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Preface

The science of biophysics, - currently attracting many disciples, has
counted among its practitioners long-established scientists such as Helm-
holtz, investigating the transmission of nerve impulses, and Maxwell, exam-
ining the phenomenon of color vision. The merger of biology and physics has
attained consummation in the second half of this century cohcurrently with
the development of sophisticated instrumentation and the molecular approach
to the study of life phenomena. .

In this volume, the fundamental principles of biophysics and their ap-
plication to the study of the physical properties of biological macromolecules
are presented. In a subsequent volume—"*'General Biophysics'—a thorough
treatment of the thermodynamics of biological systems, an analysis of recog-
nition, selection, and regulatory phenomena, as well as membrane, nerve
excitation, mechanochemical, and photobiological processes will be exam-
ined.

Biophysics and biology are rapidly developing fields. New findings
necessitate revision of old ideas and the introduction of new postulates. In the
present book we have attempted to differentiate clearly between established
principles  and speculative ideas. It is our hope that the factual and the
theoretical will be apparent to the reader.

I thank N. G. Esipova, G. V. Gursky, V. I. Ivanov, A. M. Jabotinsky,
M. A. Livshits- A. 1. Poletayev, Yu. A. Sharonov, and V. G. Tumanian for
their valuable help in the preparation of this book.



Contents

Preface

Chapter | Biology and Physics

Introduction

Finalism and Causality
Thermodynamics and Biology
Information Theory and Biology
Cooperativity

Biophysics

References

Chapter 2 Chemical Foundations of Biophysics

2.1
2.2
23
24
2:3
2.6
2.7.
2.8
2.9

Chemistry and Biology

Amino Atids

The Properties of Electrolytes
Amino Acid Composition of Proteins
The Primary Structure of Proteins
Asymmetry of Biological Molecules
Nucleic Acids

Carbohydrates and Lipids
Cofactors, Vitamins, and Hormones

2.10 Some Fundamental Biochemical Processes

2.11

Quantum Biochemistry
References

Chapter 3 The Physics of Macromolecules

3.4
3.2
33
34
3.5
36
37
3.8

Polymeric Chains

Internal Rotation and Rotational Isomers

The Rotational-Isomeric Theory of Macromolecules

The Macromolecule as a Cooperative System

The Peculiarities of the Macromolecule as a Statistical System
Determination of the Molecular Weights for Macromolecules
Optical Methods of Investigation of Macromolecules
Polyelectrolytes

References

viii

12
18
26
35
40

43
48

59
65

75
78
87
92

103
107
113
123
127
131
141
153
(158



vi

Contents

Chépter 4 The Physics of Proteins

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10

Biological Functions of Proteins

Conformations of the Polypeptide Chain

Van der Waals Forces

The Hydrogen Bond and the Structure of Water
Helix—Coil Transitions

Protein Globules and Hydrophobic Interactions
Structure and Stability of Globules
Denaturation of Proteins

Primary Structure of the Polypeptide Chain and Spatial Structure of the Globule
Fibrillar Proteins

References

Chapter 5 X-Ray Analysis, Optics, and Spectroscopy of Biopolymers

5.1
5.2
53
5.4
5.5
5.6
5.7
5.8
5.9
5.10

X-Ray Structural Analysis

X-Ray Analysis of Fibrillar Structures

Scattering of X Rays by Macromolecules in Solution
Electronic Spectra of Biopolymers

The Theory of Optical Activity

The Theory of Optical Activity of Biopolymers
Spectropolarimetry of Biopolymers

Luminescence of Biopolymers

Vibrational Spectra of Biopolymers

Spectra of Nuclear Magnetic and Electron Paramagnetic Resonance
References

Chapter 6 The Physics of Enzymes

6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8

Chemical Kinetics and Catalysis

Kinetics of Simple Enzymic Reactions
Thermodynamics of Enzymic Reactions
Chemical Aspects of Enzymic Activity
Conformational Properties of Enzymes

Action of the pH of the Medium on Enzymes -
Physical Aspects of Enzymic Activity
Metalloenzymes

References

Chapter 7 Cooperative Properties of Enzymes

T
T2
7.3
7.4
7.5
7.6
7.9

Structure and Properties of Myoglobin and Hemoglobin
Phenomenological Theory of the Equilibrium Properties of Hemoglobin
The Faraday Effect

