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Approximation by Cesiro combination of *.

Febert's pclynomials on the continuum having fajr-
ly smootk Ptoundary
R - S
Kien-Kwong, CHEN.

( Yenr Husnp-ry: )

1.1. TERMINOLOGY, Denote by 1/ (s) the angle
of the tangent at the point Z=2(s) of a plane
curve /[’ with the arc length .S, making with the

real axis. Writing
i o N -
w (4 T(82) = wiar sy =afls),
] Ed
! . 1 N
jo-aist

the curve ! is said to be fairly smooth, if the

Tuction 1[ log “tl , w (1,2075)) 15 integrable on
L

- . - < - 2 L a
O = % == 1 ., & bownded continurm X in the

0

plane is said %o be oprainary, when the boundary
F of K ig = Tairly smootin 2losed Jordan curve.
Let X(v) be differentiable on M and be
such that, for any §& == 0, the inequality
l X.(U’)/"‘ X(V)_ X’(V) <7 £
| v i

holds for v'and v satiefying |u v <d,d-9(®
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then we say that X v is the uniform derivative
of X(W)en M.

Associating to an ordinary continuum K ’

we have a sequence of Faberts polynomials""'
@o(z), S(Z),. ... 1¢ F(Z) 1s absolutely
integrable cn the boundary /[’ of A , then we
have the Iaber's series

Flz) ~ By B (8

with the Faber's cceificients

/ . ‘r' ‘/’ L ,/ ./ /'I: ) )
! oM R - . - /1 g ’
AL {/Zb:'_ . s
' ) ) '. ' - . sz ; LA))
where the Ifuwnction A — Wlw) with =L 5 ¢
; C /

%Y
(Uf—> oo) maps ] w; > £ onto the zomplemenwy
! 7

domain of X .

we write (7, = (r4)(r+4) - {r+n)/n !
(:V)n__% U, /(7\),2 (7” -,
7 N Y

: y s :
/, - +) the Cesaro cor Linations of the seqguencs

end c¢21l the sums

Wil |l

{‘/k} 'with the order 7.

The moduilus of continuity L 2 conbiruvous

] oo Ny - e - H . - 2
funchbion A (v) defining on M w- 1l be denoted

by

D W S B LI L S AN 014 ASs e e

# [2] V.88 Li—li.6
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w(txwN = wmex X () =XW) |
(v-rl=t
which is lncreasing in A . We call

R w'(T,x) o w'(T,x)
A 2222 and e Rl e
A b L e to0 1" witn

respectively the upper index and the lower index

aF X (). Tt should he cbeserved that X (V) 3g
reduced to a coastant wihen and only when the upper
‘ndexz of X (V)is greater than unity, and that the

ower Irdex is

,2« RE3SJM®E. The purpose of tng present peper iz

«

.0 study the degrec.of approximation when ths unis
sorm derivative f(z)ef a bounded function on an
o-dinary domain /) the kernel of the ordinary coa-
tinuum K. .1s approachied by Ceshiro meauns of the
Fiber's series of 7#(#). The resvlts obtained w2
. stated as follows.

The function ;f(ﬁ)possesses iimeing bounda. v
raluos ab each roint of /' , and wherewith ¢
hecomes a corbinucus runction on the continuum

~

N = I+ /7. (Theorem 127.



L:t X and /3 denote the upver index

ae the lower index of ;f(Z)r@spectively, and lei

/\,\5{, 35/}\ Suppose cither d <4 or ﬁ'}O

Fz,

- | ] i -117 . )

e oML T8 ) 3T (1, e BB,
=0

7 Y 4 1
EMes f)~f(2>\ S Cw (5570 F)
if 7 >0 , where ( is independent
If a=1,

20lds on A ,
of m and Z{Theorem 1l and Theorem 16).

then
| on (2.0) f&|< ColGhi £ 4og 55,

Theorem 15)

Ir-particula»,. we sec that TrofL i
A (0 <o < I') implics
r~ - )
(2 #) = d(zy = /) 0(—-
OJ?,L A, 2 b) o N r{cﬁ‘

This i reduced to a thsorsn of Alper, when -
The wrool’s ol these tneoiswms of rproalmabior

sollowing fundamental inequalicy

7 ) n y
f(g);;Z <, g’%(zs)gé B!J’(l[f(co)) %fcéw ’[
£

depending only upon thc nasure of

# | 1] Theorem 3.

&re bassa upcen the

the boundary /7 ;
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Cp»Crr++Cxq being arblirery constants.

