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4.1 AREBMTE 307

4 —ICHEBPBIIF
4.1 AEB>HHR

L. I AR

2
(1) [V cosx dx (3 7 & # 2011) (2) [ —dx .k R # # 2008)
4+tan” x
dx i
(3) [———— (L # ik 2000) @ | I (KR A% 2010,5 B k¥ 1997)
cos” xsin” x 1+tanx
R E:
(l)j\/1+cosxdx=.[ /2coszgdx=\/5_|. cos% dx=i2ﬁsin§+c.
()J. sec” x I L dtanx=larctan tan x +C.
4+ tan® x 4+tan® x 2 2
dx dx 8
3 =16 =—8| (1+cot® 2x)d cot 2x = -8 cot 2x ——cot’ 2x+C.
( )Icos" xsin® x Isin" 2x J.( ) 3
@) ik I:I dx =_[ cosx. dx :lj(cosx~+sinx)+(c.osx—sinx)dx
1+tanx COS X +8In x CoS X +sin x
=lx+lln|sinx+cosx|+C.
2 2
Yk 2:;@1:'[ cosx' dx "]:I smx‘ e
coSx +sinx cos x +sinx
1—J=jCosx‘sf“xdx=jd(°°sx+s,‘“x)=1n|cosx+sinx|+c,1+J-=J'dx=x+c.
cosx+sinx cosx +sinx
A7 1A I _[ cosXx x+1n|cosx+smx|+c,
cosx+smx 2
J= '[ sin x —ln|cosx+smx]+cl
cosx+smx 2

2. IR T AR

(1 j’clo”&dx GHF LU & 2011, % & & % 2011,4 % Jf & 2000, % # % % 2009)
+COo

smxcos X
@ j—

] dx (41 ¥ R A 2011, 7 46 i X 2005, 7 K A 2011/2014)
+ Sin

3)[ = dxz s—(ab #0) .(CK & 2 T 2006, M X ¥ 2004 (a=1,b=+2))
a“sin“ x+b" cos” x

(4)]‘L (F 58 £ % 2009) (S)J— (8 2 ) % 2005)
tan

x+sinx cos 2xsin x
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BETE:
(1) % t=cosx M
=3 2
J-cosxsu: x _ j-cosx(l cos” x) cosx):jt(t It(l+t )— Zt
1+cos” x 1+cos® x +1t 141

2t t 5 1, 5
=I = dt=3—ln(l+t )+C=Ecos x—In(l1+cos” x)+C .

1+¢
: 3
sin x cos x sin x cos’ x sinx(1-sin’x) , . 1 p1-sin’x
2 = d(sinx) =— ———d(sn x
( )I 1+sin’ x I 1+sin® x nx)= "- 1+sin® x ( 2-[1+ sin’ x )

;2
=ljz—_(l—+_sm—x2d(sin2 x):%j( £ —ljd(sin2 x)

2 1+sin® x 1+sin® x

1 1 1 2
= | ————d(1+sin® x) == | d(sin” x) = In(1 +sin® x) ——sin’ x+ C .
jl+sin2x ( ) 2-[ ( )= ol ) 2

(3) & t=tanx FI'J

f dx _I sec’ xdx _I d(tan x) _I dt —lf d(at)
a*sin’ x+b*cos’x J a*tan’ x+b* Y a’tan’ x+b’ at* +b*  a’ (at)’ +b*
=—l—arctana—t+C—Larctan i +C.
ab b ab b
(4)." _J' cos xdx =_J-’ cosxdcos x
tanx+sinx 7 sin x(l +C0sx) (1-cos? x)(1+cos x)
(1+cosx) (l—cosx) dc __IJ' dcosx +l dcosx
(1-cos” x)(1+cos x) 27 1-cos’x 27 (1+cosx)’
|l cosx| L +C=lln tan ——ltan2£+C.
4 |l+cosx| 2(1+cosx) 2 2| 4 2