Magnetic Optical Rotation of Heme-Containing Proteins

Allosteric Enzymes

The Kinetics of Complex Enzymic Reactions

Chemical Relaxation

References

163
165
176
183
193
205
216
227
234
239
246

255
266
272
274
280
294

. 305

310
315
323
334

347
354
361
368
380
387
392
403
409

415
427
433
440
446
457
470
476



Contents

Chag}er 8 The Physics of Nucleic Acids

8.1
8.2
8.3
8.4
8.5
8.6
8.7

‘Molecular Biology

The Structure of Nucleic Acids

Intramolecular Interactions in the Double Helix
The Thermodynamics of Helix—Coil Transitions
The Kinetics of DNA Denaturation

Interactions of DNA with Small Molecules
Reduplication of DNA

References

Chapter 9 Biosynthesis of Protein

9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9

The Problem of the Genetic Code
Biosynthesis of Protein

Transcription

Transfer RNA's

Ribosomes

The Genetic Code

The Physical Sense of the Genetic Code
Translation

Mutations

References

Selected Additional References

Index

vii

555
562
566
571
579
584

596
601
605

611

617



Chapter 1

‘Biology and Physics

1.1 Introduction

Inanimate and animate bodies are both composed of atoms
and molecules and thus obey the general laws governing the
structure and properties of matter and field. Contemporary
physics is turning to the study of life, and the problem of
the relationship between physics and biology has assumed par-
ticular interest.

That' physics and biology are closely interrelated was
recognized early in the development of the natural sciences.
Later, however, as biologists gained deeper insights into the
complexities and pecularities of the life processes, the paths
of physics and biology diverged more and more, and the funda-
mental biological laws, primarily the Darwinian law of natural
selection, came to be regarded as totally incompatible with
physics.

The interaction of biology and chemistry evolved in a
different way. The chemistry of life, organic chemistry, was
at first considered completely distinct from inorganic chemis-
try, for it appeared that the substances present in living
organisms could not in principle be obtained in vitro: they
were amenable to analysis but not to synthesis. The formation
of an organic substance was believed to require the participa-
tion of a special agent-—a vital force. Organic chemistry was
looked upon as a reliable basis for vitalism.

Chemistry, however, overcame this dichotomy. In 1777°
Lavoisier showed that respiration and combustion were essen-
tially identical processes in that both oxidized organic sub-
stances to form water and carbon dioxide. In 1828 Wohler syn-
thesized, for the first time, an organic substance, urea
CO(NHy),, from inorganic compounds. From this time on organic
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chémistry ceased to be the chemistry of life and became the
chemistry of carbon compounds.. Inspired by this achievement,
the more farsighted thinkers of the last century rejected
vitalism in favor of materialistic natural sciences. Engels,
for example, developed the following ideas [1l]: Chemistry
brings us close to organic life and it has advanced far enough
to guarantee that it alone will explain to us the dialectical
transition to an organism;...It is necessary to attain only
one more goal: to explain the rise of life from inorganic
nature; in the current stage of scientific development this
means only the following: to prepare protein bodies from in-
organic substances. These ideas led Engels to his formula of
life, which says that: Life is the mode of éxistence of pro-
tein bodies, the essential element of which consists in contin-
ual metabolic interchange with the natural environment outside
them. This formula indicated the fundamental features of life,
the knowledge of which thus came down to the understanding of
the artificial synthesis of proteins.

We know now that the actual situation is not as simple as
that. Some proteins have already been synthesized, yet the
problem of life is far from being solved. If an organism’is a
protein system, we must understand how that system works. As
Engels correctly noted, a prerequisite for this understanding
is the consideration of exchange with the environment. There-
fore we have to deal with an open protein system.

Science has demonstrated that proteins are indeed respon-
sible for the functioning of living organisms. Life, however,
requires many other low- and high-molecular substances, pri-
marily nucleic acids, and is impossible without a diversity of
interacting substances without chemical heterogeneity. An
individual chemical substance of any complexity--whether a
protein or a nucleic acid--does not live. It makes no sense
to speak of living molecules. A living organism and .any func-—
tional part thereof invariably represents a complicated hetero-
geneous system of interacting components, such as large and
small molecules, ions, and supramolecular structures.

The advanced ideas of the 19th century were not able to
overcome vitalism, proponents of which kept finding new argu-
ments in the development of science itself.

