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My job, I believe, is to persuade others that my conclusions are

sound. I will use an array of devices to do this: theory, stylized

facts, time-series data, surveys, appeals to introspection, and so on.
—Fischer Black



Preface

Acadernic books and papers on finance have become regrettably formal
over the past 30 years, filled with postulates, theorems, and lemmas. This
axiomatic approach is suitable for presenting pure mathematics, but, in our
view, is inappropriate for the field of finance. In finance, ideas should come
first; mathematics is simply the language that we use to express ideas and
elaborate their consequences.

We feel that the best way to learn and teach financial theory is to walk a
middle line between the traditionally math-inclined academic and the stereo-
typically math-skeptical trader. This book tries to present a treatment of the
volatility smile that combines the insight that comes from models with the
practicality of the trading desk.

The first two chapters of this book provide a close look at the theory
of modeling and the principles of valuation, themes that we return to again
and again throughout the book. Chapters 3 through 13 explore the Black-
Scholes-Merton option pricing model. At the heart of this model is a clash
with the actual behavior of markets, the contradiction of the volatility smile.
We show how, despite this flaw, there are productive ways to use not only the
model itself, but the principles underlying it. Finally, in Chapters 14 through
24, we explore more advanced option models consistent with the smile.
These models can be grouped into three families: local volatility, stochas-
tic volatility, and jump-diffusion. While these newer models address many
of the shortcomings of the Black-Scholes-Merton model, they are them-
selves imperfect. As markets evolve and traders gain experience, old models
inevitably fail and need modification, or are replaced by newer models. Our

hope is that the principles in this book will provide readers with the ability
to develop and use their own models.



Acknowledgments

manuel Derman: Over the years I have benefited from enlightening con-
versations with, among many others, Iraj Kani, Mike Kamal, Joe Zou, the
late Fischer Black, Peter Carr, Paul Wilmott, Nassim Taleb, Elie Ayache, Jim
Gatheral, and Bruno Dupire. In particular, the influence of the work of Peter
Carr and Paul Wilmott will be obvious in many chapters.
We thank Sebastien Bossu, Jesse Cole, and Tim Leung for helpful com-
ments on the manuscript.



Ahout the Authors

manuel Derman is a professor at Columbia University, where he directs

the program in financial engineering. He was born in South Africa but
has lived most of his professional life in Manhattan. He started out as a the-
oretical physicist, doing research on unified theories of elementary particle
interactions. At AT&T Bell Laboratories in the 1980s he developed pro-
gramming languages for business modeling. From 1985 to 2002 he worked
on Wall Street, where he codeveloped the Black-Derman-Toy interest rate
model and the local volatility model. His previous books, My Life as a

Quant and Models.Behaving.Badly, were both among Business Week’s top
10 annual books.

Michael B. Miller is the founder and CEO of Northstar Risk Corp. Before
starting Northstar, he was the chief risk officer for Tremblant Capital and
before that the head of quantitative risk management at Fortress Investment
Group. He is the author of Mathematics and Statistics for Financial Risk
Management, now in its second edition, and an adjunct professor at Rutgers
Business School. Before starting his career in finance, he studied economics
at the American University of Paris and the University of Oxford.

Joo-Hyung (David) Park has extensive experience in valuation of financial
instruments and derivatives. He provides valuation advisory services to cor-
porate and private equity clients for their holdings in nonstandard deriva-
tive products. These products include equity options granted to executives,
embedded derivatives in convertible bonds, and many other customized fixed
income and equity derivatives. Prior to this, he studied financial engineering
at Columbia University, and physics at the University of Toronto.



