Graduate Texts in Mathematics

Loukas Grafakos

;ﬁﬁ
£+ :
AVIiJ L =
i% £ 1 N 4
Third Edition T

.\ WPC




Loukas Grafakos

Modern Fourier Analysis

Third Edition

@ Springer



BHEREE (C | P) ¥R

B E B 43 = Modern Fourier Analysis Third Edition : % 3 Jit : 33C/ (3£ ) L.
HEPLEETEHT (L. Grafakos ) 3 . — BENA . — Jbgt : A EAS HARA RAF
L 4raH] L, 20174

ISBN 978-7-5192-2614-5

I . @#- T.0OL- Il . OFEMHMT—2X V. O 01742

R E R E 4318 CIP i (2017) 56 068707 5

mxHE BRI S 3 AR
X HZ  Modern Fourier Analysis 3rd ed.

k- # Loukas Grafakos
RERE X B O®m K
Mg fEdE

EE
&
R

i

5 AR BRA Rl b4 A 7
EFEHRBEHIH KA 137 5

100010

010-64038355 ( &41T) 64037380 (%MR) 64033507 ( H4w=E )
http://www.wpcbj.com.cn

wpcbjst@vip.163.com

s

=TT E RN BRA R

711 mm x 1245 mm  1/24

27

518 %

201748 HEBE 1R 2017 4F 8 ASE 1 RENRI
REALEGE  01-2016-7820

EFRHES ISBN 978-7-5192-2614-5

E i 99.005T

FTHIHOREIGREE
HER NI N E NS S

WiEE BESR
(ZoZRGPRREFIM, K5 ANNKARSR)



Graduate Texts in Mathematics 250



Graduate Texts in Mathematics

Series Editors:

Sheldon Axler
San Francisco State University, San Francisco, CA, USA

Kenneth Ribet
University of California, Berkeley, CA, USA

Advisory Board:

Colin Adams, Williams College, Williamstown, MA, USA

Alejandro Adem, University of British Columbia, Vancouver, BC, Canada
Ruth Charney, Brandeis University, Waltham, MA, USA

Irene M. Gamba, The University of Texas at Austin, Austin, TX, USA

Roger E. Howe, Yale University, New Haven, CT, USA

David Jerison, Massachusetts Institute of Technology, Cambridge, MA, USA
Jeffrey C. Lagarias, University of Michigan, Ann Arbor, M1, USA

Jill Pipher, Brown University, Providence, RI, USA

Fadil Santosa, University of Minnesota, Minneapolis, MN, USA

Amie Wilkinson, University of Chicago, Chicago, IL, USA

Graduate Texts in Mathematics bridge the gap between passive study and creative
understanding, offering graduate-level introductions to advanced topics in mathe-
matics. The volumes are carefully written as teaching aids and highlight character-
istic features of the theory. Although these books are frequently used as textbooks

in graduate courses, they are also suitable for individual study.

For further volumes:
http://www.springer.com/series/136



Loukas Grafakos
Department of Mathematics
University of Missouri
Columbia, MO, USA

ISSN 0072-5285 ISSN 2197-5612 (electronic)
ISBN 978-1-4939-1229-2 ISBN 978-1-4939-1230-8 (eBook)
DOI 10.1007/978-1-4939-1230-8

Springer New York Heidelberg Dordrecht London

Library of Congress Control Number: 2014101981
Mathematics Subject Classification (2010): 42Axx, 42Bxx

© Springer Science+Business Media New York 2004, 2009, 2014

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation. reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection
with reviews or scholarly analysis or material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work. Duplication of
this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publisher’s location, in its current version, and permission for use must always be obtained from Springer.
Permissions for use may be obtained through RightsLink at the Copyright Clearance Center. Violations
are liable to prosecution under the respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of pub-
lication, neither the authors nor the editors nor the publisher can accept any legal responsibility for any
errors or omissions that may be made. The publisher makes no warranty, express or implied, with respect
to the material contained herein.