Two great evolutionary theories were developed in the 19th
century. The second law of thermodynamics (Clausius, Gibbs,
Boltzmann) is suggestive of the evolution of matter in an iso-
lated system toward its most probable state, characterized by
maximum disorder, that is, maximum entropy. In contrast to
this concept, the theory of biological evolution (Darwin)
posits the increased orderliness and complexity of living sys-
tems from primitive microorganisms to Homo sapiens with his
thinking brain. These two theories conflicted with each other
because biological evolution, phylogeny, and ontogeny, were
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quite inconsistent with the equilibriﬁm thermodynamics of iso-
lated systems.

On the other hand, biology had a powerful impact on phys-
ics in the 19th century. The law of conservation of energy,
the first law of thermodynamics, was discovered by Mayer,
Joule, and Helmholtz. It is well known that Mayer based his
theory on observations of living human organisms, but it is
not so well known that Helmholtz also based his theories on
biological phenomena, on a clear cut antivitalistic concept.
He wrote that "according to Stahl, the forces acting in a liv-
ing body are in fact physical and chemical forces of oraans
and things, but there is some vital soul or force inherent in
the body which can tie up or set free their activity. ...I
have found that Stahl's theory ascribes to any living body
properties of the so-called perpetuum mobile. ...So I am con-
fronted with the question of what kind of relations should
hold between different forces of nature if we assume that the
perpetuum mobile is impossible..." [2].

The basic question we have to answer when attempting to
develop and study biophysics (i.e., the physics of living
nature) is that of the interrelationship between biological
and physicochemical phenomena. Two alternatives are apparent:
either biology contains something basically foreign to physics
and chemistry, or else life is a manifestation of physical and
chemical processes occurring in complicated open systems; ter-
tium non datur. Either biology contradicts physics or the
contradiction is only apparent and the vitalistic theory is
untenable whatever its form.

Modern vitalism does not deny the applicability of physics
to the study of life processes but, as we will see, urges the
creation of a new physics--one that has not yet been formed.
On the other hand, physical interpretations of fundamental
biological processes are often viewed as impermissible reduc-
tionism, striving to reduce the complicated biological laws to
simpler physical ones.

However, arguments concerning "reducibility" or "irreduci-
bility" are meaningless, for this approach is not an attempt to
subordinate biology to physics, but rather an effort to ascer-
tain the unity of animate and inanimate nature. Physics, as
the science of matter and field, is by no means simpler than
biology; hence, the notion of reductionism is inappropriate.
One should speak not of reductioenism but rather of the inte-
gration of different domains of knowledge. Thus it is quite
clear now that chemical transformations do not involve any
phenomena other than physical, and in this sense chemistry is
"reducible" to physics. But this awareness in no way jeopar-
dizes the independence or significance of chemistry; rather it
provides chemistry with a much more solid and generalized
foundation.
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Nonetheless, the question whether contemporary physics can
assure the knowledge of life phenomena is not devoid of meaning,
and in this connection it is appropriate to discuss the con-
cepts put forward by some biologists and physicists.

Bertalanffy developed ideas concerning the so-called gen-
eral theory of systems (see [3]). He believed that biological
phenomena could be understood in terms of the exact sciences
and that the imaginary conflict with thermodynamics vanished
as soon as it was recognized that organisms are open systems
which exchange matter and énergy with the external environment.
But canonical thermodynamics was concerned with isolated sys-
tems, and a thermodynamics of open systems (nonequilibrium
thermodynamics) was necessary in order to interpret biological
phenomena in physical terms. Bertalanffy considered systems
theory as a basis for scientific biology. The system is a
totality of interacting objects, and its properties are not
reducible to the sum of the properties of its constituent
elements. By considering systems it is possible to explore
the problems of organization and the integrity of dynamic
interaction. These problems are of critical importance for
biology. .

At a time when the thermodynamics of open systems had not
yet been formulated, Bauer discussed the nonequilibrium proper-
ties of organisms and devised his fundamental law of biology,
which stated that "all living systems are never in equilibrium
and use their own free energy to perform continual work against
the equilibrium as required by the laws of physics and chemis-
try under given external conditions" [4].  Bauer's ideas were
not understood by his contemporaries, nor for that matter are
they appreciated by some present-day commentators (see, e.g.,
[5]1). Although Bauer approached present-day biophysics, his
works are of only historical interest today. It is important,
however, that he tried to prove that life could be interpreted
in atomic-molecular terms, saying that "a nonequilibrium state
of living matter and, consequently, its constantly maintained

~work capacity, are determined ... by the molecular structure
of living matter, while the source of the work performed by
living systems is eventually the free energy peculiar to that
molecular structure, to that state of molecules" [4].