To establish the fcmda»wen*-“l incquality, we
nave proved that &) /’l' 71/’(9 '[” SLER s )
(Uheorem 11). This demands to improve a Hhoorem
o fardy and Littlewood[5 | concerning (32)¢
rp (3| < 1) 1into tie following form:

Let 7/(2) be regular in IZ; , and be| continuous
on ;Z / < [ with the modulus of continuvity w(%),
If the upper index d of ?{Z)is less than unity,

then

&[0

Ty W (r- 7)

| ACIES

with 5~ f5f<ﬂgand If A ==1 , then

/

| 9 (a)l t—’f w i) tog —1 .
e
Conversciy, if
A(/-1)

l%u’;)l( D'"*/”"_"P /
then «w(4) < $AH (Theorem 8).
Setting 64 = ak (?”)ﬂ_,(/(r),“ we have to

’

estimate

&
j( (W) ~ Z a, (7), 4 W/(r),1
on the circumference ’w’ :;/_ﬂ, This is achieved by
-5 .



establishing the coripespondling propasitloas on the
Fourler series of continuous functions of a real
variable (Theorem 1 and Theorem 2) - Thence we
obtain the degree of approximation of 0‘7{(3, f)—j(z),
as stated above. By the way, we give a2 new cri-
terion of uniform convergence for the Fourler

series (Theorem 3)

II. The Fourier series of continuocus

founctions.

5.1. APPROXIMATTON BY CESARO'S MEANS. A matrix

(f;w,/@m,.n., ﬁm) (n=201-.)

satisfying thevfollowing two conditions

Aom L, =1 (=01 --)

N 00
and

7n /wlﬁa*’zi fugoos AL |4 <K
g =/

is called of the type (A)* . A class of matriccs
of the type (A) is given by

ot = Dtk r>0 k=01 nin=0s)

(™)p -
®cr. [8] V. §5.
-6 -




The condition ZZ& — /(7 —100) 15 cvidently sabls-
fied. 'The condition on thce boundedness of the in=

tegrals of )0 .24_\ f A #13 well-known, and
no nhk
#=1
can also be verified by the following
LEMMA 1. Write

kI =3 Dt o A2

(r)n

A=
and 1et—-§££<t’<’l)thonfor n >0, r>0,
KV(’(’)" r(zn+7r-1) , (M)~ F A7)

\ - _ > Zi \ _{: r+/
z{ntr)(ntr-)en” 3 (7), (29 )

-‘)L 3}:41' ]

At rlanir-) ‘“% A W;)H
TE T 2(ner)(nir-) PEE S vf’t (1, ) o )

+ ;?’/t-i-l !

where nrr-rb-f_‘z!'*:z/‘?", ]on and 0, &re both

numerically less than an absolute constant. If

7° < 3, then these equations hold true in O0<I<T,
,;ni/(” £
PROOF. The function Z(My 4t 7K () 15 the

- - %
imaginary part of £ ° ) (7 —/)K Z with

Abel's transformation givces



7
- (-l Nl ! <> #
I LR P R
f: & ” /-2 “7%—0 ”
IR Z%;?
- /-5 h /*Z)
J r‘ﬁ;, T"IQ
Vi ol (s
-2 42,
Hence we have
KV “ P an+27r~i)
. (J /l pany e e i — DZ /c ——— —-/—~
L(n f)/?’"ff /),azw’ h
4441(74 - /77‘) S (1)
+1 -
(r (ﬂﬂﬂi 7 ny i
for )7 <3 Indeod, the lmaginary purt of
n-‘n—i ,.:_VL } "“1
_/_'\7‘_”_________ o 7% e -7 ‘
T P (r3) 2= //—;o —

(/-%) A=0 % _(/v‘,_z,) Z(”” )7€ /?“i’t-;

is equal to A=t
e ('?f’f“‘“;:z/‘ﬁ-’_‘_w + /iz(?‘ﬂf)

TN 3 74
(1 Sy ) 7
where % ,
3.4 -7
f(rt)—':—‘ﬁ“f'(“‘{' { p Z(?" 3) }
Ay (-8 .
: r-3). .7
-which is numerically less than -lf(g—)"’(—z—)-?‘-ﬂ——’(lo.
v
n

If 3<7r<m™M+*|  then we write

-8 -



lgn;(r—l)ﬁz& _

Z sl AE

p— ~Zv == IT/nz' -3’ ” ‘Z'Mw {1- #] v
. / ..;4 ‘;J ’.. . -
L (1-#) p =34 )

The absolutc vaiue of the last term is loss than

,Z(?"—ﬁﬂi._ff)ﬂﬂ“ = &(/”3)21“

.4 Wt 3
(2 4+ Z) - 4
_ 0 7 ~Y
i il = 7 ,ond the sun S ,’/)n (1- %) is
el

_,
2 - R T hs T o . s -/ L =5 .
marericalily loss oo L7 -0 A when #7 >a 7

It folleows that

L w ”}’/u/)(r-«z) 5
' [ T < - = R
l fntr’ )l A7), (ﬁﬁj/ﬁr'* P ntr-z)

We have thus established the first pare of thoe
lermm& . The later part is cobtained by dirfercntia-~
tion,*

We can now prove the following

THEOREM 1. Let
S 844, 4 n6}
?(9)'\/1-[-0(0-%”% {dnmn o

be the Fouries series of the continuous function

-y e g e

Qe



j/(ﬁ) with the upper index A thoen, on writing
ZOLD: AQ 7 An

the Ceshiro means

a, (6,9)= i Tn-4 A (8) (7>0)

= A, mneEo _,L/jn g wfd (> 0),

(7,
satisfy _
| . C?Z 0)
| O (1 IR R 7)

provided that of < f. 17 0(_,.—_—;/) then

N R .
U,,r (6.%) - 400" C w \ =14 4eg (4],

A

the factor 1s not allcwed to be ovmitted.

