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Preface

This manuscript is devoted to variational models, their corresponding Euler—
Lagrange equations and numerical implementations for image processing. Such
techniques allow us to solve many inverse problems by minimization and reg-
ularization using rigorous tools from function spaces, calculus of variations,
numerical analysis, and scientific computing. The most important problems in
image processing are studied here, such as image restoration and image seg-
mentation. Other related problems and applications are also presented and
analyzed in detail. The variational approach offers an optimal and elegant
solution in many cases, given knowledge about the image formation model,
constraints, and a priori information. The variational method by regulariza-
tion has been proven to be one of the most powerful techniques for solving
many image processing tasks. This book covers numerous methods and ap-
plications, with accompanying tables, illustrations, algorithms, exercises, and
online electronic material. It seeks to balance the theory with practice and
the use of computational approaches.

Our goal is to offer a general textbook on variational approaches for image
processing. Several topics are discussed in detail and may appeal to a larger
audience. Instead of minimizing overlap with existing textbooks, the aim is
for a more comprehensive and up-to-date presentation.

Each chapter includes the presentation of the problem, its mathematical
formulation as a minimization operation, discussion and analysis of its math-
ematical well-posedness, derivation of the associated Euler-Lagrange equa-
tions, numerical approximations and algorithm descriptions, several numerical
results, and a list of exercises.

In line with a desire for accessibility, this book attempts to be a self-
contained guide to variational models in image processing, providing a syn-
opsis of the required mathematical background necessary to understand the
presented methods.

There are a number of successful advanced texts, including textbooks,
on variational models and partial differential equations for image processing
and related topics from image analysis and computer vision. This is a proof
of the strong and continuing interest in these areas. This textbook focuses
specifically on the principles and techniques for variational image processing
and applications, balancing the traditional computational models with the
more modern techniques developed to answer new challenges introduced by
the new image acquisition devices.
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The audience

This text is intended primarily for advanced undergraduate and gradu-
ate students in applied mathematics, scientific computing, medical imaging,
computer vision, computer science, engineering and related fields and for en-
gineers, professionals from academia, and the image processing industry. The
manuscript can be used as a textbook for a graduate course or for a grad-
uate summer school. It will serve as a self-contained handbook and detailed
overview of the relevant variational models for image processing. The general
area of image processing and its state-of-the-art methods have become essen-
tial in many fields, including medical imaging, defense, surveillance, Internet,
television, image transmission, special effects, physics, astronomy, and other
fields that require image acquisition for further processing and analysis.

Topics not covered

There are many other important topics in variational image processing
that could not be covered here. These include higher-order models, wavelet
and statistical methods, convexification algorithms for image segmentation
and partition, proximal point methods, and other relevant applications from
computer vision and medical imaging.

Additional resources

Electronic resources accompany the manuscript. These can be found at the
online link given below, and include MATLABY codes for the main models
and algorithms presented in the manuscript. The electronic resources will
be updated when necessary. Other useful resources to students, instructors,
researchers and practitioners will be found as well at this link:

http://www.math.ucla.edu/~lvese/ VMIP



Acknowledgments xxiii

Acknowledgments

This text wouldn't have been possible without the tremendous support,
work, inspiration and dedication of all our mentors, students, collaborators,
and families.

Luminita Vese thanks all her mentors: Dorel Mihet, from West University
of Timigoara who introduced her to mathematics and its rigor; her Ph.D.
advisors Gilles Aubert and Michel Rascle, from the University of Nice-Sophia
Antipolis, who introduced her to variational models in image processing, the
topic of this text; and finally, her postdoctoral mentors Tony Chan and Stanley
Osher, from the University of California, Los Angeles, who introduced her to
many interesting and challenging problems in image processing and guided
her throughout the years.

Luminita Vese thanks all her Ph.D. students for their hard work, talent,
and dedication: Triet Le, Linh Lieu, Ginmo Chung, Nicolay Tanushev, Chris
Elion, Yunho Kim, Miyoun Jung, Tungyou Lin, Pascal Getreuer, Carl Le-
derman, Ming Yan, Melissa Tong, and Hayden Schaeffer. This text would
not have been possible without their enormous contributions to variational
methods in image processing. The text contains numerous results obtained by
Miyoun Jung, Ginmo Chung, Triet Le, Tungyou Lin, Nicolay Tanushev, and
Ming Yan; she is very grateful to all of them.

