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The main contents of Linear Algebra are matrices and determinants, systems of linear equa-
tions, eigenvalues and eigenvectors of square matrices, and quadratic form. Firstly, the concept
of matrix is introduced, and then matrix arithmetic, determinants of square matrices, block ma-
trices, invertible matrices, elementary matrices and rank of matrices are introduced. The second
chapter introduces general solutions of linear systems, linear independence of vectors and the or-
thogonal basis of a vector space. The third chapter introduces eigenvalues and eigenvectors, and
diagonalization of square matrices. Finally, the fourth chapter introduces the quadratic form and
its matrix and how to change quadratic form into diagonal one.
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Preface

“Linear algebra” is a branch of mathematics. The research objects of linear
algebra are vectors, vector space (or linear space) , linear equations. Vector space
is an important subject in modern mathematics; therefore, linear algebra is widely
used in abstract algebra and functional analysis. By analytic geometry, linear al-
gebra can be expressed in detail. The theory of linear algebra has been generalized
into the theory of operators. Because nonlinear models in scientific research can
usually be approximated as linear models, linear algebra is widely applied to natu-
ral science and social sciences.

For students majoring in science and engineering, “linear algebra” is the bas-
ic course of mathematics. It is the essential basic course for other successor math-
ematics courses, such as probability theory and mathematical statistics, matrix
theory, optimization and so on. Therefore, it is the most important part of the
mathematics course. The teaching goal is to make students master the basic theo-
retical knowledge of linear algebra through systematic study and strict training,
to cultivate strict logic thinking ability and reasoning ability, to have skilled oper-
ation ability and skill, to improve the mathematical model and to apply the linear
generation to solve practical application problems. At the same time, we should
cultivate students’ scientific and rigorous thinking habits and meticulous work
style in the learning process.

Different from the other Linear Algebra textbooks, this textbook is mainly
for overseas students and Chinese students who have plans to go abroad. This
textbook is relatively simple in content setting, but generally contains the main
contents of linear algebra. Therefore, this textbook is very easy to understand
and learn for overseas students and Chinese students who have plans to go
abroad.

Limit to the level of the author, deficiencies and errors of this book are inevi-

table. I sincerely hope that readers will make comments and corrections.
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Chapter 1

Matrices and Determinants

Matrix is an important mathematical tool. It is not only one of the main
research content of linear algebra, but also the basis to learn the later chapters of
this book. The matrix has been widely used in various fields of science and
technology. This chapter introduces the concept of matrix, matrix arithmetic,
matrix algebra and the determinant of the matrices. Then we will discuss the
elementary transformation of matrices and elementary matrices, rank of matrices,

etc.

1.1 Matrices

Example 1.1 In transportation, a product is transported from m origin places x; ,
Z3 5, to n product sales yi,y,.*,y,, the number of available transport can

be represented by the following table:

Place of Sale
Place of Origin
1 Vs Y
Xy ai alz b Aln
x2 as as [N
Tm Aml A2n e Amn

The number a; in the table indicates the quantity of the product transported

ay aiz Ay
.. . s Azz Tt Aoy

from the origin place x; to the sale place y;, this table | | . Ll
(2] (23 e Ay
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which is arranged in a certain order, could present the transport scheme of the
product.
Example 1.2 A system of linear equations
anx, tapx, e +an,x,=b,

Ao X1 +a2212+."°+a2,,x,,:/72, (1' 1)

R T o e o e W

we can arrange the coefficients of this system into a table according to the original

order
ai aiz Ay
az Az Ut Ay
’
Al A2 o A

meanwhile, the right-hand side of the system could also be arranged into a table
with the original order
by
b,
by
With these two tables, the system of equations (1.1) is completely determined.
Such a rectangular array of numbers is often used in areas, such as natural
sciences and engineering techniques. In mathematics, this type of table is called
as matrix.

