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Relevant Logic

This book introduces the reader to relevant logic and provides the subject with
a philosophical interpretation. The defining feature of relevant logic is that it
forces the premises of an argument to be really used (‘relevant’) in deriving
its conclusion. The logic is placed in the context of possible world semantics
and situation semantics, which are then applied to provide an understanding of
the various logical particles (especially implication and negation) and natural
language conditionals. The book ends by examining various applications of
relevant logic and presenting some interesting open problems. It will be of
interest to a range of readers including advanced students of logic, philosoph-
ical and mathematical logicians, and computer scientists.

EDWIN D. MARESisa Senior Lecturer in the Philosophy Programme, Victoria
University of Wellington. He has published extensively on both the philo-
sophical and mathematical aspects of logic, as well as on metaphysics and the
philosophy of language.






Preface

This book is a philosophical interpretation of relevant logic. Relevant logic,
also called ‘relevance logic’, has been around for at least half a century. It has
been extensively developed and studied in terms of its mathematical properties.
So relevant logic is a highly developed and mathematically well-understood
branch of non-classical logic. But what is it good for and why should we adopt
it? I think that it is a good tool for understanding ordinary deductive reasoning
and that it provides us with the tools to understand conditionals. And that is
what this book is all about.

Unlike intuitionist logic, relevant logic does not come packaged with its own
philosophy. There are intuitionists, and they all share a large number of impor-
tant philosophical views that non-intuitionists reject. Although some relevant
logicians have talked about ‘the relevantist’, relevantism is not a well-developed
view, nor one that is widely held even by relevant logicians. By and large, we
are free to adopt their own philosophical interpretation of relevant logic.

Historically, my own view developed out of my acquaintance with the pos-
sible worlds approach to semantics. When I was a graduate student, I studied
modal logic and Montague grammar and found the framework of possible
worlds to be a very intuitive, elegant and powerful framework in which to do
semantics. Later, after I had become immersed in relevant logic, | wanted to
give others the same sort of feeling of being at home in relevant logic that I
had felt when I was first exposed to possible world semantics. This book is the
latest product of that attempt.

I begin with the possible worlds framework. It provides both the basis for my
semantics and the ontology that underpins that semantics. The central notion in
my interpretation of relevant logic is that it shows us how to make inferences
about what siruations hold at worlds. I have borrowed the notion of a situation
from the situation semanticists — Jon Barwise, John Perry and their followers.
But I have constructed these situations out of the elements available in possible
world semantics.

What I want to do in this book is be able to give philosophers and others an
intuitive grasp of what’s going on in relevant logic and its semantics, and to
show that it is viable and useful.
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viii Preface

I have three main aims in this book. First, I try to show that relevant logic and
its semantics are intelligible and intuitive. Second, I argue that relevant logic is
useful. It provides us with a theory of inference, is the basis for a good theory
of conditionals, and has several other uses. Third, I try to demonstrate that
relevant logic does not force any untoward philosophical commitments on us.
I argue this last point by constructing a model for relevant logic out of possible
worlds, individuals and structures available in Peter Aczel’s non-well-founded
set theory. The latter is a very elegant theory and I recommend it to everyone
working in logic.

Possible world semantics is the current paradigm in philosophical logic. If I
can show that the same entities (pretty much) that are used in possible world
semantics can be used to construct the model that I intend for relevant logic,
I can undercut any metaphysical argument against relevant logic.

Although I do not assume any previous familiarity with relevant logic, this
book is not a textbook in relevant logic. Rather, it is a philosophy book
about relevant logic. I have tried to make the ideas in it accessible to peo-
ple familiar with natural deduction. I have not tried to provide a survey of
relevant logics, nor of the mathematical results about relevant logic. There are
various good surveys of this sort. Among the shorter surveys are (Dunn 1986),
(Mares and Meyer 2001), and (Mares 2002b). For readers with a good deal
of logical sophistication, there are the Entailment volumes (Anderson and
Belnap 1975) and (Anderson et al.1992), and the volumes of Relevant Logics
and their Rivals (Routley ef al.1982) and (Brady 2003). More recently,
there are two excellent textbooks on substructural logics. Relevant logics are
substructural logics, and so are treated in these books. The books are Greg
Restall’s An Introduction to Substructural Logics (Restall 2000) and Francesco
Paoli’s Substructural Logic: A Primer (Paoli 2002). I recommend Restall’s and
Paoli’s books for readers who want to explore the technical properties of rel-
evant logics and compare them to other sorts of logics. For the reader who
would like a good and very readable general introduction to the topic of non-
classical logics, there is Graham Priest’s An Introduction to Non-Classical Logic
(Priest 2001).

