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PREFACE

In empirical economic and econometric research, parametric
econometric models are used to analyze the interaction of economic
variables of interest for the main purpose of validating the corre-
sponding economic theory, making predictions, and/or conducting
policy evaluations. The selection of the variables in the model is
based on data availability and economic theory, but economic theory
is usually not specific enough to determine the functional form of the
model involved. Therefore, in practice parametric econometric mod-
els are usually specified such that the parameters can be estimated
without too much effort. i

According to Karl Popper (The Logic of Scientific Discovery),
scientific theories should be falsifiable, and if such a theory is falsi-
fied it should be replaced with a (hopefully) better falsifiable theory.
Nowadays economic theories are formulated in the form of models, so
that in order for economics to be a science, economic models should
be falsifiable, and since falsification of economic models can only be
done via their translation to econometric models, the latter models
should be falsifiable as well. So the following two questions arise: (1)
How can we falsify parametric econometric models? (2) What can be
done if the model is falsified? These questions are just the themes of
this book.

The first part of this book presents and reviews my work (some
jointly with coauthors) on testing the validity of parametric condi-
tional expectation models (also known as regression models), and
conditional distribution models. These tests have the following two
desirable properties, among others. First, they are consistent, i.e.,
they have asymptotic power one against the general alternative that
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the null hypothesis of model correctness is false. Thus, rejection
means that the model is falsified. Second, these tests have nontrivial
power against root n local alternatives, where n is the sample size.
The five reprinted articles involved are accompanied by addendums
in order to bring these tests up-to-date and make them fully opera-
tional. In particular, it is shown how to derive upper bounds of the
critical values, and how to derive the actual critical values via boot-
strap methods. Moreover, these addendums provide detailed proofs
of all the results, which make this book uniquely self-contained, and
a useful resource for graduate students and researchers interested in
model specification issues.

The second part of the book is devoted to semi-nonparametric
(SNP) models, i.e., models that are partially parametrized and the
unspecified part is modeled via infinite series expansions. If a para-
metric econometric model is falsified, a possible way to repair it is
to incorporate unobserved heterogeneity variables, where the joint
distribution of the latter is modeled semi-nonparametrically, or to
replace certain parametric functional parts in the model by SNP
functional forms. The usefulness of the SNP approach is illustrated
in this book by applications to interval-censored duration models,
competing risks models and auction models. In the last article in
this series, published in 2014, low-level conditions are established
for the consistency and asymptotic normality of sieve estimators,
using a different approach than in the literature on sieve estima-
tion. The latter paper comes with an extensive appendix with all
the proofs not already contained in the main paper, together with a
short addendum. These papers will likely be useful to PhD students
and researchers interested in SNP models.

Some papers in this book refer to unpublished papers and addi-
tional material on web sites: http://econ.la.psu.edu/~hbierens/ or
http://grizzly.la.psu.edu/~hbierens/. However, both web sites have
been decommissioned. These papers and material are now available
from my new web site: http://www.personal.psu.edu/hxb11/.
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Chapter 1

INTRODUCTION

This book reviews and extends my publications on consistent model
specification testing, in Part 1, and semi-nonparametric modeling
and inference in Part 2.

In 1982 and 1984, I published two papers in the Journal of
Econometrics, Bierens (1982, 1984), on the problem how to test the
correctness of a linear or nonlinear parametric regression model as
a conditional expectation model such that the test has asymptotic
power one against all deviations from the null hypothesis, for cross-
section and time series regression models, respectively. These papers
are the first to show that it is possible to test the validity of regres-
sion models consistently. However, at that time I was unable to derive
the limiting null distribution of these tests. Therefore, I proposed to
use upper bounds of the critical valued on the basis of Chebyshev’s
inequality for first moments.

These papers were followed up by two papers in Econometrica,
Bierens (1990) and Bierens and Ploberger (1997). In Bierens (1990),
I derived the limiting null distribution of a version of the 1982 test. In
the 1997 Econometrica paper with Werner Ploberger, we character-
ized the null distribution further as a weighted sum of independent x?
distributed random variables, on the basis of which we could derive
sharper upper bounds of the critical values. In the latter paper, we
also showed that the test is admissible, i.e., there does not exist a
uniformly more powerful test, and that the test has nontrivial power
against root n local alternatives. More recently, in Bierens and Wang
(2012), we extended the previous consistent model specification tests
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to a consistent test for the validity of parametric conditional distri-
bution models.

