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Foreword to Series

In the course of their lifetime simple items in everyday use such as mobile
telephones, wristwatches, electronic components in cars or more specific items such
as satellite equipment or flight systems in aircraft, can be subjected to various
conditions of temperature and humidity, and more particularly to mechanical shock
and vibrations, which form the subject of this work. They must therefore be
designed in such a way that they can withstand the effects of the environmental
conditions to which they are exposed without being damaged. Their design must be
verified using a prototype or by calculations and/or significant laboratory testing.

Sizing, and later, testing are performed on the basis of specifications taken from
national or international standards. The initial standards, drawn up in the 1940s,
were blanket specifications, often extremely stringent, consisting of a sinusoidal
vibration, the frequency of which was set to the resonance of the equipment. They
were essentially designed to demonstrate a certain standard resistance of the
equipment, with the implicit hypothesis that if the equipment survived the particular
environment it would withstand, undamaged, the vibrations to which it would be
subjected in service. Sometimes with a delay due to a certain conservatism, the
evolution of these standards followed that of the testing facilities: the possibility of
producing swept sine tests, the production of narrowband random vibrations swept
over a wide range and finally the generation of wideband random vibrations. At the
end of the 1970s, it was felt that there was a basic need to reduce the weight and cost
of on-board equipment and to produce specifications closer to the real conditions of
use. This evolution was taken into account between 1980 and 1985 concerning
American standards (MIL-STD 810), French standards (GAM EG 13) or
international standards (NATO), which all recommended the tailoring of tests.
Current preference is to talk of the tailoring of the product to its environment in
order to assert more clearly that the environment must be taken into account from
the very start of the project, rather than to check the behavior of the material a
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posteriori. These concepts, originating with the military, are currently being
increasingly echoed in the civil field.

Tailoring is based on an analysis of the life profile of the equipment, on the
measurement of the environmental conditions associated with each condition of use
and on the synthesis of all the data into a simple specification, which should be of
the same severity as the actual environment.

This approach presupposes a proper understanding of the mechanical systems
subjected to dynamic loads and knowledge of the most frequent failure modes.

Generally speaking, a good assessment of the stresses in a system subjected to
vibration is possible only on the basis of a finite element model and relatively
complex calculations. Such calculations can only be undertaken at a relatively
advanced stage of the project once the structure has been sufficiently defined for
such a model to be established.

Considerable work on the environment must be performed independently of the
equipment concerned either at the very beginning of the project, at a time where
there are no drawings available, or at the qualification stage, in order to define the
test conditions.

In the absence of a precise and validated model of the structure, the simplest
possible mechanical system is frequently used consisting of mass, stiffness and
damping (a linear system with one degree of freedom), especially for:

— the comparison of the severity of several shocks (shock response spectrum) or
of several vibrations (extreme response and fatigue damage spectra);

— the drafting of specifications: determining a vibration which produces the same
effects on the model as the real environment, with the underlying hypothesis that the
equivalent value will remain valid on the real, more complex structure;

— the calculations for pre-sizing at the start of the project;

— the establishment of rules for analysis of the vibrations (choice of the number
of calculation points of a power spectral density) or for the definition of the tests
(choice of the sweep rate of a swept sine test).

This explains the importance given to this simple model in this work of five
volumes on “Mechanical Vibration and Shock Analysis™.

Volume 1 of this series is devoted to sinusoidal vibration. After several
reminders about the main vibratory environments which can affect materials during
their working life and also about the methods used to take them into account,
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following several fundamental mechanical concepts, the responses (relative and
absolute) of a mechanical one-degree-of-freedom system to an arbitrary excitation
are considered, and its transfer function in various forms are defined. By placing the
properties of sinusoidal vibrations in the contexts of the real environment and of
laboratory tests, the transitory and steady-state response of a single-degree-of-
freedom system with viscous and then with non-linear damping is evolved. The
various sinusoidal modes of sweeping with their properties are described, and then,
starting from the response of a one-degree-of-freedom system, the consequences of
an unsuitable choice of sweep rate are shown and a rule for choice of this rate is
deduced from it.

