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FIELD AND CONSTITUTIVE EQUATIONS FOR A TWO-PHASE MEDIUM
FOR ANALYSIS OF THE BEHAVIOR OF IN-SITU SOIL DEPOSITS
(13

Jean H, Prévost
SUMMARY

Field and constitutive equations for the treatment of s¢il as a two-
rhase medium in boundary value problems are presented, A number of examples
which demonstrate the versatility and accuracy of the proposed formulation
are shown.

IRTRODUCTION

Soil consists of an assemblage of particles with different sizes and
shapes which form a skeleton whose voids are filled with various fluids. In
cases in which some flow of the pore fluids takes place, there is an inter-
action between the skeleton strains and the pore~fiuid flow, The solution
of these problems therefore requires that soil behavior be analyzed by in-
corporating the effects of the flow {transient or steady) of the pore-fluids
through the voids, and thus requires that a meltiphase coentinuum formulation
be available for soils. Such a theory was first developed by Biot [2] for
an elastic porous skeleton. However, it is observed experimentally that the
stress-strain behavior of the soil skeleton is strongly anelastic. An exten-
sion of Biot's theory into the nonlinear anelastic range is therefore neces-
sary in order to aralyze the transient response of soil deposits, Such an
extension [10] of Biot's formulation is adopted herein. In order to relate
the changes in effective stresses carried by the soil skeleton to the skele-
ton rate of deformaticns, a general analytical model [9] which describes the
nonlinear, anisotropic, elastoplastic, stress and strain dependent, stress-
strain-strength properties of the soil skeleton when subjected to complicated
three-dimensional, and in particular to cyelic loading paths [7], is used.
The model's extreme versatility amd accuracy are demonstrated by applying it
to represent the behavior of both cohesive and cohesionless soils under both
drained and undrained, monotonic and cyclic loading conditions. The use of
the proposed formulation for solving boundary value problems is thereafter
illustrated,

FIELD EQUATIONS

For 2 saturated soil consisting of a macroscopically perfect fluid and
a piecewise-linear time-independent porous skeleton wherein both the pore-
fluid and the solid grains are incompressible, the coupled field equations
take the following forms [10],

L} L) -
div[g *ro®aty vs] - div[(pw + P, div vs)1] +

div[D:1%] + p, dtv v¥(b-a") 4 ob = %% 4+ ¥ 3
n- . ws
- div[——-k s(grad p - p b+ p aw)] + div v® = 0 (2}
N \ "] - W Wee W= -
in which w
(1)

Asst, Prof, Civil Eng., Princeton University, Princeton, New Jersey.
i |



1
= = 1 - - - r
Dabed = 7 Ohabac = ag®be = TacSha = belad! (3)
L}
is a tensor arising from geometric changes; 9=9 ° -p _1_ is the total

stress tensor [33]; and the subscript s and w refer te the solid and Fluid
phases, respectively, In Egs. 1 and 2, U'5= effective Cauchy stress tensor;
P, = pore~fluid pressure; gu = velocity of a-phase; Ea = acceleration of
a-phase; gu and fm==symmetric and skew-symmetric parts of the velocity gra-
dient Ea , Tespectively; Ews = permeability tensor; pa==microscopic nass
density of «a-phase; n¥ = porosity; ps = (l-nw)pS HE ps + nwp“ H E = body
force density per unit mass; and a superimposed dot_indicates the material
derivative following the motion of the solid skeleton. In Eg. 1, g:s de-
notes the Jaumann derivative viz.

gos . é's . G's!ws _ ws.c's @)

- - ~ -

CONSTITUTIVE EQUATIONS

The constitutive equations for the solid skeleton are written in one of
the following forms [4]:

=t
s o 5 small deformations
C:d" = 1s 15 s (5)
- gs ., ¢ div v finite deformations
1
C is an {objective) tensor valued function of, possibly, g % and the

abed
deformation gradients, Many nonlinear material models of interest can be put
in the above form {(e.g. all nonlinear elastic materials, and many elasto-

plastic materiais). For soil media [9],

C = E -

HT «+ -

FrrgEy D@D (6)

L =

ip which H' is the plastic modulus] f and g are dimensionless symmetric
second-order tensors, nmormalized in suth a way that f:g =g:g= 1 and such
that P gives the directionof plastic deformations and Q the ovter normal
tp the active yield surface; and E is the fourth-order tensor of elastic

moduli, assumed isotropic for the particular class of material madels imple-
mented., The plastic potential is selected such that, in agreement with
experimental observations, the plastic deviatoric rate of deformation vector
remains normal to the projection of the yield surface onto the deviatoric
stress subspace, i.e.,