Proof. Writing ) ()= 4 ((9”1) "”ﬂ‘ =7 )-;(f./&);we
have
a7 (6,9) - 4(8) = -,,-{:~_/7/(t)/r,f‘ () 41 .

In virtue of ; Y (t) j /;Z Ozw({g) and , K:({)lgazn

we sce that the integral
zzr

— ! » f' r
Li== | YK, (1) A
han - TN a0 LR
is numerically less than —-gZw ( 7 )oZ?Z 7

In fact; owing to the product o «'(7) is incroeas-
ing in A s We have

Zhw(F) =5 @)

wheh y'm < 7 and otherwise it is less than
)

w10 -
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Iq
{/Lﬂ-/* ./\c"
n+d ) o { FRRS

4,
denee, doncte greatcr of —g—
we have

)1,' C/(r)aJ( — LY.
Write

Kl t) =t (1) = 7 (1)

with ,

KD =A,0)+ 77t)

we have
e fﬁ; gm(n - Landt

*Z: i ‘r)é ({)ﬁ = - .';:‘ //{# 71) r Al

AR Oﬂ'ian/;1~ﬂ\?,#
2 i "'“’A>7L L2 Tiy i
/

Y (47 M(ﬂ" gl




ihe integeal ',,4 1 numorlcal.y icss than
Z I ’/T - ‘T—’ /
7l L i < T ip mof.!
e G o 77 —_ .' — + — ) = I (rio ))
-rf )»;. J‘ » + M o /’ E’ 17,(,) 7i ! nr( o (;"L i
she constant (. {(7) @& ponde onl. upon V.
Clearly, o
= =1
{ gy T n " ~-r
11"'\<—~-zw(7r) zom( *t 5 =< Gmn
AN (0 et

On account of

e ~1=7 :
ond | o] = D),
r

2 A

ve sce that

N
Cen 7 wiled) 4+

b
i<t ——- i e e
i ARy /pa L4 s
. ’
Cq( ; /L
7, R d
-~ ! )
A N R s
AT "Dy !r\Cj(r)w;\,,,
o s
besause w{{}i7" is decrcasing in L. Finally,

the integral £1,-1,-1,-1," is numericelly less

than
/4
i n AL /
Pl — C () el B
71/“‘75*![“}(%7‘ Y)(r)n(id;n Lyr < (%)

Thercfsme we obtain

- 12 -



14| L€ (G G+ G+ (e (4)

1his result holds sced for A =</ . We have to

consider the integra
1 = _L/ Ny
3 /8 . }/( / 7;4(/[)”%

Whose numerical value 1s less than a constant
multiple of

L [T _w(t)
*n_/’:n /t‘z a%

by respecting Lemma 1.
If the index ({ is less than unity, then
there is a positive number £ such thatd+&</,

so that the function 7 % ¢ (Z) 1is decreas-

in 7, as
_@'(¢)
< a+é.
)
Accordingly, we have
a(l) A
Jen “7 2
. ”
T w) aa 0 \AAHE n .Jf
AR N e ]
/rz t‘**f» t“““i _ r1r) ( n )_7:1& t:—¢~e<
n n

< ma (7)o (22

-13 -



Letting ¢ — (0 ,_ we obtain

1] = 4 —
J / =k (7,71.)&

W(%mea(‘Z%ﬁ)

Thereforc

C .
111*12*13’< T “{ )

In gencral, we have
>

.7 ) . s N
2! OU“’L) at < g-“/(f” { [I A P ( A
% e e e el L (T Ao
)1 oo L O O /] P .
'Vi ’ T = A _7:1.
Henee the reletion
P - &l . 4 'I 5 ¢ - Ay
Fad, i<t Coopwlsg) 4641 (o > )
e B St B T - /

217

holds ftrue vnl rersally.
The lmportaunce of the factor log (#4/) w1y bhe

seen from the continuous evoen fu.ction

TS SNy e i {, s " pm———
, wo have @ (£ 4] = ‘/Voj ;o Tt
foilows from the forngﬂjng proot khat
e /)) - L7 =
o , (0) ~ F(0)
Y {@ntr-y)
aé(h*”‘) (n+r-/)

3~
.

2
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