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Chapter 1

SETS AND LOGIC

Chapter 1 begins with sets. A set is a collection of objects; order is not taken into
account. Discrete mathematics is concerned with objects such as graphs (sets of ver-
tices and edges) and Boolean algebras (sets with certain operations defined on them).
In this chapter, we introduce set terminology and notation. In Chapter 2, we treat sets
more formally after discussing proof and proof techniques. However, in Section 1.1, we
provide a taste of the logic and proofs to come in the remainder of Chapter 1 and in
Chapter 2.

Logic is the study of reasoning; it is specifically concerned with whether reasoning
is correct. Logic focuses on the relationship among statements as opposed to the content
of any particular statement. Consider, for example, the following argument:

All mathematicians wear sandals.
Anyone who wears sandals is an algebraist.
Therefore, all mathematicians are algebraists.

Technically, logic is of no help in determining whether any of these statements is true;
however, if the first two statements are true, logic assures us that the statement,

All mathematicians are algebraists,

is also true.

Logic is essential in reading and developing proofs, which we explore in detail in
Chapter 2. An understanding of logic can also be useful in clarifying ordinary writing.
For example, at one time, the following ordinance was in effect in Naperville, Illinois:
“It shall be unlawful for any person to keep more than three dogs and three cats upon
his property within the city.” Was one of the citizens, who owned five dogs and no cats,
in violation of the ordinance? Think about this question now; then analyze it (see Exer-
cise 75, Section 1.2) after reading Section 1.2.
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Chapter 1 @ Sets and Logic

1.1

Sets

Go Online
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The concept of set is basic to all of mathematics and mathematical applications. A set
is simply a collection of objects. The objects are sometimes referred to as elements or
members. If a set is finite and not too large, we can describe it by hstmg the elements in
it. For example, the equation

A=1{1,2,3,4} (1.1.1)

describes a set A made up of the four elements 1, 2, 3, and 4. A set is determined by
its elements and not by any particular order in which the elements might be listed. Thus
the set A might just as well be specified as A = {1, 3, 4, 2}. The elements making up a
set are assumed to be distinct, and although for some reason we may have duplicates in
our list, only one occurrence of each element is in the set. For this reason we may also
describe the set A defined in (1.1.1) as A = {1, 2, 2, 3, 4}.

If a set is a large finite set or an infinite set, we can describe it by listing a property
necessary for membership. For example, the equation

= {x | xis a positive, even integer} (1.1.2)

describes the set B made up of all positive, even integers; that is, B consists of the integers
2, 4, 6, and so on. The vertical bar “|” is read “such that.” Equation (1.1.2) would be
read “B equals the set of all x such that x is a positive, even integer.” Here the property
necessary for membership is “is a positive, even integer.” Note that the property appears
after the vertical bar. The notation in (1.1.2) is called set-builder notation.

A set may contain any kind of elements whatsoever, and they need not be of the
same “type.” For example,

{4.5, Lady Gaga, 7, 14}

is a perfectly fine set. It consists of four elements: the number 4.5, the person Lady Gaga,
the number (= 3.1415...), and the number 14.
A set may contain elements that are themselves sets. For example, the set

{3, {5, 1}, 12, {mr, 4.5, 40, 16}, Henry Cavill}

consists of five elements: the number 3, the set {5, 1}, the number 12, the set {x, 4.5,
40, 16}, and the person Henry Cavill.

Some sets of numbers that occur frequently in mathematics generally, and in dis-
crete mathematics in particular, are shown in Figure 1.1.1. The symbol Z comes from
the German word, Zahlen, for integer. Rational numbers are quotients of integers, thus
Q for quotient. The set of real numbers R can be depicted as consisting of all points on
a straight line extending indefinitely in either direction (see Figure 1.1.2).!

Symbol Set Example of Members
zZ Integers —3,0,2, 145
Q Rational numbers | —1/3,0,24/15
R Real numbers —3,-1.766,0,4/15,/2,2.666..., 7

Figure 1.1.1 Sets of numbers.

The real numbers can be constructed by starting with a more primitive notion such as “set” or “integer,” or
they can be obtained by stating properties (axioms) they are assumed to obey. For our purposes, it suffices to
think of the real numbers as points on a straight line. The construction of the real numbers and the axioms
for the real numbers are beyond the scope of this book.