Volume 2 deals with mechanical shock. This volume presents the shock response
spectrum (SRS) with its different definitions, its properties and the precautions to be
taken in calculating it. The shock shapes most widely used with the usual test
facilities are presented with their characteristics, with indications how to establish
test specifications of the same severity as the real, measured environment. A
demonstration is then given on how these specifications can be made with classic
laboratory equipment: shock machines, electrodynamic exciters driven by a time
signal or by a response spectrum, indicating the limits, advantages and
disadvantages of each solution.

Volume 3 examines the analysis of random vibration which encompasses the
vast majority of the vibrations encountered in the real environment. This volume
describes the properties of the process, enabling simplification of the analysis,
before presenting the analysis of the signal in the frequency domain. The definition
of the power spectral density is reviewed, as well as the precautions to be taken in
calculating it, together with the processes used to improve results (windowing,
overlapping). A complementary third approach consists of analyzing the statistical
properties of the time signal. In particular, this study makes it possible to determine
the distribution law of the maxima of a random Gaussian signal and to simplify the
calculations of fatigue damage by avoiding direct counting of the peaks (Volumes 4
and 5). The relationships that provide the response of a one-degree-of-freedom
linear system to a random vibration are established.

Volume 4 is devoted to the calculation of damage fatigue. 1t presents the
hypotheses adopted to describe the behavior of a material subjected to fatigue, the
laws of damage accumulation and the methods for counting the peaks of the
response (used to establish a histogram when it is impossible to use the probability
density of the peaks obtained with a Gaussian signal). The expressions of mean
damage and its standard deviation are established. A few cases are then examined
using other hypotheses (mean not equal to zero, taking account of the fatigue limit,
non-linear accumulation law, etc.). The main laws governing low cycle fatigue and
fracture mechanics are also presented.
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Volume 5 is dedicated to presenting the method of specification development
according to the principle of tailoring. The extreme response and fatigue damage
spectra are defined for each type of stress (sinusoidal vibrations, swept sine, shocks,
random vibrations, etc.). The process for establishing a specification as from the
lifecycle profile of the equipment is then detailed taking into account the uncertainty
factor (uncertainties related to the dispersion of the real environment and of the
mechanical strength) and the test factor (function of the number of tests performed
to demonstrate the resistance of the equipment).

First and foremost, this work is intended for engineers and technicians working
in design teams responsible for sizing equipment, for project teams given the task of
writing the various sizing and testing specifications (validation, qualification,
certification, etc.) and for laboratories in charge of defining the tests and their
performance following the choice of the most suitable simulation means.
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For many years mechanical environmental specifications have been taken
directly from written standards, and this is often still the case today. The values
proposed in such documents were determined years ago on the basis of
measurements performed on vehicles which are now obsolete. They were
transformed into test standards with very wide margins, and were adapted to the
constraints of the testing facilities available at the time. A considerable number of
tests taking the form of a swept sine vibration can therefore be found. These
standards were designed more to verify resistance to the greatest stresses than to
demonstrate resistance to fatigue. Generally speaking, the values proposed were
extremely severe, resulting in the over-sizing of equipment.

Since the early 1980s, some of those standards (MIL-STD 810, GAM T13) have
been upgraded, providing for drafting specifications on the basis of measurements
taken under conditions in which the equipment is used. This approach presupposes
an analysis of the lifecycle profile of the equipment, by stipulating the various
conditions of use (storage, handling, transport facilities, interfaces, durations, etc),
and then relating characteristic measurements of the environment to each of the
situations identified.