Niels Bohr tackled the problem of the relationship between
physics and biology on the basis of the principle of comple-
mentarity [6]. He considered the biological laws to be comple-
mentary to those obeyed by inanimate bodies and held that it
was impossible to determine at one time the- physicochemical
properties of an organism and life phenomena, because knowledge
of the former precludes knowledge of the latter. Life should
be considered as the "basic postulate of biology, not suscept-
ible of further analysis, in the same way as the existence of
the quantum of action ... forms the elementary basis of atomic
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1

physics" [6, p. 21]. Bohr thus considered biological and physico-
chemical studies to be complementary, that is, incompatible,
though not contradicting each other. This concept has nothing
in common with vitalism, for it rejects the existence of any
limiting boundary in the application of physics and chemistry
to the solution of biological problems. "... no result offbio-
logical “investigation can be unambiguously described otherwise
than in terms oﬁ physics and chemistry, just as any account of
experience even in atomic physics must ultimately rest®on the
use of the concepts indispensable for a conscious recording of
sense impressions" [6, p. 21].

Using the same complementarity principle, claims were made
to the effect that Rnowledge of morphology and functionality,
homology and anal , environment and internal state, and hered-
ity and adaptation w?re incompatible. It s thought that the
investigation of some one aspect of a biological phenomenon so
strongly affects the other aspects that the latter becomes un-
knowable in principle [7]. Because all noncommutative factors
act concurrently in life, the latter is unknowable. One can
study the atomic and molecular structure of ah organism but
one has to kill the organism in order to do so.

This viewpoint was not a new one. As Goethe's Mephistoph—
eles said: '

Wer will was Lebendig's erkennen und beschreiben,
Sucht erst den Geist herauszutreiben,

Dann hat er die Teile in seiner Hand,

Fehlt leider! nur das geistige Band.

Encheiresin naturae nennt's die Chenmie, ,

Spottet ihrer selbst, und weiss nicht wie.

Encheiresin naturae is the way of nature, the mode of its
action. Goethe thought that an organic creature is so many-
sided externally and so diverse and inexhaustible internally
that it is impossible to pick out a sufficient number of in-
itial points to survey it or to develop a sufficient number of
organs so as to disassemble it without killing it.

Bohr's views changed with the development of contemporary
biology. He referred later to a complementarity between "argu-
ments based on the full resources of physical and chemical
science, -and concepts directly referring to the integrity of
the organism transcending the scope of these sciences" [6, p.
76]. The application of the complementarity principle in
biology was argued to be justified not by the postulative char-
acter of the concept of life but rather by the extreme complex-
ity of the organism as an integral system. In his last lecture
on this subject [8] Bohr referred only to the practical rather
than the fundamental complementarity involved in the inexhaust-
ible complexity of life. In his letter to the present writer
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(reproduced in [9]) Bohr in fact abandoned the views contained
in his earlier papers, saying "I am well aware that some of my
early utterances have caused misconception of my general atti-
tude."

In 1945 Schrodinger published a farsighted book devoted
to the relationship between physics and biology {10]; in it he
discussed three problems of fundamental importance for bio-
physics. The first problem concerned the thermodynamic bases
of life. The distinction between an organism and an inanimate
body consists, he said, in the high orderliness of the organism,
which is similar in this respect to an "aperiodic crystal," and
in the ability of this orderliness to sustain itself and to
produce ordered phenomena. This is a matter of self-regulation
and self-reproduction of organisms and cells. Schrddinger at-
_tributed this property to the fact -that any organism is an open
system in a nonequilibrium state owing to the outflow of en-
tropy to the environment. Organisms continuously create "order
from order," "extract order from the environment"” in the form
of "a well ordered state of matter in foodstuffs." He provided
an answer to the question of the cause of macroscopicity, the
multiatomicity of organisms. In a system consisting of a small
number of atoms, fluctuations should destroy any order. It is
precisely because of their multiatomicity that organisms can
exist in accordance with the laws of thermodynamics.

