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PREFACE

This book is particularly intended for the student with one year of calculus who wants to
develop, in a short time, a basic competence in each of the many areas of mathematics
needed in junior to senior-graduate courses in physics, chemistry, and engineering. Thus it
is intcnded to be accessible to sophomores (or freshmen with AP calculus from high school).
It may also be used effectively by a more advanced student to review half-forgotten topics
and learn new ones, either in independent study or in a class. Although the book was written
especially for students of the physical sciences, students in any field (say, mathematics or
mathematics for teaching) may find it useful to survey many topics or to obtain some
knowledge of areas they do not have time to study in depth. Since theorems are stated
carefully, such students should not have to unlearn anything in their later work.

The question of proper mathematical training for students in the physical sciences is of
concern to both mathematicians and those who use mathematics in applications.
Mathematicians are apt to claim that if students are going to study mathematics at all, they
should study it in careful and thorough detail. For the undergraduate physics, chemistry, or
engineering student, this means either (1) learning more mathematics than a mathematics
major or (2) learning a few areas of mathematics thoroughly and the others only from
snatches in science courses. The second alternative is often advocated; let me say why I
think it is unsatisfactory. It is certainly true that motivation is increased by the immediate
application of a mathematical technique, but there are a number of disadvantages.
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vii_ PREFACE

1. The discussion of the mathematics is.apt.to.be-sketchy since that is not the primary
concern.

2. Students are faced simultaneously-with h:amlr;g a new. mathematical method and
zpplying it to an area of science that is alsornew to them: Frequently the difficulty in
comprehending the new scientific area lies’ more in the distraction caused by poorly
understood mathematics than it does in the new scientihc ideas.

3. Students may meet what is actually the same mathematical principle in two different
science courses without recognizing the connection, or even learn apparently
contradictory theorems in the two courses! For example, in thermodynamics students
learn that the integral of an exact differential around a closed path is always zero. In
electricity or hydrodynamics, they run into J§* d, which is certainly the integral of an
exact differential around a closed path but is not zero!

Now it would be fine if every science student could take the separate mathematics
courses in differential equations (ordinary and partial), advanced calculus, linear algebra,
vector and tensor analysis, complex variable, Fourier series, probability, calculus of
variations, special functions, and so on. However, most science students have neither the
time nor the inclination to study that much mathematics, yet they are constantly
hampered in their science courses for lack of the basic techniques of these subjects. It is the
intent of this book to give these students enough background in each of the needed areas so
that they can cope successfully with junior, senior, and beginning graduate courses in the
physical sciences. 1 hope, also, that some students will be sufficiently intrigued by one or
more of the fields of mathematics to pursue it further.

Itis clear that something must be omirtted if so many topics are to be compressed into one
course. I believe that two things can be left out without serious harm at this stage of a
student’s work : generality and detailed proofs. Stating and proving a theorem in its most
general form is important to the mathematician and to the advanced student, but it is often
unnecessary and may be confusing to the more elementary student. This is not in the least to
say that the science student has no use for careful mathematics. Scientists, even more than
mathematicians, need careful statements of the limits of applicability of mathematical
processes so that they can use them with confidence without having to supply proof of their
validity. Consequently I have endeavored to give accurate statements of the needed
theorems, although often for special cases or without proof. Interested students can easily
find more detail in textbooks in the special fields; see References (pp. 7411F.).

Other texts on this subject almost invariably assume a degree of mathematical
sophistication and knowledge about advanced physics not yet attained by students at the
sophomore level. Yet such students, if given simple and clear explanations, can master these
techniques in rapid succession. (They not only can, but will have t0 one way or another, if
they are going to pass their junior and senior physics courses!) These students are not ready
for detailed applications—these they will get in their science courses—but they do need and
want to be given some idea of the use of the methods and some simple applications. This I
have tried to do for each new topic. Many other texts are slanted 4eward some particular
field and contain 2 good many chapters on advanced topics in that special field. It is the
purpose of this text to cover in simple fashion just the basic methods.
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During the }7%ears since the publication of the first edition of this book, I have become
more than ever convinced of the value of offering this material at the sophomore level to
students in the physical sciences. Without it, they must struggle to learn about partial
differential equations, special functions, Fourier series and transforms, probability, calculus
of variations, diagonalization of matrices, etc., as they meet these topics in their junior-
senior courses in quantum mechanics, electrodynamics, classical mechanics, optics, etc.
Thus the basic character of this text is unchanged. The principal changes in the second
edition are as follows.