One last note. I use the term ‘relevant logic” rather than ‘relevance logic’
because it sounds more natural. I find that North Americans tend to use ‘rel-
evance logic’ and Australasians and Europeans use ‘relevant logic’. I haven’t
canvassed the views of people from other continents, so | can’t speak with
authority about what they would say. Some people have tried to link different
attitudes towards logic to the use of these different terms, but my usage is merely
one of convenience. In fact, in an early draft of this book I used the two terms
interchangeably. I was told by my editor and three referees to choose one term
and stick with it. So 1 chose ‘relevant logic’.



Preface iX

The plan of this book

The book is divided into three parts. In the first, I outline relevant logic and its
model-theoretic semantics. While doing so, I give both philosophical motiva-
tions. In so doing, I do not discuss every aspect of the logic and its semantics.
Rather, I paint a picture of the logic using a fairly broad brush. I leave *house-
keeping’ details for appendices that appear at the end of the book. I have a
chapter on each of the more problematic connectives — implication, negation,
and modal operators. In addition, there is a chapter introducing the principal
ideas behind relevant logic, a chapter introducing possible world semantics
and the Routley—Meyer semantics, and a chapter discussing the metaphysical
implications of adopting relevance logic.

The second part uses the semantics and ideas from the first part to develop a
theory of conditionals. There are two chapters in this section — one on indicative
conditionals and the other on counterfactuals.

The third part of the book goes into more detail about the theory of deductive
inference. Chapter 9 gives some technical details concerning the nature of
premises and logical consequence. Chapter 10 uses these details, along with
the theory of conditionals developed in part 11, to give an analysis of the rule
of disjunctive syllogism. In the final chapter, further uses of relevant logic and
some interesting open problems are discussed.
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Part I

Relevant logic and its semantics






1 What is relevant logic and why do we need it?

1.1 Non-sequiturs are bad

The central aim of relevant logicians has been to give a more intuitive
characterisation of deductive inference. Consider the following example. Since
1993, when Andrew Wiles completed his difficult proof of Fermat’s Last
Theorem, mathematicians have wanted a shorter, easier proof. Suppose when
someone addressing a conference of number theorists, suggests the following
proof of the theorem:

The sky is blue.

.. There is no integer n greater than or equal to 3 such that
for any non-zero integers x, y, z, x" = y" + z".

This proof would not be well received. It is a non-sequitur — its conclusion does
not, in any intuitive sense, follow from its premise. It is a bad proof.

But let’s think about this a little harder. According to the standard definition
of ‘validity’, an argument is valid if and only if it is impossible for the premises
all to be true and the conclusion false. The conclusion is not just true; it is
necessarily true. All truths of mathematics are necessary truths. Thus, it is
impossible for the conclusion to be false. So, it is impossible for the premise to
be true and the conclusion to be false. Therefore the argument is valid. Moreover,
the proof is sound, since its premise is also true. But it is clear that it is a bad
argument and no one would take it seriously. Therefore, we need some notion
other than the standard definition of validity to determine what is wrong with
this proof. I suggest that what is wrong is that the standard notion of validity is
too weak to provide a vertebrate distinction between good and bad arguments.
It allows too many non-sequiturs to be classified as good arguments.

The standard notion of validity is at the heart of the logical theory known
as classical logic. Classical logic is the sort of logic that students learn in
introductory symbolic logic courses. Since we deal almost exclusively with
propositional logic in this book, it will suffice here to discuss only the classical
propositional calculus. The method of determining validity that we teach first
to students is the method of truth tables. We first list the propositional variables
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4 Relevant logic and its semantics

that occur in the premises and conclusion and then we list each of the premises
and the conclusion, all along a top row. Then we list in each subsequent row
one combination of truth values for the propositional variables. The following
is a schematic truth table for an inference with two propositional variables,
premises A, ..., A, and conclusion B:

q Al....A,, B

mTN NS
mNT N

Each row of the truth table defines a ‘possibility’' and determines the truth value
of each premise and conclusion in each of these possibilities. An argument is
valid, according to the classical propositional calculus, if and only if in every
row in which every premise is true the conclusion is also true.

Now, if we have a conclusion that is true in every possibility, then the ar-
gument is valid, regardless of what the premises say. Consider, then, a state-
ment that we can prove to be true in every possibility on the truth tables, such
as, gV ~¢q. On the classical account of validity, the following argument is
valid:

-
gV ~q

Thus, if we set p to mean *my dog barks at rubbish collectors” and ¢ to mean
‘itis raining in Bolivia right now” we find out that the inference

My dog barks at rubbish collectors

.. Either it is raining in Bolivia right now
or it is not.

is valid. Since the premise is true, the argument is also sound. But like the first
inference that we investigated. it is a very bad argument. Thus, the classical
notion of validity does not agree with our pre-logical intuitions about where
the division between good arguments and non-sequiturs should be. Classical
logic allows connections between premises and conclusions in valid arguments
that are extremely loose. There needs Lo be more of a connection between the
content of the premises and conclusion in an argument that we are prepared to
call “valid’.

! A possibility here is not a possible world. The rows of truth table are far too under-specified
to determine a possible world. We will look at possible worlds in some depth in chapter 2
below.