(5) % t=cosx Hlll

sin x 1
J -] o P
cos2xsmx (2cos® x—1)sin’ x (2t -1)(1-¢")

jtzdfjfzd(f)- }J‘l

+C

ft+l
=—l |cosx I| J_l |\/§cosx l|

|cosx+l| I\/Ecosx+1|

3. KT FIFSr.

(I)J' dx (T A 2 2003,38 M & % 2012) (Z)I—ﬂ—.(i&fﬁk# 2002)
1+sinx 1+4cosx

3 J' —— (T #JF A 2011, % M & ¥ 2001)
cosxsin x

(4)J_dx— (CHE M & 2014)

2+ cosx+sinx
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s jdeutﬁﬂ& 2011/2004)
sinx+3cosx

© Iln(2+sm %) sin 2xdx (% 4 JF % 2002)

(1+sin? x)?
(7)J'——“1+51de.(?éﬂﬁ: 2014)
cos X
R AR
(1) 97k 1 F [ = [ [ d(ﬁ]=tanf+c,ﬁﬁu
l+cosx 7, 2% 7 2% \2 2
2 2
I dx =—I l d| Z-x|=-tan l[-E—Jc) +C=—tan(—1£—£)+c.
I+sinx (1: ] 2 22 4 2
l+cos| ——x
2
ik I (I_Slflf)dx=.[ df_ +Idc°2sx=t - +C.
1+smx l—sin” x cos” x cos” x cos x
dtan—
-2
e 3: [ SN S SN S TN W)

1+sinx I[

2 2 2 %
sin X + cos = cos’ > .| tan X +1 tan> +1 tan§+l
2 2 2 2 2

71£4At—tan—JJJJ. =

- 3
1 22 =2I 1 2
1+sinx 14+ 2t 141t

t=—+C=
t+1)* o+l an >

()% t= tang ]

dx 1 2 1 1 1 1
= dt =2| ——dt =—— - dt
J‘1+4cosx J‘]+41—t2 1+£2 I5—3t2 \/gj[\/gt—\/g \/§t+\/§J
I4# .
x
\/—t+\/_ 1 \Etan5+\/§

—_—p—

T Bt

(3).’. dx J-cos x +sin? xdx J-cosxdx J- dx=jd's'?x+jcsc2xd(2x)
cos xsin® x sin” x cos xsin x sin” x

:—%sinz x+In|csc2x—cot2x|+C.

cosxsin® x

(4) %t = tang,mu

j & : =I 21 i ———dt \/_a:ctan—l+C
2+cosx+sinx 1—t¢ 2t 144 (t+1)*+2 \/5

2

1+22  1+1°
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2arctan[71_2—[tan§+])J+C.
(5) &

ISsinx+2cosxdx_J-A(sinx+3c05x)+B(sinx+3cosx)'

dx = Ax+ Bln|sinx+3cosx|+C ,

Hrp 4,B 5.

sin x+3cos x sin x +3cosx

1 Ssin x +2cos x = A(sin x + 3cos x) + B(cos x — 3sin x) 15 A=:—(I),B=—l%.?5'—:
JvSs.mx+2cosxdx=]-A(smx+3cc?sx)+B(smx+3cosx) =£x—£ln|smx+3cosr|+€.
sinx +3cosx sinx +3cosx 10 10

(6) 2 t=sin® x M

J‘ln(2+sm x) - dx_J.ln(zw) :—.l.ln(2+t)d[r1—t.]=_]n(2+t)+ 1

[
Aesin’ 0 1+¢ (1+1)(2+1)
v._2
=_ln(2+t)+lnl+t+c= In(2 +sin” x) ln1+Sl.n2x+C.
1+t 2+t 1+sin® x 2+sin” x