In this volume of the series, a method for the synopsis of the collated data into
specifications is presented. The equivalence criteria adopted are a reproduction of
greatest stress and fatigue damage. This equivalence is obtained not from the
responses of a real structure subjected to vibration, given that such a structure is
unknown at the time of drafting specifications, but from the study of a single degree-
of-freedom linear reference system. These criteria result in two types of spectra:
extreme response spectra (ERS), similar to the older shock response spectra; and
fatigue damage spectra (FDS).
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Calculation of ERS is presented in Chapter 1 for sinusoidal vibrations (sine and
swept sine) and in Chapter 2 for a random vibration.

Chapters 3 to 5 are devoted respectively to calculating the FDS of sinusoidal and
random vibrations and of shocks. Chapter 6 shows that ERSs and FDSs are
insensitive to the choice of parameters necessary for their calculation.

Specifications may vary considerably, depending on the objectives sought. In
Chapter 7 the main types of tests performed are recalled and, after a brief historical
recapitulation, the current trend which recommends tailoring and taking into account
the environment from the very beginning of the project is outlined.

Results of environmental measurements generally show a scattered pattern, due
to the random nature of the phenomena. Moreover, it is well known that the
resistance of parts obeys a statistical law and can therefore be described only by a
mean value and a standard deviation. The stress—strength comparison can therefore
only be drawn by the combination of two statistical laws, which results, when they
are known, in a probability of failure, solely dependent, all other things being equal,
on the ratio of the means of the two laws. For shocks and vibrations measured
during an accident (environmental conditions which are not normal), ratio (k) is
called the uncertainty factor or safety factor (Chapter 8).

In practice, the environment with its laws of distribution can be known, but the
resistance of the equipment remains as yet unknown. Specifications give the values
of the environment to be met, with a maximum tolerated probability of failure. The
purpose of the test will therefore be to demonstrate the observance of that
probability, namely that the mean resistance is at least equal to k times the mean
environment. For understandable reasons of cost, only a very limited number of tests
are performed, frequently only one. This small number simply makes it possible to
demonstrate that the mean of the strength is in an interval centered on the level of
the test, with a width dependent upon the level of confidence adopted and on the
number of tests. To be sure that the mean, irrespective of its real position in the
interval, is indeed higher than the required value, the tests must be performed to a
greater degree of severity, something which is achieved by the application of a
coefficient called the rest factor (Chapter 10).

Certain items of equipment are used only after a long period in storage, during
which their mechanical characteristics may have weakened through aging. For the
probability of proper operability to be that which is required after such aging, much
more must therefore be required of the equipment when new, at the time of its
qualification, resulting in the application of another coefficient, called the aging
Jactor (Chapter 9).
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These spectra and factors form the basis of the method for drafting tailored
specifications in four steps, as described in Chapter 11: establishment of the
lifecycle profile of the equipment, description of the environment (vibrations,
shocks, etc.) for each situation (transport, handling, etc.), synopsis of the data thus
collated, and establishment of the testing program.

The sensitivity of specifications developed with the method of equivalence of
damages based on the different calculation parameters is studied in Chapter 12.

Chapter 13 provides a few other possible applications of the ERS and FDS, such
as the comparison of the different types of vibrations (sinusoidal, random stationary
or not, sine on random, shocks, etc.), the comparison between different standards or
between standards and real environmental measures, the transformation of a large
number of shocks into a specification of random vibration with similar severity, etc.

The Appendices show that the development method of specifications using ERSs
and FDSs adds no additional hypothesis in relation to the PSD envelope method,
which can lead to specifications which are too high in relation to the real
environment if it is used without precaution. Contrary to this last method, the
equivalence method of damages makes it possible to easily process more difficult
cases, such as, for example, non-stationary vibrations, the establishment of a
specification covering different types of vibrations with different application
durations.

At the end of the book, a list of formulae combines the major relations
established in the five volumes.