Luminita Vese is grateful to her colleagues in the Mathematics Department
from the University of California, Los Angeles for their constant support,
especially to Andrea Bertozzi, John Garnett, and Stanley Osher.

Also, special thoughts go to her dear family for all the love, support and
sacrifice throughout the years.

Carole Le Guyader thanks her mentors: Christian Gout from the Na-
tional Institute of Applied Sciences of Rouen, who trusted her and guided
her throughout the years, and Luminita Vese from the University of Califor-
nia, Los Angeles, for her constant support and kindness, for providing her with
appealing new challenges in imaging sciences, and for her strong commitment.

Carole Le Guyader also thanks her colleague Nicolas Forcadel from the
National Institute of Applied Sciences of Rouen for the enlightening math-
ematical discussions about the theory of viscosity solutions and calculus of
variations and for his friendship.

She also thanks her Ph.D. students Ratiba Derfoul and Soléne Ozeré for
their involvement, diligence, and skills. A special thought goes to her grand-
father André Le Corff for his unfailing love and to Vincent Bonamy.

This text could not have been written without our collaborators who,
through their work, greatly contributed to many sections and chapters. We
would especially like to thank Gilles Aubert, Xavier Bresson, Tony Chan,
Ginmo Chung, Nicolas Forcadel, John Garnett, Peter Jones, Miyoun Jung,
Triet Le, Tungyou Lin, Yves Meyer, Jean-Michel Morel, Stanley Osher, Nico-
lay Tanushev, Ming Yan, among many others.

We also thank Chapman & Hall/CRC Mathematical and Computational



xxiv Acknowledgments

Imaging Sciences Series and its editors Chandrajit Bajaj and Guillermo Sapiro
for supporting this project and for giving us the opportunity to contribute to
the series with this text.

Finally, we thank our editor, Sunil Nair, for his enormous patience and
understanding, his advice and guidance, and for not giving up on the project.
Also, we thank his assistants, Rachel Holt, Sarah Morris, Sarah Gelson, Sarfraz
Khan, and Alexander Edwards, for their constant interest in the progress of
the manuseript and for all their help and support throughout the process. We
would also like to express our deep gratitude to Robin Starkes for contributing
to the improvement of the writing of the book.



Contents

List of Figures

List of Tables

Preface

1 Introduction and Book Overview
I % ool o T (857 = o ) 5 G T e e e e e o R

1.0
1:132

Fundamental steps in image processing. . . . . . . ..

Simple image formation model . . . .. ... ... ..

1 TONETRIEWE o o o il o v e i E B ry s e el e ek e I R

2 Mathematical Background
2.1 Tikhonov regularization of ill-posed inverse problems
2.2 Maximum a posteriori (MAP) estimate . ... ........
O A oV T R SR s S S T, = =,
2.4 Fourier tramsformr ™ o 0 o s b woaial aal o s oo s s
2.5 Topologies on Banach spaces . . . .. ... ... .......

2.6 Sobolevand BV sSpaces . . . . . . .« o vt v v vv v
2.6.1 'Sobolev SpRCES . . < i s 5al e s 6 E s
2.6.2 BV EDECEY « o o ol coliiia o i Bt o bl s s s

2.6.2.1 Characterization of BV functions . .. . ..
2:6.2.2 __S:BEY ncHionEERt e e e e .
2.6.2.3 BV functions of one variable . . . . ... ..

2.7 Calculus of variations. . . . . o &« eesi xache o s & e ot e s

271
2,72
2.7.3

2.74
2.7.5
2.7.6
27T

Carathéodory functions . . . . . .. ... ... ....
Convex functions . . . . . . .« v v v v v i e
Direct method for integral functional problems

formulated on Sobolev space W1 P(Q2) . ... ... ..
Euler-Lagrange equations . . . « .+ v v v v v v v 0w
Lax—Milgram theorem . . . . .. .. ..........
Euler-Lagrange equations and energy decrease . . . .
D= ConvVeRZences i B s o SRt it by o0

2.8 Geometric curve evolution . . . v v v e v e e e e e

2.8.1
2.8.2

Pargmetrized CUIVeE: . « csh ot 6 e & 5 s b e el
Area and length minimization . . . . .. ... .. ...