Reprint from English language edition:

Modern Fourier Analysis 3rd ed.

by Loukas Grafakos

Copyright © Springer Science+Business Media New York 2004, 2009, 2014
Springer is a part of Springer Science+Business Media

All Rights Reserved

This reprint has been authorized by Springer Science & Business Media for distribution in
China Mainland only and not for export therefrom.



I'a tnv leodvva, tTnv Kovotavrive,
Kol tnv Oeoddpa



Preface

I am truly elated to have had the opportunity to write the present third edition of this
book, which is a sequel to GTM 249 Classical Fourier Analysis, 3rd Edition. This
edition was born from my desire to improve the exposition, to fix a few inaccuracies,
and to add a new chapter on multilinear operators. I am very fortunate that diligent
readers across the globe have shared with me numerous corrections and suggestions
for improvements.

Based on my experience as a graduate student, I decided to include great detail
in the proofs presented. I hope that this will not make the reading unwieldy. First
time readers may prefer to skim through the technical aspects of the presentation
and concentrate on the flow of ideas.

This second volume Modern Fourier Analysis is addressed to graduate students
who wish to delve deeper into Fourier analysis. I believe that after completing a
study of this text, a student will be prepared to begin research in the topics covered
by the book. While there is more material than can be covered in a semester course,
the list of sections that could be taught in a semester without affecting the logical
coherence of the book is: 1.1, 1.2, 1.3, 2.1, 2.2, 3.1, 3.2, 3.3, 4.1, 4.2, 4.3, and 5.1.

In such a large piece of work, it is impossible to have no mistakes or omissions.
I encourage you to send your corrections to me directly (grafakosl @missouri.edu).
The website

http://math.missouri.edu/~-loukas/FourierAnalysis.html

will be updated with any significant corfections. Solutions to all of the exercises for

the present edition will be available to instructors who teach a course out of this
book.

Athens, Greece, Loukas Grafakos
March 2014
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Chapter 1
Smoothness and Function Spaces

We embark on the study of smoothness with a quick examination of differentiabil-
ity properties of functions. There are several ways to measure differentiability and
numerous ways to quantify smoothness. In this chapter we measure smoothness us-
ing the Laplacian, which is easily related to the Fourier transform. This relation
becomes the foundation of a very crucial and deep connection between smoothness
and Littlewood—Paley theory.

Certain spaces of functions are introduced to serve the purpose of measuring
and fine-tuning smoothness. The main function spaces we study in this chapter are
Sobolev and Lipschitz spaces. Before undertaking their study, we introduce relevant
notation and we review basic facts about smooth functions and tempered distribu-
tions.

1.1 Smooth Functions and Tempered Distributions

We denote by R” the Euclidean space of n tuples of real numbers. The magnitude
of a point x = (x1,...,x,) € R" is [x| = (x} +--- +x2)1/2. An open ball centered at
xo € R" of radius R > 0 is denoted by B(xp,R). The partial derivative of a function f
on R” with respect to the jth variable x; is denoted by d; f. The mth partial derivative
with respect to the jth variable is denoted by 3}" f. The gradient of a function f is the
vector Vf = (d1f,...,0nf). A multi-index a is an ordered n-tuple of nonnegative
integers. Given o, 8 multi-indices, we write @ < B if a; < B; forall j=1,...,n.
For a multi-index & = (Q,...,0,), 9% f denotes the derivative 9" --- 9% f. If & =
(au,...,04) is a multi-index, then the number |a| = @) + - - - + &, is called the size
of & and indicates the total order of differentiation of d% f. The space of functions
in R” all of whose derivatives of order at most N € Z* are continuous is denoted by
€N (R") and the space of all infinitely differentiable functions on R" by €= (R"). The
space of smooth functions with compact support on R” is denoted by €;°(R"). The
class of Schwartz functions . (R") is the space of all #°(R") functions all of whose
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