P - % (trace P}l Q- %—(trace P = g (7a)



trace P = trace Q + A T%;E%g—%T {Q‘:Q']JS {7b)

in which A is a material parameter which measures the departure from an
associative flow rule. When A=0, P=Q and consequently the E tensor

possesses the major symmetry. The yield function is selected of the follow-
ing form [9)
1
£ = 306 -a:’-0rcfpt-nl - = 0 O)
's 1

. . . . s 's 's
where 4° is the deviatorit stress tensor {i.e. 4" =0 " -p 5, PT= 3

trace o'S ); @ and B are the coordinates of the center of the yield surface
in the"deviatoric stress space and along the hydrostatic stress axis, respec-
tively; k is the size of the yield surface; and C is a material parameter
called the yield surface axis ratic. In order te allow for the adjustment of
the plastic hardening rule to any kind of experimental data, for example, data
obtained from axial or simple shear soil tests, & collection of nested yield
surfaces is used. A plastic modulus is associated with each of the yield
surfaces, and

trace

H' = h' + '{_:}% B! {9)

where h' is the plastic shear modulus and (h® +B') are the plastic bulk
Bpoduli associated with f which are mobilized in consolidation tests upon
loading and unioading, respectively, The projections of the yield surfaces
onto the deviatoric stress subspace thus define regions of constant plastic
shear moduli. For a soil element whose anisotropy initially exhibits rota-
tional symmetry about the y-.axis, a = a = - ayfz and Eq. 8 simplifies to

[[o;r5 - c;sj - a]2 + CZ[p'S - 5)2 - k2 = 0 , (0}

in which a= Saylz. The yield surfaces then plot as ellipses in the axi-
L] 1
summetric stress plane (axs =Uzs} as shown in Fig. 1. Points C and E
on the outer-mest yield surface define the critical state conditions {i.=.,
H' =0) for axial compression and extension loading conditions, respectively
[6). It is assumed that the slopes of the critical state lines OC and OF

remain constant during yielding.

The yield surfaces are allowed to change in size as well as to be trans-
lated by the stress point., Their associsted plastic moduli are also allowed
to vary in and,in general,both k and H' are functioms of the plastic
strain history, They are conveniently teken as functions of invariant mea-
sures of the amount of plastic volumetric strains and/or plastic shear dis-
tortions, respectively [7].

Complete specifigation of the model parameters requires the determination
of (i) the initial positions and sizes of the yield surfaces together with
their associated plastic moduli; (ii) their size and/or plastic modulus
changes as loading proceeds, and finally, (iii) the elastic shear G and
bulk B moduli. The s0il's anisotropy originally develops during its



deposition and subsequent consolidation which, in most practical cases,
occurs uvnder no lateral deformations. In the fellewing, the y-axls is ver-
tical and coincides with the direction of consolidation, and the material's
anisotropy initially exhibits rotational symmetry about the vertical y-axis.
The mode) parameters required to characterize the behavior of any given soil
can then be derived enfirefy from the results of conventional monotonic axial
and cyclic strain-contrclled simple shear soil tests [7-9]. As an illustra-
tion, Tables 1 and 2 give the parameter-values for the Cook's Bayou sand [7]
and the Dramasen clay [1]. These parameters were determined by using sofely
the results of axial compression/extension soil tests, Figs. Z and 3 show
the model predictions for both axial compression and consolidation/swelling
tests, respectively, performed on the Cook's Bayou sand, Figs. 4 and 5 show
the model predicrions for both undrained axial and simple shear tests, re-
spectively, performed on the Drammen clay {in Fig. 5 T, denotes the average
horizontal shear stress measured experimentally). Fig. € shows the model
predictions for cvclic stress- and strain-controlled simple shear and axial
tests performed on the Drammen clay. WNote that the model predictions agree
very well with the experimental test results for all cases.