The second problem is the molecular basis of life, regard-
ing which Schrddinger argued in favor of a materialistic inter-
pretation of the molecular nature of genes and raised the ques-
tion of the structure of the hereditary substance and the
reasons for its stable reproduction in a series of generations.
This question was answered by molecular biology, the origin
‘and development of which were much stimulated by the Schrddinger
bock.

A third problem was that of the guantum-mechanical laws,
which are clearly manifested in radiobiological phenomena. In
discussing the works of Timofeev-Ressovsky, Delbriick, and
others, Schrddinger emphasized that biological processes are
consistent with the laws of physics.

Schrddinger's book is very important because in it he not
only showed that physics does not contradict biology, but he
also correctly outlined the future of biophysics.

Elsdsser opposed physics to biology [11]. The store of
information contained in the original germ cell, the gzygote,
is much smaller than that in the adult multicellular organism.
In his view, the increase in the amount of information is in-
explicable in physical terms because this is a specific "bio-
tonic" regularity. His ideas on this matter will be detailed
later (p. 22).

Wigner believed that the self-reproduction of biological
molecules and organisms contradicted quantum mechanics [12]
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and held that the probability of existence of self-reproducing
states was practically zero. According to him, the Hamiltonian
describing the behavior of a complex system can be represented
by a random symmetrical matrix. The state of an organism can
be described by a vector v, and an analogous vector w designated
for nourishing products. The common vector for the organism
plus food is then

¢ = vXw (1.1)
After reproduction, we get the vector
P = vXvXr (1,2}

where r describes the results of metabolism and the coordinates
of two organisms. We have an N-dimensional space for the or-
ganism and an R-dimensional space for r. If the "collision
matrix" S which represents the final state resulting from inter-
action between organism and food is a random, stochastic matrix,
then

vv.r =

O (1.3)

k', X, sk)\u,k'A'u' vk'w)\'u'
We get N2R equations. The number of unknowns (N values of v,

R values of r, and NR values of w; i.e., N + R + NR) is much
smaller than the number of equations. It would be a miracle if
these unknowns were to satisfy the written expression. Wigner
followed Elsdsser in considering the reduplication of biological
macromolecules to be a "biotonic" phenomenon. .

In actual fact, as shown by Eigen [13], the matrix S is
not a random one. Wigner did not take into account the instruc-
tive functions of informational macromolecules. The entire
presentation given by Wigner contradicts reality and his con-
clusion that it is necessary to modify quantum mechanics to
make it applicable to biology proved to be untenable. At the
same time, the application of quantum mechanics to macroscopic
systems requires special consideration. .

An important paper by Eigen [13] devoted to the self-organ-
ization and evolution of biological macromolecules produced
convincing arguments in favor of the sufficiency of contemporary
physics for the explanation of biological phenomena.

A living organism is an open, self-regulating, and self-
reproducing heterogeneous system, whose most important func-
tional substances are biopolymers--proteins and nucleic acids.
Such a system must be investigated physically and chemically.
Our knowledge of it should rest on the elucidation of the
physical features of life, that is, the physical considerations
of the development of nonequilibrium, orderliness, and syste-
maticity in the organism.
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1.2 Fipalism and Causality

Before discussing the physical basis of life phenomena,
we will consider an important feature of life that is usually
considered to contradict physics. Biology naturally makes use
of a finalistic treatment of the phenomena under study. The
development of a zygote into an -adult organism can be described
using the notion of the goal. The goal of development is the
formation of an organism. .Its structure is expedient, in that
it corresponds to the conditions of existence. Even in the
early stages of embryogenesis, definite groups of cells are
predestined to develop into some definite organ, and this de-
termines their functionality down to the molecular level.
Phylogeny, or evolutionary development, can be described in
the same way. This development is directed toward the greatest
adaptation of the population (the elementary evolutionary sys-
tem) to the external conditions.

In this sense an organism is like an engine designed ac-
cording to some plan for the attainment of a definite goal.
Scientific biology does not, of course, consider developmental
processes in teleological terms. The attainment of a goal in
ontogeny and phylogeny is a result of real causes (natural
selection, etc.). Emphasizing the existence of some plan of
development, Monod introduced the notion of teleonomy as op-
posed to teleology [14], having in mind the causality of de-
velopment. The extraordinary complexity of a living organism
(a "living engine") determines its finalistic description,
which is not peculiar to conventional physics and chemistry.
It is obvious that a statement like: "Sodium and chlorine ions
interact for the purpose of forming a cubic crystal"” is mean-
ingless. On the contrary, the statement "because! sodium and
chlorine ions have such and such charges and radii, a.NaCl
crystal must belong to the cubical crystal system" possesses
a clear meaning. Physicists usually ask "why?," whereas biolo-
gists often ask "what for?"