Definition 1.1 A rectangular array

A @yt Gy
of scalars a; (i=1,2,++,m;j=1,2,---,ny is called a matrix of m rows and n
columns. The pair of numbers m and n is called the size of the matrix. The scalar
a; » called the +~th row and j-th column element of the matrix or ij-element,
appears in row 7 and column j (:=1,2,++,m, j=1,2,+-n). The cross position of
the i~th row and j-th column is referred to as (7,j).

Matrices are usually symbolized using upper-case letters such as A,B,C. An
m X n matrix A can be recorded as A= (a;),x, or A,,«,.

2



Chapter 1 Matrices and Determinants

Remark 1 An m Xn matrix is a table not a number which consists of m Xn
scalars, and only 1X1 matrix is a number.

Remark 2 The matrix whose elements are real numbers is called as real
matrix. The matrix whose elements are complex numbers is called as complex
matrix. In this book, real matrices are mainly concerned.

When m=1, we call

A=(a; ay - a,)
the row matrix or 1 Xn matrix. 1 Xn matrix is also called as 7#-dimension row vector. To
avoid the confusion among elements, row matrix is also recorded as
A= C(a, azs***a,).

When n=1, we call

b,
the column matrix or m X1 matrix. m X1 matrix is called as m-dimension column
vector.
Vectors are special matrices, which are of importance. Here, the dimension
of vectors is the number of elements. Row matrix and column matrix are also
symbolized using lower-case letters a,b, =+, x,y,".

When m=n, we call

Gy g Y dy
the square matrix. Namely, a square matrix is a matrix with the same number of
rows as columns. An nXn square matrix is said to be of order n and is sometimes
called an n-th order square matrix. The elements a,, sas s ***sa,, on the diagonal of
n—th order square matrix are called the diagonal elements of the square matrix;
The diagonal or main diagonal of A is consists by these elements.

The matrix whose elements are zero is called a zero matrix, which is

symbolized as 0,,, or 0, that is
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Example 1.3
1 3

0
) is a 2 X3 matrix.
3 1

(a) The rectangular array A= (

0 0 0 O

(b) The 2X4 zero matrix is the matrix 0= ( )
0 0 0 0
Special type of square matrices

1. Diagonal matrices

The matrix like

a 0 0 ajy
0 [2%%) 0 Aoy
A= .| or A=
0 0 - a, Ay

is called diagonal matrix. Namely, a square matrix is diagonal if its nondiagonal
elements are all zeros. However, some or all the a; maybe zero. It can also be

represented by diag(ay; sas, ***sa,, ). For example,

6 0 0 0
30 0
4 0 o o0 o0 0
0_20, ’
0 3 0 0 10 0
0o 0 1

0 0 0 —8
are diagonal matrices, which may be represented, respectively, by
diag(3, —2, 1), diag(4, 3), diag(6, 0, 10, —8)
2. Scalar matrices
When an n-th order square matrix with @’ s on the diagonal and 07 s

elsewhere, we call it the scalar matrix. The n-th order scalar matrix has the form

as follows:
a 0 =« 0 a
0 a 0 a
or
0 0 A ) axa QA | pxn

Especially a=1, we call it the n-th order identity matrix. The n-th order

identity matrix is symbolized as E, or I, ,that is

1 0O =« 0 1
0 1 - 0 1
N . or E,=
0 0 1 ik
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In the absence of confusion, the identity matrix can be expressed in E or I.
3. Upper and lower triangular matrices

The matrices like

ap  dap Ay aiy 0 0

0 Aazz Ay dz Az 0
’ .

0 0 e a A A Tt A

are called upper triangular matrices and lower triangular matrices respectively.