(7) % t=1+sinx 1
J-x/l+smx .‘- _2]- |t+J—| I\/1+smx+\/_|
2-1*

“5a 2 |f“f| 2 Nl+smx \/_|
4. RKFH B
(1 )I—amanx dx (3 A ¥ 2006, % % & & 2009) (2)jar°ta"‘/;dx.(ﬁmw< 2009)
) e
(3)j”°‘a“dx.</\%k‘:’r‘ 2006) (4)Im““‘e dx (41 8 A& A 2010, I A 2009)
fRE LR
arctan x arctan x arctanx , 1 2 1
(1) .[ (1+x) _I X —I 1452 dx——EaI'Ctaﬂ X—Iarctanxd(;]
=—larctan x—larctanx+ 1.1 dx
2 X x 1+ax?
——larctanzx—larctanxi-—j— —l—d(xz)
2 x 2 x2 2
2
=—arCtanx—larctan2x+lln & =+C s
x 2 2 l+x

arctan \/_ arc an\/- arc X
o b op el

- 2J. arctan v/xd(arctan v/x) = arctan’ /x + C .

arctanx 1 arctan x 1
3 dx=—|arctanxd| — [=— +
( )-[ I cans (x] x -[x(]+x2)




41 AEBGITE 311

=_arctanx+I 1_ xz dx=-arcmnx+ln|x|—lln(l+x2)+C.
X x l+x X 2

4) Ik 1R u=e N

J~arctan e’ dx_J-arctane arctanu arctanu
- 2x

du=—

X

€

d(e*) = J' ln|u|—%ln(l+u2)+C

=—¢ " arctane’ +x—51n(l +e’)+C.

X

Tk 2: J-arctane dx = —e " arctane® +Ie"
e

s-dx =—e " arctane” +j
g 1

l+e e

i S T _
- J-l+e R I1+12';dt_-|.l+t t _I( 1+t]

2

1 t
=—In 5
2 1+t

+C=x—%ln(l+e2‘)+C,

Pt LA J‘arctaxne‘ dx = —e " arctane® +x—%ln(1+e2’)+C.
€

5. SR F 3 #4
(1 j arctan 2xdx .(# 1 I & 2009)

(Z)Ixarctmxdx (7 T R A 2009,5 # A % 2002,% % JF & 1998)
(3)J'arctan\/Idx.(MM# 2012, M A % 2009, % )i & 2010)
RSt

(1) Iarctan 2xdx = —I arctan 2xd(2x) = —|:2x arctan 2x — ZIde]
+(2x

= xarctan 2x — In(1+ (2x)*)+ C = xarctan 2x —In(1+4x?)+C.
—lxzarcianx—lj‘[l— lzjdx
2 2 1+ x
l 2 l l 2 l
=—x" arctanx——(x—arctanx)+ C =—(x"+1)arctanx ——x+C.
2 2 2 2

(3) 4 t=x Ul
_" arctan \/xdx = j arctan rd(¢* +1) = (¢ +1)arctant—jdt

1 P )
) J' xarctan xdx = - j' arctan xd(x*) =

=(¢* +1)arctant —t + C = (x+ ) arctan/x —Jx + C .
6. K54

(l)jﬁsin Jxdx .(# L & # 2008) (2)j'cos2 Jxdx (5 # A ¥ 2005/2006)
(3) jxsinaxcosbxdx(a #0,b#0,a% #b%) (4.5 % & 2004)
Rt AR

(1) & t=+/x
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Iﬁsin Jxdx = thz sinzdt = —2]12d(cost) =-2¢* cost +4I(costdl =-2¢% cost + 4Itd sint
= —2¢% cost+4tsint +4cost = (4—2x)cosvx +4/xsinVx +C.

(2) % t=+/x

2
jcosz Jxdx = _th cos’ tdt = It(l +cos2t)dt = ’?+%J.tdsin 2t

2 2

=E——+l(z‘sinZt-J‘sin2tdt)=——+l tsin2!+lcos2t +C
2 2 2 2

=%(2x+2x/;sin2\/;+coszx/)_c)+C.