List of Symbols

The list below gives the most frequent definition of the main symbols used in
this work. Some of the symbols can have another meaning locally, this will be
defined in the text to avoid any confusion.

a Threshold value of z(t) Fen Maximum value of F(t)
aerf Inverse error function f(t) Frequency sweeping law
b Parameter b of Basquin F(t) External force applied to a
relationship N ¢"=C system
c Viscous damping constant g Acceleration due to
C Basquin relationship gravity
constant (N ¢ = C) G( ) Power spectral density for
CoVy Coefficient of variation of 0<f<
mean distribution h Interval (f/f},)
D Fatigue damage H Drop height
e Error H( ) Transfer function
E Exaggeration factor . J1
E Mean of the environment ! -1
Eg Expected environment Io() s .order Deril
Eg Selected environment functxgn
) J Damping constant
erf Error function k Stiffness or
ERS Extreme response uncertainty factor
i e . Aging coefficient
E( ) Expectation of ... K Cotistant of
f Frequency of excitation proportionality
fm Mean frequency between stress and
fo Natural frequency deformation
FDS Fatigue response spectrum ? ems Rms value of /(t)
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Maximum value of /(t)

/t) Generalized excitation
(displacement)

") First derivative of (t)

i(t) Second derivative of #(t)

m Mass

MRS Maximum response
spectrum

M Moment of order »

n Number of cycles
undergone by test-bar or
material or
Number of measurements
or Number of tests

n Mean number of up-
crossings of threshold a
with positive slope per
second

ng Mean number of zero-

crossings with positive

slope per second (mean
frequency)

n Mean number of maxima

per second

N Number of cycles to
failure or
Mean number of envelope
maxima per second or
Number of peaks higher
than a given threshold

Mean number of positive

maxima higher than a
given threshold for a given
duration

P Probability of correct
operation related to aging

PSD Power spectrum density

p( ) Probability density

p(T) Probability density of first
passage of a threshold

-]

8

o om A
c

w

SR

SRS

um]s

during time T
Distribution function

[[ 2
l—r
Probability density of

maxima
Q factor (quality factor)
Probability that a

maximum is higher
than a given threshold
Irregularity factor

Root mean square
(value)

Extreme response
spectrum

Mean of strength

Yield stress

Ultimate tensile strength
Response spectrum with
given up-crossing risk
Standard deviation
Standard deviation of
environment

Standard deviation of
resistance

Shock Response
Spectrum

Time or

Random variable of
Student distribution law
Sweeping duration
Duration of vibration
Test factor

Time-constant of

logarithmic frequency
sweep

Test severity

Ratio of threshold a to rms

value 7z, of z(t) or
value of u(t)
rms value of u(t)
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Maximum value of u(t)
Threshold value of u(t)
Up-crossing risk
Response Spectrum

Generalized response
Impact velocity
Variation coefficient of

real environment
Variation coefficient of

strength of the material
Maximum value of x( t)
Absolute displacement of
the base of a single degree
-of-freedom system
Absolute velocity of base
of a single degree-of-
freedom system

Absolute acceleration of
the base of a single degree-
of-freedom system

rms value of X(t)

Maximum value of x(t)
rms value of y(t)

Absolute response

acceleration of the mass of
a one-degree-of-freedom
system

rms value of z(t)

rms value of the response

to a random vibration
Maximum value of z(t)

Peak value of Z(t)

Relative response

displacement to a
sinusoidal vibration
rms value of the response

to a sinusoidal vibration

B
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Q

max
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The largest value of z(t)
rms value of Z(t)
rms value of z(t)
Relative response

displacement of the mass
of a single degree-of-
freedom system with
respect to its base
Relative response velocity

Relative response

acceleration

Risk of up-crossing
Non-centrality parameter
of the non-central
t-distribution

Frequency interval
between half-power points
Number of cycles carried
out between half-power
points

Time spent between half-
power points

Velocity change

Euler’s constant

(0.577 215 662 ...)
Incomplete gamma
function

Gamma function
Dissipation (or loss)
coefficient

Phase

3.141 592 65 ...
Confidence level

Stress

Alternating stress
Fatigue limit stress

Mean stress

Rms stress value
Maximum stress

Natural pulsation (2 7 f))
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Q Pulsation of excitation 4 Damping factor
(2mf)