APPLICATION TO SOLUTION QF BOUNDARY VALUE PROBLEMS

Attention is restricted in the following to "quasi-static" loading
conditions. The finite element formulation of the above governing equations
{Eqs. 1-6} is performed by using the Galerkin procedure (see e.g. Ref, [14]),
The class of constitutive equations assumed leads directly to the definition
of tangent stiffness matrix, A simple backward difference scheme is adopted
for the nweerical time integration [11] in transient analysis. Further, in
order to increase its accuracy, a predictor-corrector type algorithm is used
at each time step (see Ref. 5] for further details). In the following sec-
tions, 2 number of examples are presented which demonstrate the versatility
and accuracy of the proposed formulation in solving boundary value problems
of interest in s0il mechanics,

1. Two-Dimensional Elastoplastic {omsolidation [11]

The finite element mesh and problem description are shown in Fig. 7a, &
rigid permeable strip footing of width 2B is resting on the surface of 2
sovil layer with drainage occurring at the top surface only. The mechanical
properties of the so0il to be considered in this example are shown in Figs, 2
and 3. The model parameter values {Table }) have been normalized by dlvxdlng
them by o, 5 =vertical effective consolndatlon stress. The soil deposit is
assumed to be normally consolidated, and o 2 -Y where =z is the depth
measured from the top surface of the dep051t, and Y ={1--n"}ps « In the
following, n" =0.7, pslp" =2.82, and K3 . 2.10 -6 . The transient response
of the soil deposit under the footing load is dependent upon the rate of load-
ing w, W= ;%'%%’ where Te Evtlsz : Cv .2 usn“LwS/p ; and 1% s
selected to be the initial (at time t=0) shear wodulus at depth Z=B/Z,
(i.e., u5=120,0). At very slow loading rates (i.e., w=+0)} the soil de-
posit's response is fully drained, whereas when the loading rate becomes large
{i.e., w—+=}_  the deposit behaves in an undrained (i.e. constant volume}
fashion, This is illustrated in Fig. 7b which shows the computed load/



settlement cuives for various loading rates. These calculations were
performed by neglecting changes in geometry (i.e. small strains/displgcement),
by including the effects of gravity, and by taking atn = B At -1 with
B=1.1, so that leading could be achieved in 16 steps only,

2. Wave-Offshore Structure-Scil Interaction §12]

In order to make the present study quite specific, attention herein is
concentrated on the behavior of a fully saturated clay foundation for which
the repeated loading resulting from wave forces during one individual storm
1s assumed to occur with no velume change. Furthermore, the foundation
material is assumed to consist of a homogeneous deposit of Drammen clay (Figs.
4-67.

Due to the necessity of working wirhin limited computation budgets, the
problem geometry is transposed into 2-dimensions by assuming that it is of
plane strain. Its 2-dimensional finite representation is shown in Fig. 8a.
The structure foundation is represented by a strip footing which consists of
a thin layer of elements a thousand times stiffer than the supporting soil,
Fig. 8b shows the load system and notation. In addition te the static load
W due to the dead weight of the structure, the foundation is also subjected
to the cyclic inclined eccentric load F due to the wave forces, and Fig. 8¢
shows the time histories for its components V¥, H and M over a complete
cycle of loading. For the purpose of illustration, W/AGu=3.42 4in the
following, where Cu=0,584 ay dencotes the static (unsoftened) undrained
simple shear strength of the cfay. and A the footing area, The computed
load~displacement curves for the first 5 cycles of loading are shown im Fig,
&d, from which the progress of the various deformations ean easily be traced:
¢ and d denote the vertical and horizontal displacements of the center of
the foundation, respectively, and & its tilt.
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A FINITE DIFFERENCE MODEL FOR LIQUEFACTION ANALYSIS

by

Atllla M. Ansnll, All Al Elzaroughiz, Raymond J. Kr#zek3 and Zdenek P, Bszant3

ABSTRACT

The response of a saturated sand deposit to earthquake motions is
dominated by a progressive increase in pere pressure cavsed by the contin-
uous rearrangement of the sand grains during each cyele of loading., This
inerease in peve pressurs caugses A reduction in the shear strength of the
sand and, under cercain conditions, may lead to liguefaction., The analysis
of this phenomenon requires (a) a realistic constictutive law to model the
inelastic nonlinear behavior of the sand, (b) a realistic theory to deter-
mine the pore pressure response for undrained conditiong, and (c} a suitable
mathematical scheme to evaluate the field situation. In the propesed model
2ll three aspects were taken Iinto account by use of an endochronic consti-
tutive relacionship and a two-phase medium concept to describe the pore
pressure behavior. A cne-dimensiona]l finite difference scheme 1a formulated
te wmodel shear wave propagaticn for the seil conditions that prevail in
¥ilgata, Japan, where liguefaction was observed during the 1964 earthquake.
Using the zame soil and site conditieons, the governing equations for the
propagation of compression waves are developed and the effects of vertical
excitations is investigated for free and mass boundary conditions on the
surface of the sand deposit.