30

31
34
36
37
39
40
40
40



vi

Contents

2.9 Variational level set methods . . . ... ... ... ... ...
2.10 Numerical analysis . . . . .. .. .. ... ... ...,
2.10.1 Gradient descent method . . . . .. .. . ... ....
2.10.2 Finite differences . . . . . . . . . .. .. ... .. ...

ZULBREFEEEE] « v « 5+ 2 wow 6 alw T ow T F 5 s s 4w b wl el W e

I Image Restoration

3

Variational Image Restoration Models
3.1 Linear degradation model with Gaussian noise and
total variation regularization . . . . .. ... 0000
Sil-1  Signal restoraflon s v s c = @ s wosw s ks s g s s
3.1.2 Existence of minimizers . .. .. ... .........
3.1.3 Dual problem and optimality conditions . . . . . . . .
3.1.4 Characterization of minimizers via dual norm . . . . .
3.1.5 Euler-Lagrange equation of regularized problem using
Gateaux differentiability . . . . . .. ... . ... ...
3.1.6 Numerical discretization of Euler-Lagrange equation .
3.1.6. 0 Deneimng, K =0T . . L ai. oo el cefen
3.1.6.2 Denoising and deblurring . . . .. ......
3.2 Numerical results for image restoration . ... ..... ...
3.3 Compressive sensing for computerized tomography
EECONBEENCIION © o o 1of bpniins o] b B o o 5 o i 0 o i o Jed ] o =
3.3.1 Expectation maximization and total variation-based
model for computed tomography reconstruction from
undersamuledidBoa . 2N Y E S e s n e i s
3.3.1.1 EM+TYV reconstruction method . ... ...
3.3.1.2 Numericalresults . .. ............
O g B T G e A s L e R

Nonlocal Variational Methods in Image Restoration

4.1 Introduction to neighborhood filters and NL-means . .. . .

4.2 Variational nonlocal regularization for image restoration . . .
4.2.1 Nonlocal total variation as semi-norm . . .. ... ..
4.2.2 Characterization of minimizers . . ... ... .. ...
4.2.3 Euler-Lagrange equations . . . . . . ... .......

4.3 Numerical results for image restoration . ... ... ... ..

C TR e el ety T o Mo s e S s U

Image Decomposition into Cartoon and Texture

MDA el om s ot A e e X AN

5.2 A simple cartoon + texture decomposition model . . . . . .
5.2.1 Numerical results for cartoon + texture decomposition

42
44
45
45
46

49

51

52
52
53
55
58

61
63
64
66
67

69

70
72
73
g

81
81
82
83
85
86
89
90

93
93
98
98



Contents
b3 ExefBIBeal | % 5k o 5 o s St it s, - prinee Rl R D
IT Image Segmentation and Boundary Detection

6 Mumford and Shah Functional for Image Segmentation

6.1 Description of Mumford and Shah model . . . .. ... ...
6.1.1 Firat VARIBEIONT . . 0 o i u i we g s e e 3o ek
6.1.1.1 Minimizing in u with K fixed . . . . . . ...
Bl 12 MIniriZing I0- K v e b o e e s e e s b g

6.2 Weak formulation of Mumford and Shah functional: M SH!
6.3 Mumford and Shah TV functional: MSTV . ... ... ...
Bd BXOICISEE. % « oo v 5 5 v b 5 50 6w e £ Y B om e

7 Phase-Field Approximations to Mumford and Shah Problem 123

7.1 Ambrosio and Tortorelli phase-field elliptic approximations
7.1.1 Approximations of the perimeter by elliptic functionals
7.1.2 Ambrosio-Tortorelli approximations . . . .. .. ...

7.2 Shah approximation to the MSTV functional . ... ... ..

7.3 Applications to image restoration . . ... ... .......

Tl "EXEICIACR '+ v w 5 % ¢ o 6 o AR o v et s R e

8 Region-Based Variational Active Contours

8.1 Piecewise-constant Mumford and Shah segmentation using
level Sete 0 oo 7 o el T e e e
8.1.1 Two-phase piecewise-constant binary segmentation . .
8.1.2 Multilayer piecewise-constant segmentation . . . . . .
8.1.3 2™ piecewise-constant segmentation with junctions . .
8.1.4 Numerical approximations . . . . . . ... ... .. ..
8.1.56 Numerical restults s . ;n i om oiv oo v v v or e
8.1.6 Level set method links active contours, Mumford—Shah
segmentation, and total variation restoration . . . . .