1> Chapter 3 has been completely rewritten to include the row reduction method of solving
sets of simultaneous equations and inverting matrices and vector algebra has been moved
to this chapter. However, I disagree strongly with those who would neglect determinants,
Cramer’s rule, and the formula for the inverse of a matrix, in favor of row reduction. In
spite of the importance of the computer, mathematical physics is much more than
arithmetic, and formulas are indispensable in theoretical physics. Thus I have presented
both computational and formula methods and have indicated their importance for
different purposes. b

2. The number of problems has been approxlmately doubled. Students need to solve many
problems in order to master this material and learn good problem-solving techniques.
Appropriate problems are now included in the individual sections; also the last section of
each chapter is a set of miscellaneous problems. Note the problem numbering system:
Problem 7.2 means Problem 2 of Section 7 ; however, within Section 7, it is referred to as
just Problem 2. Also note that equation numbers are in parentheses, but problem
numbers are not; thus (7.2) means equation (7.2).

3. Important formulas, definitions, theorems, etc., have been boxed to make them easier
to find.

4. The old Chapter 4 (Partial differentiation and multiple integrals) has been split into
two chapters (4 and 5). In thie new Chapter 5 (Multiple integrals), I have added intro-
ductory material on double and triple integrals, and have moved surface integrals (secy
method) to this chapter. Some of the later chapters have been rearranged. Also new
sections have been added on Hermite and Laguerre functions (Chapter 12, Section
22) and on Green functions (Chapter 15, Section 8).

The material in the text is so arranged that students who study the chapters in order
through the book will have the necessary background at each stage. However, it is not
always either necessary or desirable to follow the text order. Let me suggest some
rearrangements I have found useful. With very little difficulty, it is possible to start with
Chapter 3 or Chapter 4 or Chapter 5 instead of Chapter 1. If Chapter 4 precedes Chapter 1,
the section on two-variable power series can be omitted until later. Assuming the class
knows about vector algebra and determinants from Chapter 3, and a little about partial
differentiation from Chapter 4, there is no trouble starting with Chapter 6. This provides
the motivation of many physical applications. The class should return to Chapters 1 and 2
before going on to Chapters 7 and 8. If students have previously studied the material in
any of Chapters 1, 3, 4, 5, 6, or 8 (in such courses as second-year calculus, differential
equations, linear algebra), then the corresponding chapter(s) could be omitted, used for
reference, or, preferably, be reviewed briefly with emphasis on problem solving. Students
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may know Taylor’s theorem, for example, but be unable to find quickly and skillfully the
Maclaurin series for x—! sin (2) ; they may know the theory of multiple integrals, but find it
difficult to set up a double integral for the moment of inertia of a spherical shell; they may
know existence theorems for differential equations, but have little skill in solving, say,
¥+ y=xsinux.

After Chapter 7 (Fourier series) I like to cover the first four sections of Chapter 13
(partial differential equations) and the first four sections of Chapter 15 (Laplace and Fourier
transforms). Although the later sections of Chapters 13 and 15 require more background,
these early sections work out well following Chapter 7. Somewhat later in the course, we
complete Chapter 13 after Chapter 12, and Chapter 15 after Chapter 14. Chapter 16 is
almost independent of the rest of the text; 1 have covered this material anywhere from the

very beginning to the very end of a one-year course. The following background is used in
the other chapters.

For Chapter 9: differential equations (Chapter 8).

For Chapter 10: matrices (Chapter 3); vectors (Chapters 3 and 6); Lagrange’s equations
(Chapter 9).

For Chapter 11: power series (Chapter 1); differentiating integrals (Chapter 4); Lagrange’s
equations (Chapter 9), used in one example.

