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Chapter 8

Infinite Series

In this chapter, we will introduce infinite sequences and series. Their importance
in calculus stems from Newton’s idea of representing functions as sums of infinite
series. Many of the functions that arise in mathematical physics and chemistry, such
as Bessel functions, are defined as sums of series, so it is important to be familiar

with the basic concepts of convergence of infinite sequences and series.

8.1 Infinite Sequences

A sequence can be thought of as an ordered arrangement of real numbers, one for
each positive integer.

1
T

Mathematically, a sequence is defined as a function whose domain is a set of positive

| =

1
94’

D =

eg. 1,

integers and whose range is a set of real numbers.
e.g. a1,a2,03," " ,Qn," " .

To describe a pattern for each sequence, we can write a formula for the n'*" term.

For example,

1111 y 1
I,E,Z,g, R,' the formula is 2'_‘—_1,
111 1 .1
l,i,g,ﬁ,ﬁ,--- the formula is t
14 9 25 n?
Ty =yt the formula is ———.
1'9°16’ 36 oA 12
For a, = ;, we write the first five terms
0 1234 n—1
1273)4)59 ) n H}
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The terms in this sequence get closer and closer to 1. See Figure 8.1. The
sequence converges to 1.

P A Converges to 1
2) (4 316, +)
& b @ 1 L 14(3.-2) £4- —) L
L 3%, - e
0 1 (Lo e
n—1 0 1 2 3 4 5

n

(a) On a number line (b) As a function

Figure 8.1 Sequence 2

Fora, = W (R —1)
n

, that is
12 34 ()Min-—1)
27 3’ 4’ 5’ b n k]
The terms in this sequence do not get close to any single value.
diverges. See Figure 8.2.

0,

The sequence

y Diverges
1 b -
Qg Q4 Qg 4 3 a; (1,0) = ‘
-1 0 1 0 T 2 3 4 5 s
. pL) [ ®3) o5,
a,=(-1 2L =1 S B G VR S

(a) (b)
(=)™ (n—1)
n

Figure 8.2 Sequence

For a, = 3, the terms are 3,3,3,---,3,---. The sequence converges to 3. See

Figure 8.3.
a, Converges to 3
3 ® ® & © ® o © o ¢ o
a,
s e 7 . L 1 :
0 l 2 3 4 5 L L 1 1 ' 1 1 i 1 A .
a,=3 o] 12345678 910n
(a)
(b)

Figure 8.3 Sequence a, =3
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When a sequence converges to L, y = L is a horizontal asymptote. See Figure
8.4.

L-s L IL+e
0 a ay a ay a,
A, A
L+s
J o e e e (n,a,) s St
8 L—=
® L] (N;ay)
L ]
1 1 1 1 1 1 :
0 1 2 3 N n n

Figure 8.4 Limit as asymptote

(=1)"*'(n—1)
T
e-interval about —1 contains all a,, satisfying n > N for some N. See Figure 8.5.

Sequence a,, = diverges. Neither the e-interval about 1 nor the

A
1+e
1 L""""_(' 3'%}-“(55%}"""'-i'_'€
E ﬂﬁﬂ% Qs a, E a3 Qs : 1.0) -

—1 0 1 P L 1 I L >
N 2 —1+¢

v —~
e S 1 i Y

(a)
(b)

Figure 8.5 A divergent sequence

8.1.1 Convergence

Definition 8.1.1 The sequence {a,} is said to converge to L, if it has

lim a, = L,
n—00

that is, if for each positive number ¢ there is a corresponding positive number N
such that

n>N=la,— L|<e.
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A sequence that fails to converge to any number L is said to diverge, or to be

divergent.
Note that (1) If lim f(z) = L and f(n) = an, when n is an integer, then
T—00

lim a, = L (Converse is not true).
n—oo

(2) lim a, = +oo means that for every positive number M there is an integer
n—oc
N such that

an > M, whenever n > N.

1
Example 8.1.2 lim — = 0, since if £ > 0 is given, then

n—oo 1,

1 0‘#1‘ . 1
——0=—|<e, ifn>-=n..
n n £

All the familiar limit theorems hold for convergent sequences. We state them

without proof.

Theorem 8.1.3 (Properties of Limits of Sequences) Let {a,} and {b,} be con-
vergent sequences and k is a constant, then
lim k= k;
n—o
lim ka, =k lim ay,;
n—o0 n—00

lim (a, +b,) = lim a, + lim b,;
n—oQ n—oo n—oc

lim a, -b, = lim a,- lim b,;
n—oo

n—oo n—oc
3 lim a,
lim — = 22 if lim b, # 0.
n—oo by lim b, = n—oc 7
n—oo

Observe that the limits nlim TpYn and nlim (zn, + yn) may exist and be finite
—00 —00

even if the limits lim z, and lim y, do not exist.
n—oo n—oo
1
Example 8.1.4 Let 2, = (—1)"n and y, = 3 Then lim y, = 0 and the limit
n—oo
lim x, does not exist. However, lim z,y, = 0.
n—oo n—oo

Example 8.1.5 Let z, = (—1)" and y, = (—1)". Then lim y, and lim z, do
n—oo n—oc
not exist. However, lim z,y, = 1.
n—0oo
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Theorem 8.1.6 (Squeeze Theorem) Suppose that nl_ifg() Oy = nli_’r‘ralc ¢n = L,and
an < by < cn,for n > K (K is a fixed integer), then

lim b, = L.

n—oo

Theorem 8.1.7 If lim |a,| =0, then lim a, =0.
n—0C n—oQ
Proof Since —|a,| < an < |an|, the result follows from the Squeeze Theorem. [J

Theorem 8.1.8 The sequence {7"} is convergent if —1 < r < 1 and divergent for
all other values of r. Moreover,

lim »" =0, if —1<r<l;

n—o0
limr™=1; #r=1L
n—oo
Proof If r=0 orr =1, the result is trivial.
If |r| < 1, then 1/|r| > 1, and so 1/|r| = 1 + p for some p > 0. By the Binomial
Formula,

1
—— = (1+p)" = 1+ pn + (positive terms) > pn.