Table of Contents

Foreword to Series. . . . .. .. ... ... ... Xiii
Introduction. . . . . . .. .. .. .. XVii
Listof Symbols. . . . . . . . . ... XXi
Chapter 1. Extreme Response Spectrum of a Sinusoidal Vibration . . . . . 1
1.1. Theeffectsof vibration. . . . .. ... ....... . .......... 1
1.2. Extreme response spectrum of a sinusoidal vibration . . . .. ... ... 2
1.2.1. Definition: ¢ oo srv ¢6 5 0 6 05 2.5 3 %6 5G 76 5 58 50 &5 5 &b # 2
1.2.2. Case ofasingle sinusoid . . ... ... ................. 2
1.2.3. Generalcase. . . . . v v v v v v e e e e e e e e e 7
1.2.4. Case ofa periodic signal. . . . . ... ... ... ... ... .. 8
1.2.5. Case of n harmonic sinusoids. . . .. .. ... ............. 9
1.2.6. Influence of the dephasing between the sinusoids. . . . . ... ... 11
1.3. Extreme response spectrum of a swept sine vibration. . . . .. ... .. 13
1.3.1. Sinusoid of constant amplitude throughout the sweeping
PUOBEES!:. «. & 05 5 o o 31 550 57 v o i1 30 0 e 3 o 3 o e o oo B o Fon % i e 13
1.3.2. Swept sine composed of several constant levels. . . ... ... ... 17
Chapter 2. Extreme Response Spectrum of a Random Vibration . . . . . . 21
2.1. Unspecified vibratory signal . . . . ... ... ........0.vu.n.. 22
2.2. Gaussian stationary randomsignal . . . . ... ... .. .......... 23
2.2.1. Calculation from peak distribution. . . . .. ... ........... 23
2.2.2. Use of the largest peak distributionlaw. . . . . .. ... ....... 31
2.2.3. Response spectrum defined by k times the rms response . . . . . . 34
2.2.4. Other ERS calculationmethods . . . . ... .............. 49
2.3. Limit of the ERS at the high frequencies . ... .............. 49

2.4. Response spectrum with up-crossingrisk . . . . ... ........... 50



vi

Chapter 3. Fatigue Damage Spectrum of a Sinusoidal Vibration

Specification Development

2.4.1, Complete éXPIession s = s s o v s m g a6 s w5 s e o m e m bmems b
2.4.2. Approximate 1elation. « ¢ s« s v s s esn sy e ow s aE sms s
2.4.3. Approximate relation URS—-PSD . . . .. ..............

2.4.4. Calculation in a hypothesis of independence of threshold

OVErshoOt . . . . . e e
245 Useof URS . . . . .. e e
2.5. Comparison of the various formulae . . . . . ... ............
2.6. Effects of peak truncation on the acceleration time history. . . . . . .
2.6.1. Extreme response spectra calculated from the time history signal .

2.6.2. Extreme response spectra calculated from the power

spectral densities . . . . . .. ...

2.6.3. Comparison of extreme response spectra calculated from time

history signals and power spectral densities . . . .. . ... ........

2.7. Sinusoidal vibration superimposed on a broadband random

VIDration . . . . . o . e e e e e e
2.7 1. Real environment . ; : s s w s vz 505 55 s mmems v w LmE @084
2.7.2. Case of a single sinusoid superimposed to a wideband noise . . . .

2.7.3. Case of several sinusoidal lines superimposed on a broadband

random vibration . . . . .. ...
2.8. Swept sine superimposed on a broadband random vibration . . . . . .
2.8.1.Real environment . . . « « w s vw s ss s swsws e m s Ea e
2.8.2. Case of a single swept sine superimposed to a wideband noise. . .