For Chapter 12: power series (Chapter 1); complex numbers (Chapter 2); partial
differentiation (Chapter 4); differential equations (Chapter 8); gamma function (Chapter

11); background of Chapters 3, 6, 7, 10, used in discussion of eigenvalues and of
orthogonal functions.

For Chapter 14: power series (Chapter 1); complex numbers (Chapter 2); partial
differentiation (Chapter 4); vectors and vector theorems (Chapter 6); transformations
(Chapter 10), used in one discussion.

I would like to suggest a number of different courses that can be given using the material
in this text.
1. A one-year course in mathematical methods for students with a background of one (or

one and a half) years of calculus. With these students, I usually cover about 13 or 14 of
the 16 chapters in a one-year course meeting three times a week.

2. A one-semester or one-quarter course for students with more background (either
advanced undergraduates or graduate students needing a brush-up course in the more
advanced topics). For such students, I would start with Chapter 9 (or any desired later
chapter) and refer back to earlier chapters as needed.

3. Differential equations. For this course there is a wealth of material greater than in most
differential equations texts. I have used Chapter 8 as basic material with Chapter 2 for
reference, and then, for the better students, material from Chapters 7, 12, 13, and 15

for series solutions, use of Laplace transforms, and an mtrodnctlon to partial
differential equations. ‘

4. Fourier series and boundary value problems. There is ample matenal in Chapters 7,
12, and 13 for this course.

Please note two useful items at the end of the book : References and Bibliography (pp.
7411f.) and Answers to Selected Problems (pp. 747fF).
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I want to thank my students over the years and also other readers for many
helpful suggestions, and I welcomeany further comments. I very much appreciate the many

enthusiastic responses to the first edition, and I hope that the second may prove even more ..
useful. ' .

January 1983 Mary L. Boas

TO THE STUDENT

As you start each topic in this book, you will no doubt wonder and ask “Just why should
I study this subject and what use does it have in applications?” There is a story about a
young mathematics instructor who asked an older professor “What do you say when
students ask about the practical applications of some mathematical topic?”” The experienced
professor said “I tell them!” This text tries to follow that advice. However, you must on
your part be reasonable in your request. It is not possible in one book or course to cover
both the mathematical methods and very many detailed applications of them. You will have
'to be content with some information as to the areas of application of each topic and some of
the simpler applications. In your later courses, you will then use these techniques in more
advanced applications.

One pointabout your study of this material cannot be emphasized too strongly: To use
mathematics effectively in applications, you need not just knowledge, but ski//. Skill can be
obtained only through practice. You can obtain a certain superficial knowledge of
mathematics by listening to lectures, but you cannot obtain ski// this way. How many
students have I heard say “It looks so easy when you do it,” or “I understand it but I
can’t do the problems!” Such statements show lack of practice and consequent lack of skill.
The ouly way to develop the skill necessary to use this material in your later courses is to

xiii
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xiv. TO THE STUDENT

* practice by solving many problems. Always study with pencil and paper at hand. Don’t just
read through a solved problem—try to do it yourself! Then solve some similar ones from
the problem set for that section trying to choose the most appropriate method from the
solved examples. See Answers to Selected Problems (pp. 747ff.) and check your answers
to any problems listed there. If you meet an unfamiliar term, look for it in the Index
(pp. 775ff.) or in a dictionary if it is nontechnical.

My students tell me that one of my most frequent comments to them is “You’re working
too hard.” There is no merit in spending hours producing a many-page solution to a
problem that can be done by a better method in a few lines. Please ignore anyone who
disparages problem-solving techniques as “tricks” or “shortcuts.” You will find that the
more able you are to choose effective methods of solving problems in your science courses,
the easier it will be for you to master new material. But this means practice, practice,
practice! The only way to learn to solve problems is to solve problems. In this text, you will
find both drill problems and harder, more challenging problems. You should not feel

satisfied with your study of a chapter until you can solve a reasonable number of these
problems.

M.L.B.



1

10.
11.
12.
13
14,
15

16.