In this book, these five papers are accompanied by substantial
addendums, in order to bring the papers involved up-to-date, and/or
provide additional proofs and results. In particular, I show how to
approximate the critical values of the tests in Bierens (1982, 1984)
and Bierens and Ploberger (1997) via a bootstrap method.

The second part of this book reviews my recent work on semi-
nonparametric modeling and inference. Semi-nonparametric models
are models that are only partially parametrized. and the nonpara-
metric part take the form of one or more unknown functions which
are approximated via an infinite series expansion. The first three
papers in this series, Bierens (2008), Bierens and Carvalho (2007)
and Bierens and Song (2012), are applications of semi-nonparametric
methods to mixed proportional hazard models, competing risks mod-
els and first-price auction models, respectively. In the fourth paper,
Bierens (2014b), I derive low-level conditions for consistency and
asymptotic normality of sieve estimators of semi-nonparametric max-
imum likelihood models. Two of these papers, Bierens and Car-
valho (2007) and Bierens (2014b), are accompanied by separate
appendixes, and the latter paper also by a brief addendum.

In this chapter, I will review each of the papers in this book, and
summarize their results.

1. True Models

The notion of a “true model” seems a contradiction, as models are
by nature incomplete descriptions of the real world. As I have stated
in Bierens (2007), “Most economic theories are partial theories in the
sense that only a few related economic phenomena are studied. The
analysis of this “partial” theory is justified, explicitly or implicitly,
by the ceteris paribus assumption (other things being equal or con-
stant). See Bierens and Swanson (2000) and the references therein.
However, when simple economic models of this type are estimated
using data which are themselves generated from a much more com-
plex real economy, it is not surprising that they often fit poorly.
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Thus, these models do not represent data generating processes, and
are not designed to do. The purpose of these models is to gain insight
in particular related economic phenomena rather than to describe an
actual economy, and to conduct numerical experiments.”

However, this argument applies to economic models rather than
econometric models. In econometrics, we do not use the ceteris
paribus assumption, but instead we integrate the “rest of the
world” out. In other words, in econometrics we condition on the
explanatory variables of interest, which under standard conditions
vields tautological true models. For example, let ¥ be a dependent
variable satisfying E[Y?] < oo, and let X be a vector of explanatory
variables. Then we can decompose Y as

Y =g(X)+U, whereg(X)=E[Y|X]as and U=Y —E[Y|X].

(1.1)
In (1.1) and in the sequel “a.s.” stands for “almost surely”, which
means that the equation involved holds with probability 1.

As is well-known, the function g(.) exists and is Borel measur-
able [see, for example, Bierens (2004, Theorem 3.10, p. 77)], and
by construction, E[U|X] = 0 a.s., which is the standard textbook
assumption for regression errors. Moreover, E[U?] < E[Y?] < oo and
E[U?%|X] = E[Y?|X] — g(X)? = 0%(X) a.s., say, which in general is
not constant. Thus, (1.1) is a tautological heteroscedastic regression
model. Moreover, with {(Y;.X J-)}j':1 an i.i.d. random sample from
(Y, X), the functions g(.) and o%(.) apply to each pair (Y, X;), i.e.,

Y; =g(X;)+U;, where E[U;|X;]=0as. and

E[U?|X;] = a?(X;) as.

(1.2)

Thus, under standard conditions true regression models for i.i.d. data
exist, and that in general heteroscedasticity is the rule rather than
the exception.

In the case of data heterogeneity, the regression function g(.) and
conditional variance function ¢?(.) may depend on the observation
index j, so that (1.2) reads: Y; = ¢;(X;) + Uj, where E[U;|X;] = 0
a.s. and E [Uf|X i O’?(X j) a.s. But now we have only one observa-
tion available for g;, so there is no way we can recover this function
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from the data. Therefore, the i.i.d. sample assumption is crucial for
the existence of a true regression model.