3) J'xsin ax cosbxdx = %Ix[sin(a—b)x+sin(a+b)x]dx = %jxd(—“’s(“ =b)z _soilp ”’)J‘J

a-b a+b
lx _cos(a—b)x_cos(a+b)x _lj(_cos(a—b)x_cos(a+b).x i
2 a-b a+b 2 a-b a+b

_ lx(— cos(a—b)x cos(a +b)x) +l sin(a—b)x + sin(a + b)x "
2 a-b a+b (a—b) (a+b)’

7. K FHNF5.
(l)Ixarcsinxdx (¥ 3L U & 2013) (2)j’arcs'“‘/—dx (H MU A 2009, 7 7 A 2 2005)

arcsine”

(3)] dx (% 1L A % 2007, # K K 2010,5 4 A ¥ 2008)

arccos x

\/(l x’

X arccos x

NI
R AR

(4) = dx (45 & 2010)

(S)J' dx (4 % 3 T 2001, %1 # JF A 2000)

(l)J.xarcsinxdx = %J‘arcsinxd(xz)zé[xl arcsinx—J.x2 ! dx].

cost

I E dx x=sint J~sm tcoszdz =J.l—cosztdt=l(t—lsin21) =l(arcsinx—x\/l—x2).
\/l—x2 2 2 2 2

| | 1
fir A xarcsin xdx = —| x* arcsin x — dx | =—| x* arcsin x ——(arcsinx— xy1—-x?) [+ C
I 3 s | 3 s i)

=%Jc2 arcsinx—%arcsin:m%)c\/l—x2 +C.
) % t=x
Iarcsnn\/— de o zj-arcsmt

= ZIarcsin tdt = 2| tarcsint — I dr
-7
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1
=2|:tmcsint+%j(l—t2) Zd(l—tz)} =2(tarcsint +y1-12)+C

= 2/xarcsin/x +2J1-x + C.

3) Bu=e"N

arcsine” arcsine” arcsinu . N arcsinu 1
J. dxzj - de’=I du:—J.arcsmudu ! =—[ —I du
e

e’ u’ u -

[arcsmu J"/ d( 1 ]=~(arcsinu+m‘u-1+ /u-z_llj+c
u
[arcsine" |l+\/l—e2" ]
= +In

= | . +C.
e e

(4) % t=arccosx M| x=cost,dx=—sinsdr , F &

d(sin?)
sint

arccos x t
I —J' -sintdt = Itcsc tdt = Itd(cott) —tcott—jcottdt—tcott I
sin’ ¢

=tcott—In|sint|+C = arccos xcot(arccos x) —In | sin(arccos x) | +C .

(5) Ixarccosx ——ZIarccosxd\/l—x2=—2 V-2 arccosX+I e
1-x*

l+x

Joe.

=X

= —2(\/1 X arccosx+§ln

8. ¥ n b ARE K THIAE BB SN,
M1, =_[tan" xdx FEIHE Itan“dx.(_l:?ﬁf_!il 2005,7" b & % 2005, % A %)

2)1, =jsec" xdx FF 8 fsec3 xdx (3 JE A % 2004,7 B Jf A 20125 & A % 2001, % K ¥ 2007)
31, = Ix" cos xdx ,Jf i1 5% Ix’ cos xdx (% # Jfi X 2008) '

(@)1, = [ (inx)"dx FFIHEE [In® xde (814 4 2% 2001,% £ 5 & 2003)

3 POk

(11, = J.tan"'2 x(sec’ x—1)dx = J‘tan"‘2 xsec’ x dx—j‘tan"‘2 x dx

1
= J'tan"’2 xdtanx—1, , = —ltan"" x=1
n—

n-27

Bp 1" :Ltann—lX—IH_,,n=2,3’4,...
n—1 2

Itan“dxz L =%tan3 J:—J'tan2 xdx=%tan3x—tanx+x+C.

dx =J- dtanx  tanx

(2)],,=I =y —(n —Z)I smxdx

n n-2 -
CoSs X Cos X COS
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tan x 1—cos’ x tan x
= - = dr = — - (1-2)(, - 1,.) -
cos X Cos Xx COS X

:F% I"= 1 SIH_-T +n_21,,_'),(n=2)374""),qu]0=X+C,Il=lnlsecx+tanx|+c.
n—lcos" ' x n-1""