INTRODUCTION

Virtually all studies performed during the last decade or two to
investigate the liquefsction of sands have reaulted in analytical procedures
which are largely empirfcal in nature and based primarily on laboratory
observations, Although some of the analybical methods that have been
developed are hased on constitubtive laws, even these models do not
adequately describe the nonlinewr inelastic behavior of saturated sands
under cyclic loading, The purpose of this study is to evaluate the
capabilities of a new liquefaction model based oo an endochronle constitu-
tive law. The mathematical approach originated in the cheary of visco-
plasticity, and the inelastic response iz described in terms of a state
varizble called intrinsic time. This variable is defined semi-empirically
by taking microatructural changes into consideration in = macroscopic way.
The two-phase medium concept (Bilot, 1956) is incorporated into the formu-
lation to account for the pore pressure behavior; in this approach a
saturated sand element 1g assumed ta consist of twe interacting portiocns
of contirmuum materials, a salid phase (grain structure) and a fluid phase
{pore water). The model is capable of accounting for the hysteretic
nonlinear shear behavior, as well as dengification and pore presaure
tesponse, of a saturated sang subjected to cyclic leoading., A one-
dimensional finite difference scheme based on shear wave propagation L=
developed to evaluate the susceptibility of sand deposits to liguefaction,
The model 1s then applied to the site conditions in Niigata, Japan, where
liquefaction was observed during the 1964 earthguake, The effect of
vertical excitations on the behavior of eand is investigated Eor two
different boundary conditions, an unloaded boundary and one where a
distributed load is applied ro the surface.
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CORSTITUTIVE MODEL

Endochronfc copstitutive relationships have been used successfully to
model the streps-strain behaviar of cencrete (Bazant and Bhat, 1976), dry
gand {Cuellar at al, 1977), and clays {Ansal, Bazant, and Xrizek, 1979}.
The formulation used in this investigation is similar to that propobed by
Cuellar et al {1977) end Elzaroughi et al (197¢). Based on the assumption
of jsotropy, the stress-strain relsations for a single phase mediwn can be
expressed in terms of deviatoric and volumetric components &8

da s
SR R §
deij 35 T 3¢ dz {1}
&,
Yk
d'kk = I + 3d) ) {2)

whare Sk is the volumetric mtrain, LR is the volumetric stress,
eij - lij - Gij'kk is the deviatoric strain, 313' “13 - aijukk is the.
deviatoric stress, G and ¥ gre the shear and bulk moduli of the soil
structure, respectively, Z is an intrinsic time parameter that accounts for
the inelastic response in the devistoric gcress-scrain behavior, and X is &
parameter that represents the inelastic volumetric strain. Assuming that-
inslastic strains develop gradually from the vary beginning of tha stress
path, tha fntrinsic time increment, dZ, cam be written as

‘iz - dg/z, o -
g = dn/eem (4)
an = Ple,3) o€ (5)
A ©

The variable [, called the rearrangement measure, reflects the effects
of the accumulated rearrangement of grain conffgurations on a macrescople
scale; snalytically it Le composed of a strain softeming function, Fe.g),
and & straln haxdening function, £{1). The variable §, called the diator-
tion measure, depends only om the deviatoric strain, «s shown by Bazant and
Bhat (1976), where Jz(d:) is the second invariant of the deviatoric atraim

inerament. The incremeat of inelastic volumetric atrain, di, is defined
{Cuellar ot al, 1877} as

dah = AK/C(K) L e)]

de = C(e, ) 4§ (8)

where K ia the densification measure and C(K) 1is the densification-
hardening function. Siace the inelastic volumetric strain defined in
Bquation {7} im assumed to ba due only to shear straina, the densification
measure incremant, di, is dependent on the diacortion measure increment, of.

Although the constitutive relations given in Equations (3), (4}, (5),
(7), and (B) were developed by Cuellar et al (1977) based on data from
strain-controlled cyclic asimple shear teats on dry sand, Elzarcughi et al
(15979) have shown that this mode) with few modificaticns alsc vields
realiatic results for the cyclic behavior of saturated sanda. TIn dealing
with saturated pands, however, it appeara move logical to treat the soll as
a two-phase medium composed of water and a solid akeleton; in this way the
interaction between the two phases can be taken into account through the
volumetric inelastic strain relation by introducing a conpling parsmetar to
link the separate behaviors of the solid skeleton and the pore Fluid,
Blzaroughi et al (1979) showed that the two-phase medium formulation
suggested by Bazant and Krirek (1975) leads to a realfstic model when used
in conjunction with endochronle stress-etrain velations.
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