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b. simple joint for models
Fig. 1

Fig. 2 Finite slement model for plates of unequal thickness

given an initial gap of zero magnitude, which resembles the
case of contact without preload. Then the load on the bolt and
joint was developed by introducing axial displacement at the
bolt end. From several sclutions with different fixed reference
conditions, the nodes along the inside surface of the nut was
selected as a fixed reference in the y direction. This condition
give similar distributions for the bearing loads under both
boli-head and nut, thus approaching symmetry and sim-
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plifying the real conglitions. Thﬁi retaining the basic clements
of the problem while redpcing the complexities as much as

possible.

Computations are iterative-and the convergence was ob-
tained when the conditions of the interface elements remain
unchanged for the last two successive iterations. The material
properiies for the joint elements, bolt, plates and nut used in
the analysis sir¢-as follows:

Modulus of elasticity E = 21 » 10*MN/mm?

Poissons ratio = 0.265
Density = 7800 Kg/m’
Cocfficient of flriction

for the interface-elements = 0.75
"Results and Discussion

Computations were performed for joints with total
thickness 50mm and plate thickness of: 5 — 48, 12.5 - 37.5,
20 —30, 25 —25 mms, which corresponds to’ plate thickness
ratio of 9, 3, 1.5, 1, 0.67, 0.33, and 0.11. The plate diameter
{D) is 125 mms and diameter of bolt(d) 25mms, D/d = 5.

Fig. 3 shows the load distribution on the surface, mid
plane, and on interface for the two plates of the joint at
various thickness ratio. The maximum load value occurs at’
the bolt-joint interface urider the bearing area of bolt-head.
The maximum moves towards the end bolt head as we ap-
proach the contact zone or the interface of the joint plates.
Whatever the thickness ratio a constant load value occurs
across the joint of the end of bolt-head, slight diferences are
noticed between distributions occurred on thin and thick
plates of each joint.

For comparison purpoges, surface, mid plane and interface
loads for various thickness ratio are shown in Figs. 4, 5 and 6.
The load distribution on' the surface is not constant nor
uniform as assumed by many workets [1-5]. On mid-plane or
interface the end of load occurs at longer radius as the
thickness ratio increases. The radius of separation at the
contact zone increases with the plate thickness, then
decreases.

Fig. 7 summarizes the effect of plate thickness ratio on the
end of load at the surface mid plane and interface. On in-
terface the end of load-opening position is greatly affected by
the thickmess ratio. Opening position or separation radii
increases with the increase in L,/L, and reaches to its
maximum value of D/d = 3.5at L,/L, = 1 then decreases
rapidly to approach a constant value of 2.5 for L, /L, = 10.
This result is of considerable importance for design purposes.

Fig. 8, demonstrates that the thickness of the joint plate
alone, has also a pronounced ¢ffect on the end of load con-
dition. The end of load radii increases with the increase in
thickness to diameter ratio (L, /). Stresses at the surface, mid
plane and interface are shown in Figs. 9, 10 and 11, The stress
distribution on the interface is similar to that found recently
by Gould and Mikic {1]. The maximum stress value is twice
the average value on the bearing area of the bolt-head. Fig.
12, summarized effect of plate thickness ratio on the
maximum stress. Generally the maximum stress increases as
the thickness ratio increases. At the end close to the interface,
the maximum stress decreases with the thickness ratio to reach
its lower vatueat L, /L, = 1,

This result is very useful in design, thus an optimum design
of bolted joint is achieved primarly by taking joint plates of
equal thickness, in which the desired loading is obtained
accompanied by minimum stresses and large opening con-
dition.

Fig. 13 shows the effort area-boundary of end of loading
across the joint-thickness for various thickness ratio. It is
clear that the effort area increases with the increase in
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thickness ratio to reach its maximum value on solid plate
having the same thickness of both plates. This result indicates
that presumed assumption that the force is transmitted from
the bolt-head and nut to the joint parts along cones of in-
fluence [9, 10] will be subiect to serious errors. Further work
is required to find more acceptable representations.

Conclusion

It is clear from results that the load as well as the stress or
pressure distribution under bolt-head or nut are not constant
nor uniform. Whatever the thickness ratio of the two plates
L,/L,, constant load and stress are occurred across the joint
under the bolit-head end. The maximum stress on interface
decreases with increase in thickness ratio reaches its lowest
valueat L /L, = 1.

End of loading on surface or at mid plane increases with the
increase in thickness ratio, and tends to approach a constant
value at L /L, 10. On interface, the opening position
represented by separation radii increases with increase in
thickness ratio L, /L, and reaches to its maximum value of
3.5 at L,/L; = 1 then decreases rapidly to approach a
constant value of 2.5 for L,/L, = 10. Also the thickness of
the thinest plate L, has a pronounced effect on the opening
position.