8.1.7 Two-phase piecewise-constant binary segmentation
with multiplicative noise . . . ... ... .......

8.2 Piecewise-smooth Mumford and Shah segmentation using level
BB . .. . 0w e D2 T S R R i 1
8.2.1 One-dimensional case . . « v v v v v v v v w0 0w .
8:2.2 Two-dimensional case . « . SNSRI 0e L

8.3 Applications to variational image restoration with segmentation-
based regularization and level sets . . . . ... ... ... ..
B TEXETCINER vt ol d 5 ¢ v sl ot o (RO | o

9 Edge-Based Variational Snakes and Active Contours
9.1 Snekemoedel® . . . Jaa ey B e ek L
9.1.1 Gradient vector lowsnake ... ............
9.2 QGeodesic active contours .« v wiam w e e s ¢ s sl e
9.3 Aligomentterm. . . . : ¢ ¢ ¢ o o clermaEbsl ol

124
124
124

135
135
136
141
144
145

149

154



viii Contents

9.4 Topology-preserving snakes model . . .. ... ... .. ... 187
9.4.1 Description of self-repelling snakes model with topology
O D G I oy, et 189
9.4.2 Evolutionproblem . ................... 191
9.4.2.1 Role of self-reppeling term E(®) . . . .. .. 194
9.4.2.2 Short time existence and uniqueness . . . . . 195
9.4.3 Description of numerical algorithm . . . . .. ... .. 197
944 Experimentalresults . . . . ... ..........., 201
S S R e e T e R i e R 205
ITT Applications 207
10 Nonlocal Mumford—Shah and Ambrosio—Tortorelli Variational
Models for Color Image Restoration 211
10.1 Well-definedness of nonlocal regularizers . . . . . .. ... .. 213
10.2 Characterization of minimizers v . . . . . . . . .. ... ... 217
10.3 Géteaux derivative of nonlocal M-S regularizers . . .. ... 223
10.4 Image restoration with NL/MS regularizers . . ... ... .. 225
10.4.1 Color image deblurring and denoising . . . . ... .. 225
10.4.1.1 Preprocessing step for impulse noise
piadell M e i i o e 226
10.4,2 Color image inpainting . . . « + coo v owbim v e v ile 227
10.4.3 Color image super-resolution . . ... ......... 228
10.4.4 Color filter array demosaicing . . . . . . ... ... .. 229
10.5 Numerical discretizations . . . . .« . .« oo v v vt v L 230
10.6 Experimental results and comparisons . . . .. ... .. ... 231
105 EREECISEE. | vt om0 s AR 1 Lo e ] el b, e 241
11 A Combined Segmentation and Registration Variational
Model 243
1B VIR £ 0o (o) o e = SOt P I ST St 243
11.1.1 Registration methods . ... ... ... ... ..... 244
11.1.2 Joint segmentation and registration methods . . . . . 247
1.2 Description ofmadel ~: fo : 7 w5 s v s s & e e 249
11.3 AlgoriBul. . « & sie ¢ iy s e e gl e e o]l o s s 257
11.4 Numerieal experiients 7. . sou i s apmna @ s o d e s 260
11.4.1 Applications to image registration . .. ... ... .. 261
11.4.2 Applications to topology-preserving segmentation . . . 263
RS |4 5eats e Ut I YR AR S ET S TSt P 264
12 Variational Image Registration Models 281
12.1 IptwodeERBRE I S aah s S0 e e e d e W e T 281
12.1.1 Data fidelity in Eulerian framework . . ... ... .. 283
12,1.2 Landmark congbraitits . . o il a5 oGt 283

