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Preface

Advanced mathematics that we refer to contains mainly calculus. Calculus is
the mathematics of motion and change. It was first invented to meet the
mathematical needs of the scientists of the sixteenth and seventeenth centuries,
and the needs that were mainly mechanical in nature. Differential calculus deals
with the problem of calculating rates of change. It enables people to define slopes
of curves, to calculate velocities and accelerations of moving bodies etc.. Integral
calculus deals with the problem of determining a function from information about
its rate of change. It enables people to calculate the future location of a body from
its present position and a knowledge of the forces acting on it, to find the areas of
irregular regions in the plane, to measure the lengths of curves, and so on. Now
advanced mathematics becomes one of the most important courses of the college
students in natural science and engineering.

The second edition of the book is revised based on implementation experience
of its first edition. The contents of the book are written by the authors as
follows: Professor Ping Zhu, Professor Jianhua Yuan, Associate Professor
Xiaohua Li and Associate Professor Huixia Mo. All the Chapters of the book is
organized and proofread by Professor Wenbao Ai. The new edition is contributed
as logically and intuitively as possible. Its Chinese and English versions and a
corresponding exercise book form a family-united system, which is very useful to
the bilingual-teaching. For any errors remaining in the book, the authors would

be grateful if they were sent to: jianhuayuan@ bupt. edu. cn.
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Chapter 7

Infinite Series

The infinite series [ Tt25 %% %4 |, which will be introduced in this chapter, is an important
part of advance mathematics. The infinite series is closely related to the infinite sequence,
and it is a new form of expression of the limit of the infinite sequence. Then, it can be
studied by the theory of the limit of the series. With the establishment of the theorems for
the convergence and divergence of the series, the theory of infinite series has also promoted
the development of the limit theory. Infinite series provide a very useful tool for expressing
functions, studying properties of functions, and doing some approximate computations.

We will first introduce the concepts and properties of an infinite series with constant
terms [ #5030 2040 ] and then some convergence tests for series with constant terms. Later
we use this as a basic for the study of infinite series with function terms [ p& % I 2% %% .
Finally, two important types of series of functions, namely power series [ 7% 2% #{ ] and
Fourier series [ {8 B M2 %], will be investigated.

7.1 Concepts and Properties of Series with Constant Terms

7.1.1 Examples of the Sum of an Infinite Sequence

Example 7. 1. 1(Length of perpendiculars) A right triangle ABC is given with /A=9,

_n
ZC=5

BC, EF is drawn perpendicular to AB, and this process is continued indefinitely as shown in

and | AC| =bh. CD is drawn perpendicular to AB, DE is drawn perpendicular to

Figure 7. 1. 1. Find the total length of all the perpendiculars
|CD|+ | DE|+ | EF|+|FG|+ -
in terms of b and 6.

Solution According to the assumption, the process of generating of perpendiculars is
continued indefinitely. It is easy to see that when S/ A=¢ and |AC| =05, the length of the
first perpendicular CD is

L,=|CD|=bsin §;
The length of the second perpendicular DE is



L,=|DE|=bsin’6;
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Figure 7. 1. 1

The length of the third perpendicular EF is
L,=|EF|=bsin’4;

The length of the nth perpendicular is

L,=bsin"T1g,
Hence, the total length L of all the perpendiculars is
L=bsin 0-Fbsin®0-+bsin® 0+ -+ +bsin™ P g4+, (7.1. 1D

[ |
Example 7. 1. 2(Problem of a ball with bounce) Drop a ball from H meters above a flat

surface. Each time the ball hits the surface after falling a distance &, it rebounds a distance
rh, where r is positive but less 1.
(1) Assuming that the ball continuous to bounce indefinitely, find the total distance of

the ball’s travel;

(2) Calculate the total time of the ball’s travel. (Use the fact that the ball falls %gtz

meters in ¢ seconds.)

Solution (1) The distance of the ball to fall down from height H to the ground is

S¢=H;
The distance of the ball to first bounce up and then fall down to the ground again is
S, =2Hr;
Repeating the above process yields
S,=2Hr*;

The distance of the ball to bounce up and fall down in the nth time is

S,=2Hr".
Therefore, the total distance of the ball travels up and down is
S=H-+2Hr+2Hr* 4+ 2Hr"+---. (7.1.2)