The effort area - boundary of end of loadings across joint
increases with the increase in thickness ratio to reach its

Journal of Mechanical Design

maximum value for a solid plate having the same thickness of
bolt plates, hence, presumed assumption that the force is
transmitted from the bolt-head to joint parts along cones of
influence is no more acceptable.
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@I STRAIGHT CYLINDER (B DEFLECTED CYLINDER
Fig.1 Crookednexs angle .

In conventional finite elernent analysis, the displacement
characteristics are assumed and the accuracy of the solution
improves with a reduction in element size. However, in the
present study, because the force-displacement characteristics
are derived from the differential equations governing the
bending of beams subjected to axial and lateral loads, the
minimum number of elements necessary to represent the
geometry of the hydraulic cylinder give an accurate solution.

Assamptions, The assumptions used in the development of
the analysis are as follows:

(1) All materials are linearly elastic, isotropic, and
homogeneous.

(2) Deflections are small compared to the length of the
cylinder.

(3) The axes of the cylinder and the rod are co-linear before
loading.

(4) The rod is fully extended but the piston is not in contact
with the stuffing box.

{5) The length of the stuffing box is small compared to the
length of the cylinder.

{6) The rod and cylinder portions comprising the interface
remain straight.

{7) The bearings and seals at the sliding connection can be
replaced by piecewise linear springs.

) % © iyl veevag tWmo JY

= e
€0 HYDRAULIC CYLINDER

w Wt WiWaop  Waop A
arrroar i ey
. c ]
g,_L_I_I_l__@ = X
Eq In

€. Ie

(B FANITE ELEMENT MODEL
Flg.2 Analytical modal

(8) There is no axial force transfer through friction in
cither the piston head or the stuffing box bearings.

(9) Cylinder supports can be anywhere along the length of
the cylinder. However, the sliding connection must be bei-
ween the cylinder and the rod supports.

(10) The system is not subjected to torsion.

Analytical Model

The assumptions discussed above permit the hydraulic
cylinder to be modeled as shown in Fig. 2(a). Point € is the
location at which the cylinder and the rod axis intersect when
the cylinder is in a deflated position. The portion of the
system to the left of C is considered to possess the charac-
teristics of the cylinder portion and that to the right is treated
as a part of the rod. The self-weight is assumed to act in the
negative Y direction. The bearings and seals in the gland
region are modeled as linear springs as described in {1].

The supports at the end of the cylinder can either be pinned
(permit free rotation about the Y or Z axes) or fixed. For
iltustrative purposes only two supports have been shown in
Fig. 2(a). However, any number of supports can be included
in the analysis.

The finite element model shown in Fig, 2(5) represents the
cylinder shown in Fig. 2(¢). The cylinder and the rod are

Nomenclature
A = area of cross section
{C] = crookedness angle matrix (V,)} = shear force along Y axis at the jth node of ith
E, = modulus of elasticity of cylinder material element
Ep = modulus of elasticity of rod material (¥;)i = shear force along Z axis at the jth node of ith
€, = eccentricity at cylinder end along Y axis element ' '
e, = eccentricity at cylinder end along Z axis (v} j = translation along the ¥ axis at the jth node of
€, = eccentricity at rod end along ¥ axis ith element
€, = eccentricity at rod end along Z axis (w)i = translation along Z axis at the jth node of the
[F1' = nodal force matrix : ith element
= moment of inertia of the elemen w, = weight of cylinder/unit length
[K]* = stiffness matrix of element Wy = weight of piston head/unit length
KiK:K7K% = partioned submatrices of element g W,s = weight of rod/unit length
£ = length of the element w,, = weight of stuffing box/unit length
M,, = moment at the rod end about Y axis X, Y, Z = direction of the coordinate axes
M, = moment at the rod end about Z axis 8, = crookedness angle in the bending plane
M., = moment at the cylinder end about Y axis g} = rotation about Y axis at the jth node of the
M, = moment at the cylinder about Z axis _ — < ‘ith clement
{M,); = moment about Y axis at the jth node of the p. = component of crookedness angle along Z
“ith element ¥ axis
(M;): = moment about Z axis at the jth node of the B, = rotation about Z axis at the jth node of the
" ith element ith element
P = axialload in the ¢lement #. = component of the ctookedness angle along ¥
R, 8, T = stiffness coefficients axis

Transactlons of the ASME
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b)Y EQUIVALENT SYSTEM OF FORCES
; Fig.3 Equivalentforce aystem

treated as one~limensional space frame elements. The effect
of the crookedness angle is taken into account by introducing
a rotary spring at point C.