12.1.3 Regularization . ..................... 283



Cantents ix

12.1.3.1 Image registration using diffusion

regalaZation.. v o wvr a U REERLIRE, L 284
12.1.3.2 Image registration using biharmonic

regrilarization =V itle dn RN L e, 284

12.1.3.3 Image registration using linear elasticity
regulaitizadion . U VT, L 285

12.2 Variational image registration algorithm using nonlinear
elasticity regularization . . . ... Lo Ll L L. 286
12.3 Experimental TesultS - . - ¢ 5 ¢ 5 0 4 3 2 o e s s b e s 289
12.3.1 Numerical correction: regridding . ... ... .. ... 289
123,92 Svnthetlc IMAZEE v ccl b\ ot bt e o, v o6 oo o 290
12:8.2.1 Disk toletber € - e alals s s« 5 s cneos 290
12.3.2.2 Other binary images « « « o &« vono v o0 o 4 s 291
12.3.8- Real @At i jo s b il bran ol st sl o St Arersys 293
12.3.3.1 Ground truth test - . “o sbimec oo o oo 293
12.4 EXeTCiBes « s 5 s 50 x v moa v o 5 bl wE B a e o s S e s 297

13 Piecewise-Constant Binary Model for Electrical Impedance
Tomography 301
13.1 IntTodUetion i i o v o Tt e R 301
13.0.1" Porwaid piobleni &= . & ol by o et e s 301
13.1.2 Inverseproblem . . . . . ... .. .. ... ... .... 302
1303 Related rarle i e = e e 303
13.2 Formulation of the minimization . ... ... ... ... ... 303
13.3 Niamerticalldetails R s S st 305
13.4 Numerical reconstructionresults . . .. .. ... .. .. ... 308
13.4.1 Test ]l — Two MERBIGNS o 2 w v o oo x5 5 5 & = s 5 3 308
13.4.2 Test 2 — Inclusion with empty interior . . . . ... .. 309
13:4.3. Testiid — Noise .« e & 2 o o s 5 5 s s 312
13.5" BRETCIRES © ol'u s 070 s movs Lo o L O e/ . 5 5 s & s s 313
14 Additive and Multiplicative Piecewise-Smooth Segmentation

Models 3156
14.1 Piecewise-smooth model with additive noise (APS) .. ... 317
14.1.1 Existence of minimizers for APS model when p=2. . 317
14.1.2 Existence of minimizers for APS model when p=1. . 319
14.1.3 Two-phase APSmodel . « . . ¢ v v v 0 v v v v s s vy s 320
14.1.4 Four-phase APSmodel. . . . ... ... ........ 321
14.2 Piecewise-smooth model with multiplicative noise (MPS) . . 324
14.2.1 Existence of minimizers for the MPS model . . . . . . 327
14.2.2 Two-phase MPS model '« . . v v v o v v v v v 4 v 4 s 329
14.2.3v Four-phase MBS model’ . . (o S A il o 331

14:3 Baaraigesh'— Ip = T e s e = h el I s T 331



b Contents

15 Numerical Methods for p~-Harmonic Flows 333
15.1 Intzodudtion. . . . - & ou s R T v e e s e s 333
16.2 % CreinmuBiRati. s 2ttt w5l «Cola Ll e e v e o 335

15.2.1 Numerical algorithm for S case . ... ........ 337
188 B e e R st e g 183 o T B 5 e 339
15.3.1 Numerical algorithm for S% case . . .......... 341
15,4 Numerical experiments: . % o d o b v ov av wp v vnie e o 341

15.4.1 Numerical results for prescribed boundary conditions . 342
15.4.2 Application to directional denoising and color image

AenOIBINE . o wrvieis o s v o s o b a a w s e e e e 344

15.5 Concluding remarks and discussions for more
general Tnifolde i b 5 @ g e b d § 349
LGB REreIBEs - o Lol - T R A e b o e e T e e 351
Bibliography 353

Index 381



List of Figures

1.1

1.2

1.3

1.4

1.5

1.6

3.1

3.2

3.3

3.4

3.5
3.6

A grayscale image with several shades of gray varying from
black (intensity 0) to white (intensity 2565). . . .. .. ...

Top: an original image u. Bottom left: its blurry version Ku
obtained using a convolution operator Ku = k % u with k a
Gaussian kernel. Bottom right: its blurry and noisy version
f = Ku+ n obtained from Kwu by adding Gaussian noise of
ZOTD MCOD 5 + + » a5 & s ik s R B ISR R e, .

A level line u(z) = c of the image function u and the unit
normal and tangent vectors T' and N to the level line.