L
Thus,
0<rr < —.
pn
Since lim (1/pn) = 0, it follows from the Squeeze Theorem that lim |r|® = 0. So
n—oo n—00
lim ™ = 0.
n—oo
If |r| > 1, then lim |r"| = oco. So the sequence {r"} diverges. O
n—oc

!
Example 8.1.9 Compute lim i

n—oo N

Solution This is difficult to compute using the standard methods because n! is
defined only if n is a natural number. So the values of the sequence in question are
not given by an elementary function to which we could apply tricks like L” Hospital’s
Rule.

Observe that 0 < %, for all n > 0. Next observe that

n _1.2-3---(n—1n _1 2 3 n-1n

1
n" nenen---n-n _nﬁﬁ n 'E<_
n

where we use k/n < 1. Hence
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Since
lim — =0,
n—oo N
we obtain
|
™ _o
n—oc N
by the Squeeze Theorem. O

Example 8.1.10 Does the sequence
sinn
n+cosn

converge?

Solution We have —1 < sinn < 1, and —1 € cosn < 1, for all n = 1,2,3,---.
Hence, for n > 2

1 < sinn < 1 .
n—1 " n+cosn n-—1

Since

. 1 . 1
nh—i»nolon—l —n]i»n;o [_n—l:l =0,

sinn
we conclude that the sequence ———— converges and that
n + COSN

. sinn
lim ——— =0. O
n—oo N+ COSN

8.1.2 Monotonic Sequences

Definition 8.1.11 (Increasing & Decreasing Sequences) (1) A sequence {a,} is
said to be increasing if a, < a,4+1 for all n > 1, that is, a1 < ag <ag < ---; it is
said to be decreasing if a, > a1 foralln > 1, that is, a1 > as > a3 > ---; a
sequence {a,} is said to be monotonic if it is either increasing or decreasing.

(2) A sequence {ay,} is bounded above if there is a number M such that a, < M
for all n > 1; it is bounded below if there is a number m such that m < a, for all
n > 1; a sequence {a,} is a bounded sequence if it is bounded above and below.

Theorem 8.1.12 (Monotonic Sequence Theorem) Every bounded monotonic se-
quence is convergent.
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Proposition 8.1.13 If a sequence {a,} is eventually increasing (or decreas-
ing), then there are two possibilities:

(1) There is a constant M (or m), called an upper bound (or lower bound)
for the sequence, such that L < M (or L > m). For all n, in which case the sequence

converges to a limit L satisfying
an <M (or ap, > m).
(2) No upper (or lower) bound exists, that is,

n—l-lol-:{[-loo An = +00 (nlltl-?oo Gp'= —OC).

Theorem 8.1.14 (Completeness Axiom) If a nonempty set S of real numbers has
an upper bound, then it has the smallest upper bound (the least upper bound), and
if a nonempty set S of real numbers has a lower bound, then it has the largest lower
bound (the greatest lower bound).

8.1.3 Problems for Section 8.1

1. An explicit formula for a, is given. Write the first five terms of {a,} and

determine whether the sequence converges or diverges. Find lim a,, if {a,} con-
n—00

verges.
(1) an = (1" =
(2) an = (_;:)n

2. Find an explicit formula for each sequence and determine whether the sequence

converges or diverges.
1234
(1) —2_7—3_,195!"' )
2% 24 95
3. Write the first four terms of the sequence {a,}. Show that the sequence

(2) 2,1,

converges.,

= (1) (1-2) - (1-2).n>2

T
R ar=1a4+1=1+ aan'
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8.2 Infinite Series

An infinite series is the sum of all the terms of a sequence:

oo
Zan=ao+al+a2+a3+---.

n=0
Directly (“brute force”) computing this sum is not possible. There is no guarantee
the sum even exists! However, attempting to directly compute the sum produces a
new sequence, the sequence of partial sums

N
SN=Zan=ao+a1+a2+--'+aN-

n=0

Definition 8.2.1 If Nlim Sn exists, we say that the infinite series converges, i.e.

—+00

the sum can actually be computed and

o)
E Ap = lim SN.

N—oo
n=0

If Nlim Sy does not exist, we say that the infinite series diverges, i.e. the sum
—00

cannot be computed.

Unfortunately, at this point, determining whether or not Nlim Sy exists requires
—00

first finding a formula for Sy, and that can be very difficult. Sometimes it is harder
than finding the antiderivative for an integral.

There is one exception, the geometric series

o0
dort=ltr4r?trtge.,
n=0

Forr #1
N _ AN+1
SN=ZT“=1+T+T2+7'3+~-+7‘N=1;

n=0

1—r °

it immediately implies

1
Sl =M<t

n=0 Diverges, |r| > 1.

Each term of a geometric series is obtained from the preceding number multiplied