Method of Analysls. The present study includes the analysis
of hydraulic cylinders subjected to axial loads acting at ar-
bitrary eccentricities, as shown in Fig. 3(a). For the purposes
of analysis the eccentric load is replaced by an eguivalent
system of axial load P and moments M”, My, M,J,, and

M. asshownin Fig.3(d).

* As discussed earlier, the model of the hydraulic cylinder is a
stepped beam-column composed of space frame elements with
a flexible joint at the sliding connection.. Each mnode of the
model has four degrees of freedom, restraint conditions, and
forces. - The sliding connection of the hydraulic cylinder is
modeled as a combination of a cylinder element and a rod
tloment separated.by a fictitious rotary spring,

To begin the solution procedure, an initial value or the
crookedness angle is estimated. In the case of nonvertical
cylinders the initial crookedness angle is due to the self-weight
moments, and in verticaleylinders an initial value is assumesd.
The crookedness angle so determined may be in an arbitrary
bending plane and is resolved into components about the ¥
and Z axes, The crookedness angle produces additional forces
at the gland and, hence, additional deflection. Consequently,
due to the interaction of the axial load with the defiettion, the
moment distribution along the hydraulic cylinder length and
the moment acting at the gland are changed. The moments at
the gland so calculated will be about reference axes Y and 2.
These mioments are added vectorially to determine the in-
terface moment in the bending plane dnd a new estimate of the
resultant crookedness angle is calculated. The process is
continved uritil values of the crookedness angle, obtainéd
from successive iterations, agree 1o a prescriberd tolerance,

After a constant value of the crookedness angle is-obtained
from successive iterations, tbe maximum stresses and
deflections in the cylinder and the rod are calculated and
compared with prescribed limiting values, If the calculated
stresses are below the limiting values, the axial load is in-
cremented until limiting conditions are reached.

Thus the process involves a dual iterative approach to
calculate a constant value of crookedness angle for a par-
ticular axial load and to find the value of the axial load at
which the stresses and deflections are very close to the
telerabile limits.

Joumal ot Mechanicat Design
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Fig.4 Forces and displacements In s beam alsment

Element Stiffness Matrix

The model of the cylinder is an assemblage of space frare
clements, and conventional matrix analysis techniques are
applied to determine the displacements and foroes in the
model.

Fig. 4(a} shows the forces acting on & single element of the
structure. V, and ¥V, are shear forces in the Y and Z direc-
tions. M, and M, are moments about the Y and Z axes,
respecuvely Fig. 4(b) shows the displacementis v and w in the
Y, Z directions, along with the rotations p and § about the ¥
and Z axes, reSpecuvely The subscripts in the figure
correspond to the node numbers and the superscripts
correspond to the element numbers, The force-displacement
relation for an element is given by

(F)'= Kl tu}' + (FEM) m
where
{F) = nodal force matrix;
{#} = nodal displacement matrix;
[K] = stiffness matrix of a space frame element
considering the nonlinear effects of axial load.
[FEM} = fixed end moments.

The equation (1} is expressed in matrix form as shown in Fig.
5 (equation 3). -

The stiffness coefﬁcacms areinterms of R, §, T, and C
where

= xa+on
4Kl @
T=— [zx(1+c')— ?]

4ES
«(F) | @
which are in terms of

PL?
¢2 =

El

Ix2
472 ~ gt

K=

C=ﬁ
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Flg.7 Forces acting atthe gland

the stuffing box and the rod as well as the lengths of the piston
head, the stuffing box, and the sliding connection.

With an increase in the load, the moment at the gland in-
creases and a second contact point may occur, The
crookedness angle becomes constant after the occurrence of
two contact points. Depending upon the configuration of the
sliding connection, pairs of contact points may occur in three
different combinations, such as the outside and inside edges
of the stuffing box, the front edge of the piston head and the
stuffing box, or the front and back edges of the piston.

Constraint Equations at the Gland

A simple finite element model of the hydrautic cylinder is
shown in Fig. 6. Elements | and 4 represent the cylinder and

Determination of the Crookedness Angle

As discussed earlier, the crookedness angle reduces the load
carrying capacity of the hydraulic cylinder;  hence, it is
necessary to understand the moment-crockedness angle
relationship at the sliding connection. In the present study, the
crookedness -angle relationship is based on the method
followed by Seshasai [1].

