= = =
v 2 9 {Rg R + Mp R

_(AIa413p ,  A+3p )z+D 10z(z+ D)*
( ot e 2t Aot e b R} + R} }

SXX

(a}
Fig. 2{a). Stress-induced magnetization S, within the N-S meridian plane in
unit of kJ,C/DY. i=# is assumeq.