2.8.3. Case of several swept sines superimposed on a broadband

random vibration . . . . . .. ...
2.9. Swept narrowbands on a wideband random vibration. . . . ... ...
29.1.Realenvironment. . . .. ... ...
2.9.2. EXtreme te5pOnSe SPECHUIN, o « v o o v @ s w s 515 5.6 & 63 503 w3

3.1. Fatigue damage spectrum definition . . . . .. ... ... ........
3.2. Fatigue damage spectrum of a single sinusoid . . . ... ... .....
3.3. Fatigue damage spectrum of a periodic signal . . . ... ........
3.4. General expression for thedamage . . . . . . ... ............
3.5. Fatigue damage with other assumptions on the S—N curve. . . . . ..

3.5.1. Taking account of fatigue limit. . . . ... ... ...........

3.5.2. Cases where the S—N curve is approximated by a straight line

immlog-linscales. . . . ... ... ... .. .. . ... ... ...

3.5.3. Comparison of the damage when the S—N curves are linear in

either log—log orlog—linscales. . . .. ....................

3.6. Fatigue damage generated by a swept sine vibration on a

single-degree-of-freedom linear system. . . . ... ... ............
3.6.1.Generalcase. . . .. ... e e

50
54
56

58
61
62
66

66

67

68
68
70

79
83
83
84

85
85
85
86

89

89
92
96
98
98
98

99



Table of Contents  vii

3.6.2. LiNCAT SWRED: 5 «.v 5 v 56 5 58 & w2 @5 v o w5 mls w e 0 0w v b 103
3.6.3. Logarithmic SWeep'. . . . .« v v so s s v o s ms o e anamsusos 114
3.6.4. Hyperbolic sweep. . . . . . ... ot 117
3.6.5. General expressions for fatigue damage . . .. ... ......... 120
3.7.Reduction of teSt time. . . . . . . oottt 121
3.7.1. Fatigue damage equivalence in the case of a linear system . . . . . 121
3.7.2. Method based on fatigue damage equivalence according
toBasquin’srelationship : : ;. s s v s s v s sswsms e 5o ws = 122
3.8. Notes on the design assumptions of the ERSand FDS . . ... ... .. 124
Chapter 4. Fatigue Damage Spectrum of a Random Vibration. . . . . . .. 125
4.1. Fatigue damage spectrum from the signal as function of time . . . . . . 125
4.2. Fatigue damage spectrum derived from a power spectral density . . . . 127
4.3. Simplified hypothesis of Rayleigh’slaw. . . . . ... ... ........ 132
4.4. Calculation of the fatigue damage spectrum with Dirlik’s
probabilitydensity . « v s s vs i s s i Ms NS B iR R AN B e 138
4.5. Up-crossing risk fatigue damage spectrum . . . . ... .......... 140
4.6. Reduction of test time. . . . . .. ... ... .. .. 144
4.6.1. Fatigue damage equivalence in the case of a linear system . . . . . 144

4.6.2. Method based on a fatigue damage equivalence according to
Basquin’s relationship taking account of variation of natural damping

asafunctionofstresslevel . . .. ... ... ... ... ... 145
4.7. Truncation of the peaks of the “input” acceleration signal . . . . .. .. 149
4.7.1. Fatigue damage spectra calculated from a signal as a function
OO ng s e e[ AR Homi s @ B mocer me s s Brow § o 3 Bilo ARS B § 149
4.7.2. Fatigue damage spectra calculated from power spectral
densities . . . . . .. e e e 150
4.7.3. Comparison of fatigue damage spectra calculated from signals
as a function of time and power spectral densities . . .. .......... 151
4.8. Sinusoidal vibration superimposed on a broadband random
vibration . . ... .. e e e e e 152
4.8.1. Case of a single sinusoidal vibration superimposed on broadband
random vibration . . . . . . ... 152
4.8.2. Case of several sinusoidal vibrations superimposed on a
broadband random vibration . . . .. ... .. ... . L L., 159
4.9. Swept sine superimposed on a broadband random vibration . . . . . . . 161
4.9.1. Case of one swept sine superimposed on a broadband random
vibration . . . . ... e 161
4.9.2. Case of several swept sines superimposed on a broadband
random vibration . . . . .. ... L 162