In the time series case, we also have a true regression model,
provided that the time series involved are strictly and covariance
stationary. In particular, let Y; be a univariate strictly and covariance
stationary time series, and let X; € R* be a strictly stationary vector
time series process of exogenous variables. The case that the model
contains contemporaneous exogenous variables as well can easily be
accommodated by defining X; = X}, where the latter is the actual
vector of exogenous variables.

Denote Z; = (Y, X{)' and let F' __ be the o-algebra generated by
the sequence {Z,__j};?io. Then we can decompose Y; as Y; = G;_q
+ Uy, where Gy = E [Yt|.7-"t__oé] and, by construction, U; is a mar-
tingale difference process with respect to the filtration ]-"t_;é, ie.,
E[|U]] < o0, Uy is measurable F' __ and

E [UFEL] =0 as. (1.3)

In essence, Gy_; is a function of all lagged Z;'s, and depends
on t only through these lagged Z;’s. More precisely, let F/~! be
the o-algebra generated by Z; 1,2Z; o,...,Z; ;. Then for m € N,
similar to g(X) in (1.1),

E [Ytlftt__,lr,] = gm(Zt—la Zt—‘2~ ceey Zt-m) a.S.,
where ¢,,(.) is a Borel measurable real function on R*+1)xm
which by stationarity does not depend on ¢, and G;.; =
limy,— o0 g (Zi—1. Zi—2, . ..y Zt—pm ) a.s. The latter follows from a well-
known martingale convergence result. See for example Bierens (2004,
Theorem 3.12, p. 80).

Rather than focusing on conditional expectation models, we may
also be interested in conditional distribution models, i.e., the con-
ditional distribution function of ¥ € R™ given X € R*: Pr[Y <
y|X] = p(y|X), say, where y € R™. Again, in the i.i.d. sample case
the function p(y|x) involved is the same for each observation (Y}, X;),
ie., PrlY; < y|X;] = p(y|X;), y € R™. Also, this is a tautological
true model.



Introduction 5

2. Validity of Parametric Regression Models

Given a pair (Y, X) € R x R¥ with E[Y?] < oo, a parametric speci-
fication of a regression model for Y takes the general form

Y = f(X.600) + U,

where f is a parameter vector contained in an a priori chosen param-
eter space O, f(x,6) is an a priori chosen real (and usually continu-
ous) function on R* x ©, and U is the error term. As to the latter,
the standard textbook regression assumption is that E[U|X] = 0 a.s.,
which is equivalent to the assumption that there exists a 6y € © such
that

E[Y

X] = f(X,0y) as. (1.4)
If so, this parameter vector 6 is determined by
B = argmin E[(Y — f(X,0))%] = argmin E[(E[Y|X] — f(X,#))?],
e 0O
(1.5)
provided that the expectations involved are finite for at least one
0 cO.

If condition (1.4) does not hold then f(X,#,) with 6y defined by
(1.5) is merely the “best” approximation of the conditional expecta-
tion EY
mean square error, given the parametric specification f(x,0).

X], best in the sense of the approximation with the smallest

In econometrics textbooks, the functional form of parametric
econometric models is usually taken as given, with vague reference to
economic theory. However, economic theory may tell us which vari-
ables to include in a model, and the possible directions of the interac-
tions of explanatory or predetermined variables with the dependent
variable(s), but economic theory is usually not specific enough to
guide us how to specify the functional form of parametric economet-
ric models. Therefore, in practice, the choice of the functional form of
a model is often based on convenience, in the sense that it is chosen
such that the model is easy to estimate. The linear regression model
is the prime example of such a specification.
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In the linear regression case with constant term, f(z,6) takes the
form

f(z,0) = (1,2)0, withz e RF, #e© =R (1.6)
Given that
E[Y? <o, E[X'X]<oo, A=E . is nonsingular,
' ' X Xx'

(1.7)
the solution of (1.5) is 6y = A~ 'e, where ¢ = (E[Y], E[X'Y])’. Note
that (1, X’)fp is known as the linear projection of Y on (1, X')’, with
residual

U=Y —(1,X"80, (1.8)

which by the first-order conditions satisfies E[U] = 0, E[X.U] = 0.