The crookedness angle is a function of the material
properties of the bearings and seals and the geometry of the
interface. As the cylinder deflects, the moment at the gland as
well as the lateral forces acting on the bearings and seals
increase. Because of the lateral forces, the seals and bearings
are compressed and a crookedness angle develops at the
sliding connection.

With an increase in the gland moment, a contact point may
occur ejther at the fromt edge of the piston head or at the
outside edge of the stuffing box, at which time the
reiationship between the moment and the crookedness angle
changes. The contact point introduces a kinematic constraint
and a latera! force is developed at the point of contact. The
occurrence of the contact point is dependent upon clearances
between the piston head and the cylinder wall, and between

4

the rod, respectively, and elements 2 and 3 together constitute
the gland. The point C (joint 3) corresponds to the location at
which the cylinder and the rod axes intersect. Elements 2 and
3 are assumed to be parts of the cylinder and the rod,
respectively, and have corresponding stiffness properties.

The purpose of developing the constraint equation is to
incorporate the effect of the crookedness angle at the gland.

The forces acting at the

Displacements v, p, w, 8 correspond to forces V,,

gland are shown in Fig. 7.
M,, V, and

M, respectively. Superscripts on the forces and displ’écemcnts
in Figs, 6 and 7 correspond to element numbers and subscripts

cotrespond to node numbers.

At C, due to the crookedness angle there is a discontinuity
of rotation between the cylinder and the rod. In other words,
at C the relationships between the displacement of nodes 2

and 3 are

pi=pl-p,
ﬂ%=ﬁ%_ﬁc
vi =13
wi=w}

@
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where p. and §, are components of the crookedness angle
about the ¥ and Z axes, respectively.
From Fig. 7, equilibrium of joint 3 can be expressed as

(V)i+(V,)3i=(V));

(M, )} +(M,)3=(M,); .
(V3+(V)i=(V,), &)
(M)} +(M,)3=(M,),

By partitioning the stiffness matrix of ¢lements 2 and 3, the
force-displacement relationship can be expressed respectively

s .
ENEEE

where {¥/] and [F} are the displacements and forces

respectively. The superscripts denote the node numbers and

subscripts denote the left and the right nodes of the element.
A combination of equations (5-7) results in

KLU+ KLU+ K5 U3 + KL UL =F, 8
KLU+ KLU =F, -G
Application of slope-compatibility relation (4) allows the joint
equilibrium conditions (8, 9) to be expressed as:
(KLU, ) + K3 + K3, (Us |+ (KL (K,)
={F}3"[K§3]{C] (10)
KLU U3+ KLU, ) = (Fl 1K, C an

where (U, ], (U, } and (U, } are nodal displacements, {C} is
the crookedness angle as denoted by a inatrix

o

O
€} =
Q

8.

Equations (10) and (11) are the consiraint equations of the
gland, which form a part of the overall force-displacement
relation.

A detailed derivation of these equations is given in
reference [6].

Failore of the Cylinder. Failure in hydraulic cylinders can
occur due to excessive axial stress, excessive hoop stress, a
combination of axial, bending and hoop stresses resulting in
excessive shear stresses or due to buckling.

The critical load of a hydraulic cylinder is reached when the
stress at any point reaches a prescribed limit. The stresses to
be compared with limit values are:

(1) Maximum hoop stress in the cylinder (and in the rod for
pressurized rods.

(2) The shear stress at the point of maximum bending
moment.
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(3) The longitudinal stress due to the combination of axial
load and bending moments at the extreme fibres at the point
of maximum bending moment.

The failure due to buckling of the hydraulic cylinder is
characterized by the load at which the force-displacement
relation is numerically unsiable.

Summary
A summary of the overall analysis is as follows:

(1) The hydraulic cylinder is divided into a number of finite
elements.

(2) The initial crookedness angle is estimated.

(3) Stiffness matrices for each element are generated,

(4) The overall stiffness matrix is assembled.

(5) The solution of simultaneous equations is performed to
calculate model dispacements.

{6) Interface moments in Y and Z directions are calculated
and added vectorially to calculate the interface moment in the
bending plane. .

(7} The crookedness angle and its components are
celculated.

(8) The position of step point Cis calculated.

(9) The overall stiffness matrix is modified and steps 5
through 8 are repeated till the crookedness angle converges.

(10) Siresses, deflections and stability of the cylinder are
checked. v

(11) If the above values are below the allowable level and if
the cylinder is stable, the axial load is incremented. Steps 3
throngh 11 are repeased.,

{12) If the siress vulues are above the allowable value or if
the c¢ylinder underwent buckling, the design load has been
reached.

The above method of analysis has been programmed in
fortran language for solution on an IBM 370 Computer (7).
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