Isec’ xdx =1, =l$ lI, =l(tanxsecx+ln|tanx+secx|)+C.
2cos"x 2 2
3)1, =Ix" cosxdx=J.x"dsinx= x" sin)c—nJ-x"’l sin xdx
=x"sinx+nx"" cosx—n(n— l)J‘x"‘2 cos xdx .
FR I, =x"sinx+nx"" cosx—n(n—1)1, (n=23,4,-) JLrh 1) =sinx+C, I, = xsinx—-cosx+C.
Ix’ cos xdx = I, = x’ sin x +3x” cos x— 61, = x’ sin x +3x” cos x — 6(xsin x —cos x) + C .
1, = I(ln x)"dx = x(In x)" —nI(ln x)"'dx=x(Inx)" —nl,_,.
I(lnx)zdx=12 =xIn’x-2I, =xIn* x-2(xInx—I,) = xIn* x—2(xInx—x) + C .
9. KT 5.
(1) j e™ sinbxdx .(# # If A 2010(b=1), & I kK % 2006(a=1,b=1),#l & K ¥ 2008(a=1,b=2))
(2)jcos(mx)dx,jsinanx)dx.(m FALZE 200719 )| K % 2011, 5 5 & ¥ 2004, % K & 2009,4 & A
¥ 2002) B

(3) je’ sin® xdx.( % # A ¥ 2005) 4) Ixe‘ cos xdx , _[xe’r sin xdx .(7 & & ¥ 2007)
arctan x 3 — at
(S)J' B dx (R A ¥ 2007) (6)Ie‘i"‘ T T TY G (B R E T 2006)
(l+xz)i COS Xx
(7) [ARSIX g i A4 2005, 4 B 20088 2 # 1997)
Sin” x
Rt iz

(1) 21, = je‘“ cosbxdx , I, = [e* sinbxdx ,H1 5} HR RS 78

I = lJ‘cosbxd(e"") = —l—(e“‘ cosbx+bj'e‘" sinbdx) = l(e‘" cosbx+bl,),
a a a

1, = lJ‘sinbxd(e“") = l(e:"x sinbx—bl)).
a a

o bsinbx +acosbx
a’*+b’

« asinbx —bcosbx

+C,1, =|e“sinbxdx=¢ 3
a +b

7% 1, = [ cosbrdr =e +C.
(2)ic I = jcos(m xdx, J= j sin(In x)dx , i1 43 #B A4 1575
I = xcos(in x) + [ sin(In x)dx = xcos(In x)+/ , J = xsin(In x) - [ cos(In xxkx = xsin(In x)~ / .
MRS 1= j cos(In x)dx = %x(cos(ln x)+sin(lnx))+C, J = j sin(In x)dx = %x(sin(ln x)—cos(Inx))+C .

HAt=Inx Wdx=e'dt,] = Ie‘ costdt, J = je’ sinsdt AR _E5(1) 2[R —Fh2E RS
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1 1 1 1
T d ™ x L= X — ¥ __ x
(3)J.e sin xdx—zj.e dx 2-[6 cos 2xdx 2e 2Ie cos 2xdx .
J.e" cos2xdx =e”* cos 2x + 2I e’ sin 2xdx =e*(cos 2x + 2sin 2x) — 4I e* cos2xdx .

M Ie“ cos 2xdx =§e"(c052x+25in 2x)+C,

. 1 1 .
T2 _[e" sin® xdx =—e* — —e*(cos 2x+2sin2x)+C .
2 10
(4) Ixe" cosxdx = J‘xcosxde’r =X&" cosx~je"(cosx—xsin x)dx
= xe* cos x —je" cos xdx + Ixe" sin xdx .
Ixe’ sin xdx = Ixsin xde” = xe* sinx —Ie" (sin x + xcos x)dx
=Xe" sinx—je" sin xdx —jxe" cos xdx.