The notion of expediency is closely linked with that of
optimality. Optimality means attaining some result (goal)
through the smallest possible expenditure of energy, the forma-
tion of a system which would best execute certain functions,
etc.

Biological finalism expresses, on the one hand, the com-
plexity of biological phenomena and structures which prevents
their causal explanation at the atomic-molecular level. On
the other hand, it characterizes the irreversibility and "anti-
entropicity" of development which implements a plan, a program,
the instructing action of information (see p. 25). In actual
fact, there is no contradiction between finalism and causality.
Finalism arises in physics whenever its principles are formu-
lated as variational. Here are some examples.
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A very general formulation of the law of motion of mechan-
ical systems is contained in Hamllton s principle of least
action. The Lagrange function L(q, g, t), depending on time,
coordinates, and velocities, satisfies the condition

™
s=/ L(g q t) dt = Minimum (1.4)
t

In other words, the variation 8S is equal to zero. The action
S is minimal, that is, the system moves between two sets of
coordinates q(l v q(Z‘ and velocities q(l) &(2), corresponding
to the times t;, t2, in such a way that S becomes minimal. The
goal of the mechanical system is its minimal action and its
motion is optimal .in this sense.

But expression (1.4) is equivalent to the Lagrange equa-
tions of motion

d oL L
atsg 9= 0 (1.5)

The Lagrange function L expresses the difference between kinetic
and potential energy

2
L= z _ U(ry,r2,***) (1.6)
a

m_v

where m, are masses, r, are radius vectors, and v, are veloci~-
ties of material points. Equations (1.4) and (1.5) can be re-
written in terms of Newton's equations of motion

2
d“r dv
U
m a.—‘.ma = - (1.7)
at? dt  dr,

The finalistic expression (1.4) comes down to the causal equa-
tions (1.7) describing motion as a result of the action of
forces. Other examples of physical laws formulated in finalis-
tic terms include Fermat's principle in optics, Le Chatelier's
principle in thermodynamics, and Lenz's rule in electrodynamics.
The number of such examples is in fact unlimited.

The equations of motion (1.8) of mechanics are reversible,
since they contain only the second derivatives in time and
therefore do not vary if the sign of time is reversed, t + -t.
However, the equations of mechanics have solutions correspond-
ing to either stable or unstable equilibria and motions.
Neither state of equilibrium of the pendulum shown in Fig. 1.1
contradicts statics, but state 1 is stable and state 2 is un-
stable. There always exist small forces and small deviations
from the initial state.of a material system which perturb |
equilibria and motions. These perturbations do not change
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FIG. 1.1 Stable (1) and unstable
(2) equilibrium of a pendulum.

.---______________§

Q)

state 1 but do strongly change state 2. Equilibria and motions
which are slightly changed by small perturbations are stable
and those strongly changed are unstable. But what do "slightly"
and "strongly" mean? The general problem of stability of
motion was solved in the classical work of Liapounov (1892),
who formulated the criteria of stability [15,16]. If any per-
turbation however small (but not zero), alters the magnitude

of some characteristic of motion in such a way that this magni-
tude deviates more and more from its value in unperturbed
motion, then the unperturbed motion is unstable relative to
this characteristic. The motions of the pendulum at small
deviations from equilibrium state 1 are described by the equa-
tion ‘
$+w2¢ = 0 (1.8)

where ¢ is the angle of deviation and w is the cyclic frequency
of oscillation, equal to .

w = 2m(g/e) /2 (1.9)

where g is the gravitational acceleration and £ is the pendulum
length. The solution of (1.8) is

¢ = x = A cos(wt+a), é = y = =Aw sin(wt+a) (1.10)

in which A is the amplitude of vibration and A cos o is the
initial phase. Excluding t from expressions of x and y, we
get a set of trajectories of motion at the phase plane x,y
differing by values A:

(x2/82)+ (y2/a%w?) = 1 (1.11)