Preface
Acknowledgments
About the Authors

CHAPTER 1
Overview

CHAPTER 2
The Principle of Replication

CHAPTER 3
Static and Dynamic Replication

CHAPTER 4
Variance Swaps: A Lesson in Replication

CHAPTER 5
The P&L of Hedged Option Strategies in a Black-Scholes-Merton World

CHAPTER 6
The Effect of Discrete Hedging on P&L

CHAPTER 7
The Effect of Transaction Costs on P&L

CHAPTER 8
The Smile: Stylized Facts and Their interpretation

CHAPTER 9
No-Arbitrage Bounds on the Smile

13

17

181

153



viii CONTENTS
CHAPTER 10

A Survey of Smile Models 163
CHAPTER 11

Implied Distributions and Static Replication 175
CHAPTER 12

Weak Static Replication 203
CHAPTER 13

The Binomial Model and Its Extensions 227
CHAPTER 14

Local Volatility Models 249
CHAPTER 15

Consequences of Local Volatility Models 265
CHAPTER 16

Local Volatility Models: Hedge Ratios and Exotic Option Values 289
CHAPTER 17

Some Final Remarks on Local Volatility Models 303
CHAPTER 18

Patterns of Volatility Change 309
CHAPTER 19

Introducing Stochastic Volatility Models 319
CHAPTER 20

Approximate Solutions to Some Stochastic Volatility Models 337
CHAPTER 21

Stochastic Volatility Models: The Smile for Zero Correlation 353
CHAPTER 22

Stochastic Volatility Models: The Smile with Mean Reversion and

Corprelation 369
CHAPTER 23

Jump-Diffusion Models of the Smile: Introduction



Contents

CHAPTER 24
The Full Jump-Diffusion Model

Epilogue

APPENDIX A
Some Useful Derivatives of the Black-Scholes-Merton Model

APPENDIX B
Backward Itd integrals

APPENDIX C
Variance Swap Piecewise-Linear Replication

Answers to End-of-Chapter Problems
References

index

a7

418

a1

431

497
801



1

Overview

= Financial models in light of the great financial crisis.
® The difficulties of option valuation.

® An introduction to the volatility smile.

= Financial science and financial engineering.

® The purpose and use of models.

INTRODUCTION

Our primary aim in this book is to provide the reader with an accessible,
not-too-sophisticated introduction to models of the volatility smile. Prior
to the 1987 global stock market crash, the Black-Scholes-Merton (BSM)
option valuation model seemed to describe option markets reasonably well.
After the crash, and ever since, equity index option markets have displayed
a volatility smile, an anomaly in blatant disagreement with the BSM model.
Since then, quants around the world have labored to extend the model to
accommodate this anomaly. Our main focus in this book will be the theory
of option valuation, the study of the BSM model and its limitations, and a
detailed introduction to the extensions of the BSM model that attempt to
rectify its problems. Most of the book is devoted to these topics.

A secondary motivation for writing this book originates in the great
financial crisis of 2007-2008, which began with the collapse of the mort-
gage collateralized debt obligation (CDO) market, whose structured credit
products were valued using financial engineering techniques. When the cri-
sis began, some pundits blamed the practice of financial engineering for the
mortgage market’s meltdown. Paul Volcker, whose grandson was a finan-

cial engineer, wrote the following paragraph as part of an otherwise sensible
speech he gave in 2009:

A year or so ago, my daughter bad seen . .. some disparaging remarks
I had made about financial engineering. She sent it to my grandson,
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who normally didn’t communicate with me very much. He sent me
an email, “Grandpa, don’t blame it on us! We were just following
the orders we were getting from our bosses.” The only thing I could
do was send him back an email, “I will not accept the Nuremberg
excuse.”

Comparing financial modelers to Nazi war criminals seems extreme, and
indeed, since then, opinions about modelers’ responsibility for the financial
meltdown have become more nuanced. Spain and Ireland developed housing
market bubbles that, unlike those in the United States, were not inflated by
complex financially engineered products. Paul Krugman has suggested that
the root cause of the crisis lay in the West’s rapid withdrawal of capital from
Asia after the currency crisis of 1998, leading Asian countries thereafter to
concentrate on exporting, saving, and hoarding, which led them to provide
cheap credit that fueled speculation. Other competing explanations abound.
As with all complex human events, it’s impossible to pinpoint a single cause.