1.2 Matrix Arithmetic

1.2.1 Equality

Definition 1.2 Two matrices A and B are equal, if they have the same size
and the corresponding elements are equal, namely,
A=BSa; =b;,i=1,2,,m,j=1,2,,n.
Note that two matrices are not equal if they do not have the same size.
Example 1.4 Find a,b,c,d such that
atz b—3, 2 1
( 2¢ 3a+d)_<4 5)'
By definition of equality of matrices, the four corresponding elements must
be equal. Thus.,
at2=2, b6—3=1, 2c=4, 3at+d=5,

solving the above system of equations yields a=0,0=4,c=2,d=5.
1.2.2 Scalar Multiplication

Definition 1.3 The product of the matrix A by a scalar £, written £ < A or
simply £A , is the matrix obtained by multiplying each element of A by 4. That is,
kan kalz °ee kalu
kas kas; s kas,

PA =

ka,i, ka,, - ka,
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a 0 0
. O a .
The scalar matrix | . . is the product of the scalar a and the

0 0 = ax,
identity matrix E,. For any matrix A, —A=(—)A=(—ay;),x,» which is called
the negative matrix of A.

Suppose A,B are m X n matrix, k,[ are scalars, then we have

(1) Associative law: (ki A=k ([Ay=kIA;

(2) Distributive law: £ (A+By=kA+kB, (k+1)A=kA+IA.

1.2.3 Matrix Addition

Definition 1. 4  Suppose that A = (a; ),x,» B= (b;),x, are two m X n
matrices, the sum of A and B, written A+ B, is the matrix obtained by adding
corresponding elements from A and B. That is,

A+B="C(a; +b;).uxn.
Note that if two matrices A and B do not have the same size, then they cannot do
matrix addition.

Suppose A,B,C are m Xn matrices, 0=0(0),,., is zero matrix, then

(1) Commutative law: A+B=B-+A;

(2) Associative law: (A+By+C=A+ (B+C);

(3) A+0=0+A=A;

(4) Cancellation law:A+C=B+C&A=B.

Obviously

A+ (—A)=(—A)+A=0.
And we can also define the matrix subtraction as
A—B=A+(—B)=C(a; —b;)x..
Namely, matrix subtraction A — B is obtained by subtracting the

corresponding elements from A to B.

1 0 3 5§ —Z —d
l 5 —4 —9 6 3
Example 1.5 If A= ,B= , compute 4A—B.
6 2 0 0 3 =l
—7 9 3 8 7 =7
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Solution .
1 0 3 5 —a4 —1
LA —B —i l 5 —4 B i 6 3
6 2 0 0 3 —1
—=7¢ 9 3 8 1 =
4—5 0+2 12+4 —1 2 16
| 4+5 20—6 —16—3| | 9 14 —19
| 24—0 8-3 o+1 | | 24 5 1|
—28—8 36—7 12+7 —36 29 19
Example 1.6 Given
3 0 1 0 7
A= 19 7 —2|, B= 5 Il
h —4 3 —a —6 0
and A—3X=B, find X.
Solution .
1 —% —1
3 —7 —3
X:—(A—B):% 4 6 —5|= % 2 _% .
7 2 3 7 2 :
3 a

1.2.4 Matrix Multiplication

Definition 1.5 Suppose A= (a; ), s B=(b; ) .. Let C=1(c;),x, i1s an m X n

matrix which is composed of the m X n elements as follows
ci=aabytapbyt-+tasby (=1,2,,m,j=1,2,+-,n).

Then the matrix C is the product of matrix A and B, written as C=AB.

According to the definition above, A and B can multiply each other only if
the number of columns of A equals the number of rows of B. If C=AB, the
number of rows of C equals the number of rows of A, the number of columns of C
equals the number of columns of B. The ith row and j~th column element of C
equals the sum of the products of corresponding entries from the ~th row of A

and the j-th column of B, that is,
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where ¢; =anby;tapby+taib;,i=1,2,ym, j=1,2,,n.

Example 1

Solution ;

AB

Here A is

column of B is

=1 B8 2 3 6
.7 Let A= 0 5 4|,B=1|0 —1|,compute AB.
1 1 2 b 2

—1 3 29713 6
= 0 5 4]0 —1
1 1 215 2
—1X34+3X0+2X5 —1X6+3X(—1)+2X2
=| 0X3+5X0+4X5 OX64+5X(—1)+4X2
1X3+1X0+2X5 IX6+1X(—=1)+2X2

T =
=120 3.
13 9

a 3 X3 matrix, and B is a 3 X 2 matrix. Because the number of

not equal to the number of row of A, BA cannot be defined.