Thus, under the conditions (1.7) the linear regression model is also

tautological, but is sub-optimal in that the variance of the linear

projection residual U is larger than the variance of Y — E[Y|X] if
Pr[E[Y|X] = (1,X")6] < 1.
Nevertheless, given that

Assumption 2.1. {(Y}, X;)}}_, is a random sample from the dis-
tribution of (Y, X) € RxR¥, where Y and X satisfy the conditions in
(1.7), the OLS estimator 5,,_ of 6y is strongly consistent and asymp-
totically normal, i.e.,

§1L “5 007
ﬁ(@, - 9()) i) N,,7+1(0, A_IBA_I), with B = Var <(g X,)) ’

provided that the variance matriz B is finite. The latter requires that
in addition to (1.7),

Assumption 2.2. E[U?||X||?] < oo, where U is the linear projection
residual (1.8).

2.1. Consistent model specification tests

Throughout this section, I will summarize the results in Bierens
(1982) and the follow-up papers Bierens (1990) and Bierens and
Ploberger (1997) for the linear regression case (1.6) under Assump-
tions 2.1 and 2.2.
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2.1.1.  Chapter 2: The initial integrated conditional moment
test

In the Fall of 1981, as a postdoc in the department of economics of
the University of Minnesota, Minneapolis, I started puzzling on the
problem how to test, for regression errors U, the null hypothesis

Hy: Pr(E[U|X] =0) =1,

consistently against the general alternative hypothesis that Hy is
false:

H, :Pr(E[U|X]=0) < L

In the early 1980s, it was a common belief among econometri-
cians that “A test of functional form that is consistent against all
deviation from the null hypotheses spreads its power so thinly over a
continuum of alternatives that there is no power left,” as Christopher
Sims told me when I showed him my hand-written draft of Bierens
(1982). However, contrary to this common belief there exists a sharp
distinction between Hy and Hqp, in terms of the Fourier transform of
E[U|X] and this distinction can be used to devise a consistent test.

The Fourier transform of E[U|X] takes the form

¢(t) =E[E[U

X]exp(im'X)] = E [Uexp(i7'X)], 7eR" (1L9)

where i is the complex number /—1. Obviously, under Hy, ¢(7) = 0
for all 7 € R¥, whereas by the uniqueness of Fourier transforms,
(1) # 0 for some 7 € R¥ under H,. Moreover, if X is bounded
then in the latter case ¢(7) # 0 for some 7 arbitrarily close to the
origin of R¥. If X is not bounded we may without loss of generality
replace X in (1.9) by ®(X), where ® : R¥ — R* is a bounded one-
to-one mapping with Borel measurable inverse, because then X and
®(X) generate the same o-algebra, which implies that E[U|X]| =
E[U|®(X)] a.s. Then the Fourier transform of E[U|X] becomes

?(1) = FE [Uexp(iT'®(X))], 7Rk,

so that under Hy, $(7) # 0 for some 7 arbitrarily close to the origin
of R¥, which by the continuity of %(7) implies that any open neigh-
borhood of the origin of R¥ contains an open set on which (1) # 0.
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Consequently, for a compact subset T of R¥ containing the origin of
R¥ in its interior we have

=0 under H
- 2 0>
d
/T|(’0(T)‘ ’ {> 0 under H;.
This suggests to test Hy against H; using the Integrated Conditional
Moment (ICM) test statistic

/ iW,, d'r7 where (1.10)
Wa(r) = ~Zﬁj exp(i.7®(X;)), (1.11)

and the U s are the least squares residuals.
In the linear regression case, U = Uy — {1, X )( — 6py), and by
Assumptions 2.1-2.2,

- B 1
(B, —0y) = A — ; ,(1),
(B~ 00) ﬁ;UJ(Xj)Jro;()
hence,
/\ 1 mn
Wi(r) = - ]z_:]U jexp (1.7'®(X;))
~%}Z;1)& exp (i.7'®(X )f((),,—()g

1 n
- Z Ujexp (i.7'®(X;))
Vi &

— E[(1, X")exp (L7'®(X))] Va0, — 0p)
+op(1)

_ \/ﬁZU} (1, X;) + 0p(1), (1.12)