CONTENTS

INFINITE SERIES, POWER SERIES

The geometric series 1

Definitions and notation 3

Applications of scrics 3

Convergent and divergent series 35

Testing series tor convergence; the preliminary test 7

Tests for.convergence of series of positive terms; absolute convergence
Alrernating scrics 15

Conditionally convergent series 16

Useful facts about series 17

Power series; interval of convergence 18

Theorems about power series 21

FExpanding functions in power scries 22

Techniques for obtaining power series cxpansions 24
Questions of convergence and accuracy in computation 29
Some uses of series 33

‘Miscellaneous problems 41

2 COMPLEX NUMBERS

L.

2

Introduction 13
Real and imaginary parts of a complex number 44

XV



xvi_ CONTENTS

R0 SN o i (e

9.
10.
11.
12.
13.
14.
15.
16.
17.

3

—

32190 =1 GY Lh e D b e

The complex plane 45

Terminology and notation 46

Complex algebra 48

Complex infinite series 54

Complex power series; circle of convergence 56
Elementary functions of complex numbers 58
Euler’s formula 60

Powers and roots of complex numbers 63

The exponential and trigonometric functions 66
Hyperbolic functions 69

Logarithms 71

Complex roots and powers 72

Inverse trigonometric and hyperbolic functions 74
Some applications 76

Miscellaneous problems 79

LINEAR EQUATIONS; VECTORS, MATRICES, AND
DETERMINANTS 81
Introduction 81
Sets of linear equations, row reduction 82
Determinants; Cramer’s rule 87
" Vectors 95
Lines and planes 105
Matrix operations 112
Linear combinations, linear functions, linear operators 127
General theory of sets of linear equations 130
Special matrices 139
Miscellancous problems 142 -

4 PARTIA). DIFFERENTIATION ' 145

00 P 1O U e [k [ i3t

10.
I
12.
13.

Introduction and notation 145

Power series in two variables 148

Tota! differentials 150 '

Approximate calculations using differentials 154

Chain rule or differentiating a function of a function 156
Implicit differentiation 159

More chain rule 161

Application of partial differentiation to maximum and minimum
problems 169

Maximum and minimum problems with constraints; Lagrange
multipliers 172

Endpoint or boundary point problems 181

Change of variables 186

Differentiation of integrals; I.eibniz’ rule 192
Miscellaneous problems 197



CONTENTS  xvii

5 MULTIPLE INTEGRALS; APPLICATIONS OF INTEGRATION 201

O (Db 3

Introduction 201

Double and triple integrals 201

Applications of integration; single and multiple integrals 208
Change of variables in integrals; Jacobians 217

Surface integrals 228

Miscellaneous problems 231

6 VECTOR ANALYSIS 235

L0 b

10.

1.

12.

Introduction 235

Applications of vector multiplication 235
Triple products 237

Differentiation of vectors = 244

Fields 248

Directional derivative; gradient 249 .
Some cther expressicns involving V 254
Line integrals 257

Green’s theorem in the plane 266

The divergence and the divergence theorem 271
The curl and Stokes’ theorem 281
Miscellaneous problems 293

7 FOURIER SERIES 297

GO S (U o b e

e

10.
11.
12.

Introduction 297

Simple harmonic metion and wave motion; periodic functions 297
Applications of Fourier series 302
Average value of a function 304
Fourier coefficients 307

Dirichlet conditions =~ 313

Complex \form of Fourier series 315
Other intervals 317

Even and odd functions 321

An application to sound 328
Parseval’s theorem 331
Miscellaneous problems 334

8 ORDINARY DIFFERENTIAL EQUATIONS 337

. G D) e

o

Introduction 337

Separable equations 341

Linear first-order equations 346

Other methods for first order equations 350

Second-order linear equations with constant coefficients and zero right-
hand side 352

Second-order linear equations with constant coefficients and right-hand
side not zero 361



xviii CONTENTS

7.
8.