Nevertheless, models did play a part in the development of the crisis.
In the face of very low safe yields, badly engineered financial models were
indeed used to tempt investors—at times misleadingly and deceptively—into
buying structured CDOs that promised optimistically high yields. Though
our expertise lies in models for option valuation rather than mortgage secu-
rities, we also wanted to write a book that illustrates how to be sensible
about model building.

THE BLACK-SCHOLES-MERTON MODEL AND
ITS DISCONTENTS

Stephen Ross of MIT, one of the inventors of the binomial option valuation
model and the theory of risk-neutral valuation, once wrote: “When judged
by its ability to explain the empirical data, option pricing theory is the most
successful theory not only in finance, but in all of economics” (Ross 1987).
But even this most successful of models is far from being perfect.

Finance academics tend to think of option valuation as a solved problem,
of little current interest. But readers of this book who end up working as
practitioners—on options trading desks in equities, fixed income, currencies,
or commodities, as risk managers or controllers or model auditors—will find
that the valuation of options isn’t really a solved problem at all. Financial
markets disrespect the traditional BSM formula even while they employ its
flawed language to communicate with each other. Practitioners and traders
who are responsible for coming up with the prices at which they are willing
to trade derivative securities, especially exotic illiquid derivatives, grapple
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with appropriate valuation every day. They have to figure out how to amend
the BSM model to cope with an actual market that violates its assumptions,
and they have to keep finding new ways of doing so as the market modifies
its behavior based on its experiences.

In this book we’re going to focus on the BSM model and its discontents.
In one sense the BSM model is a miracle: It lets you value, in a totally rational
way, securities that before its existence had no plausible or defensible the-
oretical value at all. In the Platonic world of BSM—a world with normally
distributed returns, geometric Brownian motion for stock prices, unlimited
liquidity, continuous hedging, and no transaction costs—their model pro-
vides a method of dynamically synthesizing an option. It’s a masterpiece of
engineering in an imaginary world that doesn’t quite exist, because markets
don’t obey all of its assumptions. It’s a miracle, but it’s only a model, and
not reality.

Some of the BSM assumptions are violated in minor ways, some more
dramatically. The assumption that you can hedge continuously, at zero trans-
action cost, is an approximation we can adjust for, as we will illustrate in
later chapters. Skilled traders and quants do this with a mix of estimation
and intuition every day. You can, for example, heuristically allow for trans-
action costs by adding some dollars to your option price, or some volatility
points to the BSM formula. In that sense the model is robust—you can per-
turb it from its Platonic view of the world to approximate the messiness of
actual markets.

Other BSM assumptions are violated in more significant ways. For
example, stock prices don’t actually follow geometric Brownian motion.
They can jump, their distributions have fat tails, and their volatility varies
unpredictably. Adjusting for these more significant violations is not always
easy. We will tackle many of these difficulties in this book.

In the end, the BSM model sounds so rational, and has such a strong
grip on everyone’s imagination, that even people who don’t believe in its

assumptions nevertheless use it to quote prices at which they are willing to
trade.

A QUICK LOOK AT THE IMPLIED VOLATILITY SMILE

The BSM model assumes that a stock’s future return volatility is constant,
independent of the strike and time to expiration of any option on that stock.
Were the model correct, a plot of the implied BSM volatilities for options
with the same expiration over a range of strikes would be a flat line. Fig-
ure 1.1 shows what three-month equity index implied volatilities looked like
before the Black Monday stock market crash of 1987.



4 THE VOLATILITY SMILE

25% -

20% L
15% -
|

10% |

Volatility

|
5% |
1

P N
0.90 0.95 1.00 1.05 1.10
Strike/index

FIGURE 1.1 Representative S&P 500 Implied Volatilities prior
to 1987

Prior to the crash, therefore, the BSM model seemed to describe the
option market rather well, at least with respect to variation in strikes. Fig-
ure 1.2 shows typical three-month implied volatilities after the crash of 1987.
Even though all the options used to generate the smile were written on the
same underlier, each option had a different implied volatility. This is incon-
sistent with the BSM model, which assumes that implied volatility is a fore-
cast of actual volatility, for which there can be only one value. You can
think of options as metaphorical photographs of the stock’s future volatility,
taken from different angles or elevations. While photographs of a building
taken from different points might look different, the actual size of a building
remains the same. In a similar way, if the BSM model were truly reliable, the
implied volatility of the stock would be the same, no matter which option
you chose to view it with. The option price is derived from the stock price,
but the stock’s volatility should not depend on the option.