An example of image decomposition f = u + v into cartoon
arid BERBUNG. .. o ol e L L B

Segmentation and edge detection results using the Ambrosio—
Tortorelli approximation AT, of the Mumford-Shah energy
(1.5) in the weak formulation. . . . . ... ... .......

Active contour evolution and detection of different objects in
a synthetic noisy image f, with various convexities and with
an interior contour that is automatically detected using only
onedrHtialiuENe: Lam il ot il )y b b

Image recovery: Gaussian blur kernel with o3 = 1 and additive
Ganssian noise Withugy =5 it 5 rlabil Rl i vl i

Original image, noisy blurry version f with Gaussian kernel
with o, = 1 contaminated by additive Gaussian noise with
on, = b, and recovered image u (SNR = 14.4240). . ... ..

Original image and noisy blurry version f using the pill-box
kernel of radius 2 contaminated by additive Gaussian noise
with o, = 5, recovered image u (SNR = 25.0230) and residual
o e+ L/ T M S A S S e e o o
The sinogram data without noise in two dimensions, gener-
ated from the two-dimensional Shepp-Logan phantom. . . .
Reconstruction results in two dimensions. . . ... ... ..

Reconstruction results in three dimensions in the noise-free
o NPT S, ey I e L R T N

11

13

63

69

69

74

76

xi



xii

4.1

4.2

4.3

5.1
5.2

5.3

5.4

5.5
5.6
5.7

6.1

6.2

7.1
7.2

7.3

7.4

7.5

7.6

(A

7.8

7.9

List of Figures

Image recovery: Gaussian blur kernel with o = 1 and Gaus-
ST ) O R I gy o 3t e Jol s s A g
Original image, noisy blurry version with Gaussian kernel
with o, = 1 contaminated by Gaussian noise with o, = 5,
and recovered image with NL/TV (SNR = 17.4165). . . . .
Recovery of noisy blurry boat image. . . . . . . ... .. ..

Test image to be decomposed. . . . . . ... ... ... ..
A decomposition of f from Figure 5.1 using the model (5.10)
with the kernel being the characteristic function of a square
centered at 0 having 3-pixel length for the sides and A = 1.5.
A decomposition of f from Figure 5.1 using the model (5.10)
with the kernel being the characteristic function of a square
centered at 0 having 5-pixel length for the sides and A = 1.5.
A decomposition of f from Figure 5.1 using the model (5.10)
with the kernel being the Gaussian kernel of standard devia-
tiono=doe l,aBd A= L ¢ v koo owon obh Ba T

A decomposition of f from Figure 5.1 using the model (5.11).
A decomposition of f from Figure 5.1 using the model (5.11).
A decomposition of f from Figure 5.1 using the model (5.11).

Example of partition of a rectangle € into eight regions Qy,...,

Neighborhood U near a regular, simple point P of K.

Original dMBge g, -« w1 b e w0k 8w ww s v s s o
Results using the Ambrosio-Tortorelli approximations (a =
B 0 e DUBODOLY - da s st Sl b i lar @ s o
Results using the Ambrosio-Tortorelli approximations (o =
B=5 e=00001). i / .« v sn v @m e e e v R G
Results using the Ambrosio-Tortorelli approximations (o =
B L, 2 me GO o i BB w95 a5
Numerical energy versus iterations for the Ambrosio-
Tortorelli approximations (o = 8 = 10, € = 0.0001, 150 iter-
SERGTEYo, 1 Fv 8§ e BB m tiiite e ond g s o
Image recovery: Gaussian blur kernel with o = 1 and Gaus-
SUATL TIOIEE WITE S == D v o o mens 1 Sl mts (12 L ST (x
Original image, noisy blurry version using Gaussian kernel
with o, = 1 contaminated by Gaussian noise with o,, = 5, and
recovered image using M STV (SNR = 14.4693). 8 = 0.007,
o = 0.00000015, e = 0.0000005. . . ... ... ........
Original noisy blurry image, recovered image, and correspond-
ing residunla. NS NN IR PR R SEE ST, L
Restoration using MSH' with the image blurred and con-
taminated by high density (d = 0.4) of impulse noise. . . . .

89

89
90

99

99

100

100
101
101
102

110
115

127

128

128

128

129

130

131

132

133



