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Foreword

Beginning with Brownian motion and its modifications, diffusion processes and
stochastic differential equations have a long tradition as mathematical models for
stochastic phenomena evolving in continuous time, with applications in diverse
substantive fields such as engineering, finance and life sciences. While many
textbooks, in particular in financial mathematics, include concise and rigorous
introductions to diffusion processes and stochastic calculus, they often provide
only limited information on modern statistical inference and usually neglect the
question of how to adequately approximate original phenomena through a diffusion
process at all. These two issues are, however, of fundamental importance in a
number of applied fields, in particular in modern life sciences: First, the original
processes typically have a large but discrete state space, and approximations through
diffusion processes can be challenging. Second, data are usually observed with
low frequency and often at non-equidistant time points, involve measurement
error etc. This requires modern tools such as simulation-based Bayesian inference.
Motivated through applications in epidemiology and molecular biology, this book
closes the existing gap. For the first time, it provides a unified presentation of the
approximation techniques, previously often developed for special cases only, and
a thorough account of modern statistical inference, including a powerful Bayesian
approach. Together with the two application chapters, this book will be of high value
for theoretical and applied work. For me, it was a pleasure to watch it grow, to be
able to give some advice, to read the final version, and, at last, to see it on my
bookshelf!

Munich, Germany Ludwig Fahrmeir
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Preface

This book originates from my doctoral thesis. One of the first problems of my work
was to describe the spread of an infectious disease by a diffusion process and to
statistically estimate the involved model parameters. At that time, I did not expect
such a seemingly straightforward task to surface so many diverse open problems
to fill an entire book. As a mathematician by training, I knew about stochastic
calculus, but I did not anticipate the troubles of deriving diffusion approximations
and inferring their parameters from real data.

When delving into the diffusion approximation literature, I noticed that there
were several, at first sight, contradicting approaches, some of them formulated in
generality, others being carried out for particular problems. Their appropriateness,
differences and conformities, however, were unclear as well as their extension to
more complex, e.g. multidimensional, processes. Furthermore, parameter estimation
for diffusions is a challenging problem, in particular if the application of interest
involves multi-dimensional processes, few observation times, latent variables and
considerable measurement error. Under these circumstances, probably the only
applicable technique is a popular Bayesian approach which is used in a number
of scientific papers. I was astonished that I could not find any textbook which
comprehensively explained it. Moreover, the method has a well-known but hard-
to-grasp convergence problem, which has not been detailed in any book or review
so far. Since I am convinced that these are subjects of wide-spread interest and
importance, I dedicated to them the major chapter in each of the first two parts of
this book. The third part finally addresses the initial project which triggered the
theoretical questions: to estimate a diffusion model for the spread of diseases.

In contrast to existing literature, this book treats modelling and inference for dif-
fusions under one umbrella. It thus covers both steps that necessarily arise in a real
application. Importance is attached to presenting the methods both comprehensibly
and mathematically well-founded. As such, the book addresses both theoreticians,
like mathematicians and statisticians, as well as practitioners, like bioinformaticians
and biologists. The reader is required to have basic knowledge about deterministic
differential equations, probability theory and statistics. An introduction to stochastic
calculus, in particular to diffusions, is provided in this book.
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Everybody who supported me during the writing of my thesis “Bayesian
Inference for Diffusion Processes with Applications in Life Sciences”, submit-
ted in 2010 at Ludwig-Maximilians-Universitit Munich under my maiden name
Christiane Dargatz, also supported the making of this book. My sincere gratitude
is due to my supervisors Ludwig Fahrmeir and Gareth Roberts. They enriched
my work through their advice, ideas and encouragement. I deeply appreciate the
careful proof-reading and helpful comments by Michael Hohle. Katrin Schneider
and Lothar Schermelleh deserve my thanks for having initiated the collaboration
on the FRAP project and having collected all the data. 1 thank my former
and present colleagues at Ludwig-Maximilians-Universitdt Munich and Helmholtz
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Notation

Symbols

N=1{1,2,3,:...} the natural numbers

No = NuU {0} the non-negative whole numbers

Z the whole numbers

Q the rational numbers

R the real numbers

Ry the strictly positive real numbers

Ro = R4+ U {0} the non-negative real numbers

® a column vector

x’ the transpose of x

=10,-..,0) the null vector

e; =(0,...,1,...,0)" the ith unit vector

I the identity matrix

diag (A) the main diagonal of the quadratic matrix A

diag (a) quadratic matrix with main diagonal @ and zero entries
otherwise

la| the absolute value of a € R

A Euclidean distance, i.e. || A||? = tr(A’ A) for a vector or
matrix A

|k| = 37 ; ki, where k = (ky, ..., ky)’ (in the context of Sect. B.1)

oV = (UV1,...,UpVp), wherew = (u1,...,up) and v = (vy,...,vy)’

(82, F*, F,P) a filtered probability space with sample space (2,
o-algebra F*, natural filtration F = (F;);>0 and

probability measure PP
L the o-algebra of Lebesgue subsets of R
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Xviii Notation

L Lebesgue measure

W Wiener measure

P, « P; the measure IP; is absolutely continuous with respect to IP»

Py L P the measures IP; and IP; are mutually singular, i. e. they have disjoint

support
P, ® P, factorisation of measures
£(X) the distribution of the random variable X
1(A) indicator function; equal to one if A is true and zero otherwise

d(z —y)  Dirac delta function; equal to oo if z = y and zero othrwise
a=o0(h) & limp,o(a/h)=0

W, A; disjoint union of sets Ai,..., A,

r Gamma function, defined as I'(z) = [ t*~! exp(—t)dt

d/dt total derivative, i. e.
d af(tagl)”w&m) = 3f(t,£1,---,§m)d§j
—f(t, 61,y m) = a&;
FTAAGISEREE) ot +J§=:l 3, dt

0/0ot partial derivative, where all arguments but ¢ remain constant

Abbreviations

SDE  stochastic differential equation

ODE ordinary differential equation

ii.d.  independent and identically distributed

a.s. almost surely

Distributions

Normal distribution X ~ N(p,X) with p € R?, ¥ € R

symmetric and positive definite
Log-normal distribution X ~LN(p, X) & log(X) ~N(u,X)

Truncated normal distribution X ~ Nirunc(p, 0%); generates random numbers
from N (u, 0?) restricted to the positive real line,
i.e. the density f(z) of this distribution is propor-
tional to the density of A'(u,o?) for z > 0 and
zero otherwise

Multivariate t distribution X ~ t,(pu, X)) with v € Ry degrees of freedom,
p € R*", ¥ € R™™ symmetric and positive
definite and density



Notation

Uniform distribution
Poisson distribution
Exponential distribution
Gamma distribution

Inverse gamma distribution

XiX

T e

v+n
2

(1 +=(@—p) T (e - u)) forz € R

X ~ U(A) for a discrete or continuous set A
X ~Po(A) with A € R4

X ~ Exp(\) with A € Ry

X ~ Ga(a,b) with a, b € R, and density

a

Jiz] = % z lexp(—bz) forz e R,

X ~1G(a,b) & 1/X ~ Ga(a,b)
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