Though the smile appeared most dramatically in equity index option
markets after the 1987 crash, there had always been a slight smile in currency
option markets, a smile in the literal sense that the implied volatilities as a
function of strike resembled one: \v. As depicted in Figure 1.2, the equity
“smile” is really more a skew or a smirk, but practitioners have persisted in
using the word smile to describe the relationship between implied volatilities
and strikes, irrespective of the actual shape. The smile’s appearance after the
1987 crash was clearly connected with the visceral shock upon discovering,
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for the first time since 1929, that a giant market could suddenly drop by 20%
or more in a day. Market participants immediately drew the conclusion that
an investor should pay more for low-strike puts than for high-strike calls.

Since the crash of 1987, the volatility smile has spread to most other
option markets (currencies, fixed income, commodities, etc.), but in each
market it has taken its own characteristic form and shape. Traders and
quants in every product area have had to model the smile in their own mar-
ket. At many firms, not only does each front-office trading desk have its own
particular smile models, but the firm-wide risk management group is likely
to have its own models as well. The modeling of the volatility smile is likely
one of the largest sources of model risk within finance.

NO-NONSENSE FINANCIAL MODELING

During the past 20 years there has been a tendency for quantitative finance
and asset pricing to become increasingly formal and axiomatic. Many
textbooks postulate mathematical axioms for finance and then derive the
consequences. In this book, though, we’re studying financial engineering,
not mathematical finance. The ideas and the models are at least as important
as the mathematics. The more math you know, the better, but math is the
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syntax, not the semantics. Paul Dirac, the discoverer of the Dirac equation

who first predicted the existence of antiparticles, had a good point when
he said:

I am not interested in proofs, but only in what nature does.
—Paul Dirac

About Theorems and Laws

Mathematics requires axioms and postulates, from which mathematicians
then derive the logical consequences. In geometry, for example, Euclid’s
axioms are meant to describe self-evident relationships of parts of things to
the whole, and his postulates further describe supposedly self-evident prop-
erties of points and lines. One Euclidean axiom is that things that are equal to
the same thing are equal to each other. One Euclidean postulate, for example,
is that it is always possible to draw a straight line between any two points.

Euclid’s points and lines are abstracted from those of nature. When
you get familiar enough with the abstractions, they seem almost tangible.
Even more esoteric abstractions—infinite-dimensional Hilbert spaces that
form the mathematical basis of quantum mechanics, for example—seem
real and visualizable to mathematicians. Nevertheless, the theorems of
mathematics are relations between abstractions, not between the realities
that inspired them.

Science, in contradistinction to mathematics, formulates laws. Laws
are about observable behavior. They describe the way the universe works.
Newton’s laws allow us to guide rockets to the moon. Maxwell’s equations
enable the construction of radios and TV sets. The laws of thermodynamics
make possible the construction of combustion engines that convert heat into
mechanical energy.

Finance is concerned with the relations between the values of securities
and their risk, and with the behavior of those values. It aspires to be a practi-
cal field, like physics or chemistry or electrical engineering. As John Maynard
Keynes once remarked about economics, “If economists could manage to
get themselves thought of as humble, competent people on a level with den-
tists, that would be splendid.” Dentists rely on science, engineering, empirical
knowledge, and heuristics, and there are no theorems in dentistry. Similarly,
one would hope that finance would be concerned with laws rather than theo-
rems, with behavior rather than assumptions. One doesn’t seriously describe
the behavior of a market with theorems.



