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BALANCE THEOREM FOR PROBABILITY
STATISTICS AND LINEAR CHARACTERISTIC
PARAMETER

Zhi-xin Huang

Abstract; The probability statistical data contains a wealth of information, only
by the average and variance (or standard deviation) couldn’t express all of their con-
notation. And that third-order moment and fourth-order moment calculation are very
cumbersome and there are a lot of shortcomings. This paper defines some new mathe-
matical characteristic parameters. And derive the balance theorem and the three aver-
ages formula. These new characteristic parameter have been following functions: Re-
flect the degree of dispersion of the data, degree of skewness, the kurtosis. These
new sample characteristic parameters of statistics is unbiased estimator of the same
name overall characteristic parameters. They also contain a lot of information of over-
all. So these two formulas and the new characteristics parameters wide range of appli-
cation in probability and statistics and other disciplines.

Key words; balance theorem; semi-average deviation; positive and negative av-

erage deviation; left and right average value; left and right probability

0. Introduction

First central moments constant to 0, that is theorem in the probability and statis-
tics which is the most common and most neglected . [1], -+, [4] . Let’s ex-
change another way thinking, a new balance theorem can be deduced, from where
proceeding to derive out of it a new series of feature parameters, and their feature is

studied.

1. Left and right probability

Definition 1 Let X be the random variable in any probability space (), F P)
There is a mathematical expectation p. Let P, =P {X =u| be the probability of u.

-
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| | 1
P, = PiX < ul +7P#
i (1)
P, = P{X > ujf +7Pﬂ
P, and P are the left and right probabilities of X, respectively, where P | — o <X

<+w} =P, +Py=1.

2. Left and right means and positive and negative mean
deviations

1) The expectation of X exists; therefore, the expectations of the left and right

distributions exist.

Definition 2 ; Let the following integrals be in absolute convergence.

P
E(X) =5 [E+ | adF(x)]

M =
' , (2)
= Ee(X) = o13e 4 [ xF)]

My, Mg are known as the left and right means of X, respectively, and u, Spu<pu,.
In oceanography, u is known as the mean tidal level, u, as the mean low tide
level and u, as the mean high tide level ( You et al. , 2010).
Definition 3. Let

gy PLIj(x — w)dF(x)

(3)

| .
Tr F—f (x —w)dF(x)
RI*5n

( =7,) and (71,) are the negative and positive mean deviations of x, respectively.
Equations (1) and (2) are substituted into equation (3). The result is as fol-
lows :
{'TI,—#L—IJ«_ (4)
Th = fg — B
As the first-order central moment is O,

[" G -wdr) =o,

such that

L (x - w)dF(x) +f; (v - w)dF(x) +j

x x>

(x —p)dF(x) =0,
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as

j (x —p)dF(x) =0

so that _J’( (x —p)dF(x) = J' (x —w)dF(x). (5)

Definition 4 ; Let

M =—L (x —p)dF(x) = f (x —p)dF(x) . (6)

M is the semi-average deviation, also known as the half central moment. From the
preceding formula, we can obtain M =0.
Theorem 1; If the mathematical expectation y of the random variable X exists,
then the average deviation M), is equal to double the semi-average deviation M
M, =2M. (7)

Proof: According to the mean deviation definition and equation (6), we have:

M, = f| % -l dF(x)

=j |x-,udF(x)+f

r<p =

| x —pl dF(x) +f | x —pl dF(x)

*>p

=-j< (v - p)dF(x) +f (x - p)dF(x)

= 2f (x —p)dF(x) =2M.

According to this theorem, we know that when we consider u as the fiducial
center point, M, and are equipollent, i. e. , two different ways of expressing the same
numerical characteristics. This is also why M is referred to as the semi-average devia-
tion.

Theorem 2 ( Equilibrium Theorem) ; If the mathematical expectation y of ran-
dom variable X exists, then

P,r, = Ppry =M = My/2. (8)

Proof: From equations (3) and (6), we obtain:

P, == Py (v -m)dF,(0)]

:_j' (x —p)dF(x) = M.

We can similarly prove that M = P,7, , completing the proof.
Judging from the preceding proof process, M is an invariant from which we can

deduce many novel theorems and formulae.
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Fig. 1

Deduction 1; Let X be a random variable with a mean y , a left mean y, , a
right mean u, , a left probability P, and a right probability P, . We have the following
three-mean value formula.

w Py + upPy = p (9)

Proof. Equation (3) is substituted in the first half of equation (8).

(w=m )P, = (ug —p) Py,
Py + pgPyp = (P + Pp)u.

Equation (9) is proved based on (P, + P,) =1. The physical significance of
the equilibrium theorem is that it takes the mean value (centroid) as the boundary
and divides the value of the random variable ( substance) into two. The mathematical
significance of w, , wy, lies in the data center or geometrical center of the left and right
parts, and their physical significance represents the centroid of the two parts, respec-
tively. P, + P, indicate the magnitude of each relevant resultant force, and 7, and 7,
indicate the average length of each force arm from the resultant force of the left and
right parts to the centroid. Equation (8) indicates the static equilibrium. The mo-
ments from the left and right sides to the centroid ( semi-average deviation) are e-
qual.

Conclusion These characteristic parameters are belong to their overall distribu-
tion function of linear functional. They have good linearity and have wide range of u-
ses.

1) Because the number of characteristic parameters is greatly increased, on

which can be reflected many aspects characteristic information of the statistical.

4.
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2) As a result of these new feature parameters are linear function, so the sam-
ple characteristic parameters are their overall respective corresponding parameters of
the minimum variance unbiased estimator.

3) Many reference literature reflects the degree deviation of statistics data,
which use the mean deviation better than the variance. However, calculate the mean
difference must to use absolute value, inconvenient to use. Because of the (10) for-
mula, so to calculate the mean deviation is very easy.

4) The theorem described in this paper and several characteristic parameters,
which can be recomposition a new statistics, it is called the Linear Characteristic Pa-
rameter Statistics . This statistics is different from the Parametric statistics, Nonpara-
metric statistics, Bayesian statistics. These matter will be detail discourse after this

paper.



"s

lim(x) = 5[ lim (%) + lim(x)] b

A

Fr(x)

M = E ()
My = By
R A
TR = Mg M
M

M,

Cy =M/ |l
Cry = ”'R/I;Ll
Cp =1/ pl
Sy =P, - Py
Cx = Ply, 2 X ;MR}
Py,

Py

Moy

Mg

P"’J

Py

e

A SO A TF 5

(F& 3 s BT HES) )

R EZFR English

middle limit

AINFIN BT

less and semi-equal to

KFM %
gk

greater and semi-equal to

middle continuation

LR left probability

1t right probability

FEor A AR left distribution function
A5 AT PREL right distribution function
e XA left average

LME right average

5% negative mean deviation
E¥2E positive mean deviation
RSGPE semi-mean deviation
CPEHuLED ) (half central moment)
HEX- 1 absolute mean deviation

b B R R ordinary dispersed coefficient
IEBSTH RS positive dispersed coefficient
I €3 negative dispersed coefficient
MR A R B linear coefficient of skew

2R PEIE A R B linear coefficient of kurtosis
A X R R

AT X R

ZERIX T A B

YK AT A

k97 j X R4 R
kAT j X AR R
k97 j X [l YA



BERGE T 0 By E B S R MERFIE S B

- ke YA j 1K ] 0

P e S X -4

P e A X ] O 4 R
i A XTI L 6 8 2
o A XTI L B 2
- ke e j X TR FCa g £ 0 2
T kAT jIX TR rpue i) f e 2
M, b G TR L

My, k BT RS