Other second-order equations 374
Miscellancous problems 379

9 CALCULUS OF VARIATIONS

[ N

>

%

Introduction 383

The Luler equation 386

Using the Euler equation 389

The brachistochrone problem; cycloids 393

Scveral dependent variables; Lagrange’s equations 396
Isoperimetric problems 301

Variational notation 403

Miscellaneous problems 404

10 COORDINATE TRANSFORMATIONS; TENSOR ANALYSIS

05 =l O Hn el R e

2

—_—
—
=

—
BN

r—
[*8)

——
U

1

0, SLON I e a3 B A

b — o —

Introduction 407

Lincar transformations 409

Orthogonal transformations 410

Eigenvalues and eigenvectors; diagonalizing matrices 413
Applications of diagonalization 420) '
Curvilinear coordinates 426

Scale factors and basis vectors for orthogonal systems 428
General curvilinear coordinates 429

Vector operators in orthogonal curvilinear coordinates 431
Tensor analysis—introduction 435

Cartesian tensors 437

Uses of tensors; dyadics 441

General coordinate systems 447

Vector operations in tensor notation 452

Miscellaneous problems 453

GAMMA, BETA, AND ERROR FUNCTIONS; ASYMPTOTIC
SERIES; STIRLING'S FORMULA; ELLIPTIC INTEGRALS AND

FUNCTIONS
Introduction 457
The factorial function 457
Definition of the gamma function; recursion relation 458
The gamma function of negative numbers 460
Some important formulas involving gamma functions 461
Beta functions 462
The relation between the beta and gamma functions 463
The simple pendulum 465
The error function 467
Asymptotic series 469
Stirling’s formula 472
Elliptic integrals and functions 474
Miscellaneous problems 481

383

407

457



CONTENTS xix

12 SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS;

10.

11.
12.
13.
14.
15.

16.

17,
18.
19.
20.
21.
22.
23.

LEGENDRE POLYNOMIALS; BESSEL FUNCTIONS;
SETS OF ORTHOGONAL FUNCTIONS

Introduction 483

Legendre’s equation 485

Leibniz’ rule for differentiating products 488
Rodrigues’ formula <89

Generating function for I.egendre polynomials 490
Complete sets of orthogonal functions 406
Orthogonality of the L.egendre polynomials 499
Normalization of the Legendre polynomials 500
Legendre series 502

The associated Legendre functions 504
Generalized power series or the method of Frobenius 506
Bessel’s equation 509

The second solution of Bessei's equation 512
Tables, graphs, and zeros of Bessel functions 514
Recursion relations 514

A general differential equation having Bessel functions as solutions

Other kinds of Bessel functions 517
The lengthening pendulum 519
Orthogonality of Bessel functions 522

Approximate formulas for Bessel functions 525 :
Some general comments about series solutions 526

Hermite functions; Laguerre functions; ladder operators 530
Miscellaneous problems 537

13 PARTIAL DIFFERENTIAL EQUATIONS

© NS U LN

Introduction 541

Laplace’s equation ; steady-state temperature in a rectangular plate

The diffusion or heat flow equation; heat flow in a bar or slab
The wave equation; the vibrating string 554

Steady-state temperature in a cylinder 558

Vibration of a circular membrane 564

Steady-state temperature in a sphere 567

Poisson’s equation 570

Miscellaneous problems 576

14 FUNCTIONS OF A COMPLEX VARIABLE

No ke~

Introduction 579

Analytic functions 580

Contour integrals 588

Laurent series 592

The residue theorem 596 )

Methods of finding residues 598

Fvaluation of definite integrals by use of the residue theorem

516

550

602

543

483

541

579



PR R

xx  CONTENTS

8. The point at infinity; residues at infinity 614
9. Mapping 617

10. Some applications of conformal mapping 622
11. Miscellaneous problems 630

15 INTEGRAL TRANSFORMS 635
Introduction 635 -

The Laplace transform 639

Solution of differential equations by Laplace transforms 642

Fourier transforms 647

Convolution; Parseval’s theorem 655

Inverse Laplace transform (Bromwich integral) 662
The Dirac delta function 665

Green functions 670

Integral transform solutions of partial differential equations 676
Miscellaneous problems 681"