e’ (sinx—cosx) .y

5! Icosxe dx = M sinxe'dx=—————> 1§
2 2
Ixe"cosxdx= xe (smx+cosx)_e‘ cosx_’_c’
2 2
jxe"sinxdx:—xe (smx—cosx)+e smx+c‘
2 2
(5) 4 u =arctan x ,l du = ! —dx U i
1+x
I xeeen tan ue” . | [ X=1 cunx
- dx =J. du =Ie sinudu =—e"(sinu—cosu)+C =—p—t¢ +C.
(142)? secu 2 2\1+x
L - _ A )
(6)Ie5inx xcos x2 Slnde=deeSln\' _.[esmxd( 1 ) =eSl"X[x_ l )+C.
cos” x cos X cosx
(7)J-lnsmxdx J-lnsmxd(cotx)——cotxlnsmx+jcotxcosxdx
sin” x sin x

=—cotxlnsinx+J.(csc2x—l)dx=—cotxlnsin3c—cot2x—x+C.
10. SKFFIFT.
(1)[ Ve dy (% 4 K % 2002, F #F k 2006, 36 % 4 & 2002,4% M I A& 2012)
(2)fx e 2 dr (W AL 2014, BB 3 X I 5 #F K BT 2004)
3) fes‘"‘ sin 2xdx (& 4l & % 2009, L 7 & % 2004)

(4) J’ e (tan x +1)2dx .(_b # 1 £ 2005)

(S)I1 lnxdx (% i K ¥ 2009)
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Rt EE:
()% u= J‘mIJIeJ*dx je 2udu =2("u—e")+C=2e"(Jx-1)+C.
) j xle ¥ dx = —ijzd(e'z‘) =—%xze’2‘ —%xe*“ —%e** +C.

(3) [€™* sin2xdx = 2[ €™ sin xcos xdx = 2[ ™ sin xd(sin x) = 2 sin xd(e™*)
= Z(es""‘ sinx—je““" d(sinx)) =2(e™ sinx—e™™ )+ C =2e"(sinx—-1)+C.
(4) je“ (tanx +1)*dx = j(tanz x+2tanx +1)e*dx = Iez’ sec” xdx + 2jezx tan xdx
= Iez‘dtanx+ Zjez’ tan xdx = e** tanx + C .

(5) % t=Inx
J‘l—lnx
In® x

dx = j%de’ =It‘2e’dt—jt"e‘dz =—Ie'dt" —It"e'dt
= —(e’t" —It"e'dt)~ft"e'dt =—'t"+C =—x(lnx)" +C.
11. RFIIAERL.

(1)j'+1"xdx R & % 2012) (2)]

In x
xJl+Inx

In(1+x)—Inx

(3)Ix-'(1+1nx)dx.(mmﬂr& 2008) (4)I———)—dx (T A ¥ 2011)

dx .(7 4 & ¥ 2009)

(S)I[ln lnx+1—l—)dx.(ﬁ£'m 2012,4 & Jfi & 2006,77 # A ¥ 2002, & A % 2006, )I| & % 2000)
nx
&R
1+Inx
1 = d(x1l S
()I(ln) -[xln) (xInx)
2) % t=Inx, I

+C.
xInx

2 3 1
)dt=5(l+t)2 =-2(1+1)*+C

Inx t 1
fx,/——mﬂxd"zfmd‘:f[m‘m

=§(l+lnx)5 —2(1+Inx)? +C.
(3)J'x*(1+1nx)dx=J'e““(1+1nx)dx=J'e*'"*d(x1nx)=e""' +C.

(4) HF (n(l+x)=Inx) = —;,F)ﬂ«l
x(x+1)

dexz —I(ln(l+x)—lnx)d(ln(l +x)—Inx)= —%[ln(l +x)—InxP +C.

x(x+1)

(5)I(ln(lnx)+ﬁ)dx=jln(lnx)dx+jédx
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= xIn(ln x)— j

12. SR FHIAER

(1)jh‘(l—j")dx (fe % I A 2001,7 % % T 2004, % Ji & 2005)

@ 2D g ¢ 2013
(3)_|'ln  dx .l A % 2011) (4).[11n  dx (4 8 F A 2007)
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