Therefore, in the matrix multiplication, we must pay attention to the matrix

multiplication order. Note these facts:

(1) The matrix multiplication dissatisfies commutative law, namely AB =

BA;
(2) If AB

=0, we can not draw the conclusion that A=0 or B=0, which

illustrates the matrix multiplication dissatisfies cancellation law.

However, if the matrix A and B satisfy AB=BA, A and B is commutative.

At the same time, A and B are the same order square matrices.

Example 1.8 Given

1 0 0 0

o) (1 )

compute AB 1 BA.

Solution:

o1 )0 ) 9

0 0,,1 0 0 0

BA:(I 1)(1 o):<2 o)'

The matrix multiplication satisfies these laws:

(1) associative law: (AByC=A (BC;
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(2) distributive law: (A+B)C=AC+BC, A(B+Cy=AB+AC;

(3) associative law of two kinds of multiplication: & (ABy= (kAyB=A kB, k is
an arbitrary real number;

(4) EA,.,=A,..:A.E,=A, .. (where E, ,E, are m-th order and n-th

order identity matrix).

Example 1.9 Given A:( ), find all matrices which are commutative

with A,
Solution: The matrices commutative with A must be the n-th order matrices,

SO we can suppose

X1l Xz

X=

T21 X2

is the matrix which is commutative with A, then
1 3 X1 Xz
AX= ( ) =
—1 4 T21 L2z
Xy Xz 1 3
XA= ( =
T2 T2 —1 2

According to AX=XA, x,, = — 325, X3 T 23 = 2, can be introduced, and

211 32, z1; T3z
_I]|+21'2| _.T12+21‘22J ’

X1~ Xz 31’11+2112

Xy T Xzp  3xm +2~T22

X1 s Xy can be any value, then

X21 X2z

[121+122 — 3z

Suppose A is an n-th order square matrix, then we can define the power of

square matrices as

AO :1'29141 :149142 :AA9 b 7Ak:AA"'A9
—_—

i

where k is a positive integer.

Suppose k,[ is the arbitrary positive integer, then

A=A, oAby F=aR,
The matrix multiplication dissatisfies commutative law, so that in general
(AB)" #A'B" ,k>1.

Furthermore, if A*=0(£>1),A=0 does not exist definitely.

Polynomials in the square matrix A are also defined. Specially, for any
polynomial

f(x)=apx"+az" '+ ta,—1xta,,

f(A) is defined to be the following matrix:
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fA=aA"+a, A" ' +++a, 1A+a,E,.
Note that f(A) is obtained from f(x) by substituting the matrix A for the
variable x and substituting the scalar matrix a,E, for the scalar a,,.

Example 1.10 Suppose f(xy=a"—4x+3

1 1 —1
A=|—1 1 1,
1 —1 1
compute f(A).
Solution: [ (Ay=A’—4A+3E
1 1 —1%* 1 1 —1 1 0 0
=|—1 1 1] —4|—1 1 1/+3/0 1 0
1 —1 1 1 —1 1 0 0 1
=], 3 =1 4 4 —4 3 0 O
=|—1 —1 3|—|—4 4 414+10 3 0
3 —1 —1 4 —4 4 0 0 3
—2 7 —5
=| 3 6 7
7 —5 6

1.2.5 Transpose of a Matrix

Definition 1.6 The transpose of a matrix A, written A", is the matrix obtained

by writing the columns of A, in order, as rows. That is

an Az et A app  dzr ctt QA
az Azz St Ay, T iz Az L A
A= | . .|, then A'=
Am1 Am2 St A Ay, A2y 0 Ay
1 6
1 5 n
For example, A= (6 ,then A'= |2 4].
3

5 3

The transpose of a matrix satisfies the following laws:

(1) (AT T=A;

(2) (A+B)"=A"+B";

(3) (RAYT=FA";

(4) (AB)"=B"A",(A A, A) " =AJA] | -A].

We emphasize that, by (4), the transpose of a product is the product of the
10