¢

R N T N

16 ‘PROBABILITY 1) . 685
Introduction; definition of probability 685
Sample space 687

Probability theorems = 692

Methods of counting 699

Random variables 707

Continuous distributions 712

Binomial distribution 718

The normal or Gaussian distribution 723

The Poisson distribution 728

Applications to experimental measurements 731
Miscellaneous problems 737

S0 ENS B W~

P

REFERENCES 741
BIBLIOGRAPHY 743
ANSWERS TO SELECTED PROBLEMS 747

INDEX 775



INFINITE SERIES,
POWER SERIES

1. THE GEOMETRIC SERIES

As a simple example of many of the ideas involved in series, we are going to consider
the geometric series. You may recall that in a geometric progression we multiply each
term’ by some fixed number to get the next term. For example,

(@)>-204, '8, 1653204 5
(1.1) (b) 1v§,$,1°1,§'§,---,

(c) a,ar, ar’ ar’, ...,

are geometric progressions. It is easy to think of examples of such progressions. Suppose
the number of bacteria in a culture doubles every hour. Then the terms of (1.1a) represent
the number by which the bacteria population has been multiplied after 1 hr, 2 hr, and so
on. Or suppose a bouncing ball rises each time to4 of the height of the previous bounce.
Then (1.1b) would represent the heights of the successive bounces in yards if the ball is
originally dropped from a height of 1 yd.

In our first example it is clear that the bacteria population would increase without limit
as time went on (mathematically, anyway; that is, assuming that nothing like lack of food
prevented the assumed doubling each hour). In the second example, however, the height of.
bounce of the ball decreases with successive bounces, and we might ask for the total
distance the ball goes. The ball falls a distance 1 yd, rises a distance 2 yd and falls a
distance £ yd, rises a distance 4 yd and falls a distance § yd, and so on. Thus it seems
reasonable to write the following expression for the total distance the ball goes: ™

(1.2) 142342842 - F4+-=1+20+3+ 5+, P
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where the three dots mean that the terms continue as they have started (each one being
2 the preceding one), and there is never a last term. Let us consider the expression i:n
parentheses in (1.2), namely

(1.3) 4+ +5H+-.

This expression is an example of an infinite series, and we are asked to find its sum.
Not all infinite series have sums; you can see that the series formed by adding the
terms in (1.1a) does not have a finite sum. However, even when an infinite series does
have a finite sum, we cannot find it by adding the terms because no matter how many
we add there are always more. Thus we must find another method. (It is actually
deeper than this; what we really have to do is to define what we mean by the sum of
the series.)

Let us first find the sum of # terms in (1.3). The formula (Problem 2) for the sum of
n terms of the geometric progression (1.1c) is

(1.4) Si=— 5
Using (1.4) in (1.3), we find

1—-@3)r "
1) so=f+gradr=L8_on g

1-3

As n increases, (2)" decreases and approaches zero. Then the sum of 7 terms approaches
2 as n increases, and we say that the sum of the series is 2. (This is really a definition:
The sum of an infinite series is the limit of the sum of n terms as #— 00.) Then from
(1.2), the total distance traveled by the ball is 1 4 2 -2 =75, This is an answer to a
mathematical problem. A physicist might well object that a bounce the size of an atom
is nonsense! However, the infinite number of small terms of the series after a number
of bounces, contribute very little to the final answer (see Problem 1). Thus it makes
little difference (in our answer for the total distance) whether we insist that the ball
rolls after a certain number of bounces or whether we include the entire series, and it is
easier to find the sum of the series than to find the sum of], say, twenty terms.

Series such as (1.3) whose terms form a geometric progression are called geometric
series. We can write a geometric series in the form

(16) a+d"+ar‘z+"-+ar"‘l+....

The sum of the geometric series (if it has one) is by definition

7 : S< fimS,

Ling o5

14

where §, is the sum of # terms of the series. By following the method of the example
above, you can show (Probléem 2) that a geometric series -has a sum if and only if
|rl < 1, and in this case the sum is



