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Algebraic Manipulation

[ Imdey)

BASIC KNOWLEDGE

Below is a list of useful equations to
be aware of and know. They can all be
derived through expanding or factoring.

Perfect square trinomial

(x+y)? =2 +22y +%°
(x+y)? =(x-y)" +4xy
(x-y)* =2 22y +¢
(x-y)" = (x+y)* —4ay
(x+7) +(x-5) =2(a" +5°)
(x+y) = (x-y)" =4ay

(x+y+2)2 =2 +9y" +27 + 22y +

2xz +2yz

Ay L —xy —yz -z

=5l =)+ (-2 + (2-)']
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(x+y+z+w)’ =" +9" +2 +w’ +2xy + 22z +
2xw +2yz + 2yw +2zw
Difference and sum of two squares
X +y =(x+y)? =2xy
2 +y =(x-y)> +2xy
2 -y =(x-y)(x+y)
Difference and sum of two cubes
# 4y =(x+y) (2" —ay +5")
2 =y =(a=y) (s +2y+y’)
(x+y)" =2’ +32%y +3x" +9°
=x" +y +3xy(x +y)
(x-y)® =2 -32%y +3x° -’
=x' -y =3xy(x-¥)
2t 4y = (x-y) (8* PRty T
for all n
&~y SRR e Ag... ity
for all even n
2 Y (g ) Ay e 4yt
for all odd n.

EXAMPLES

Example 1§ Find'm® + — if m + 1 =2,
m m

Solution: 2.

Method 1 ; Multiplying both sides of m + —;—L- =2 by
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m yields
m’ +1=2m=m" -2m+1=0=(m-1)>=0
Solving this equation, we get m =1.
Therefore
m’ +#=l3 +11—3=1 +1=2
Method 2 :We know that
(x+y)° =2 +32%y +3x* +4°
=2 +y +3xy(x +y)
So

2 +y' = (x+y)’ =3ay(x +y) (1)
Substituting in x =m and y = # into( 1) gives us

3

m +— =(m+#)3 -3m - i—(m+#)

1
m
=2* -3 x2=2
Method 3 : We know that
2 +y = (x+y) (2 -2y +y°)
Substituting x = m and y = #into the above equa-

tion, we get

L

P T i T ( T 90 &
m m m m

=2[ (m+-)* =3] =2(2* -3) =2
Method 4 ; Multiplying both sides of m + # =2 by

(m® +#-—1) yields



50 AMC Lectures(Volume 1)

1

L L PR e T e
m m m

(m® +
3 1

=m -0-—3

m

1.2
=2[(m+;) -2—-1]

=2
Example 2 : Find 2* +y”if(x,y)is a solution to the
system of equation
xy =4
> y+xy +x+y=45
Solution: 73.
Factor
y+xy +x+y =xy(x+y) +(x+y)
=(4+1)(x+y)
We are given that the expression above equals 45,
0
(4+1)(x+y) =45=2x+y =9
We know that x* +y° = (x +7)* —2xy. Substituting
in 4 for xy and 97 for(x + ) into this equation, we get
x+y =81 -8=T73

Example 3: Find m* + —P; . S|
m m
Solution; 194.
Substituting m” for x and Lz for y into 2” +y° = (% +
m

y)? =2xy gives us
el | ; 1y 2
m + 4_(m +m2) —2—[(m+m) —2] -2

m
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=(16-2)* -2 =194

Example 4; Find m® +La ifm—Lzl.
m m

Solution: 47.

o 1 3
Substituting m* as x and — as y into & +y* = (x +
m

y)? =2xy gives us
2 2 2
m4+1—4=(m2+#) —2=[(m—L) +2] -2

m m
=9-2=7

S 1 .
Substituting m* as x and —; as y into #” +y* = (x +
m

y)? =2xy yields
8 l 4 l :
m +—=(m +_4) -2=49 -2 =47

In8 m

Example 5, Find o’ ——if y = Yme—m~1 4+
m

m+1 =m’ | where both m and y are real numbers.

Solution ; 4.
Since v is given to be a real number, the expressions

under the square roots must be greater than or equal to 0.

Therefore
m’ —m-1=0
{m+l -m*=20=m’ -m -1<0
Since m* —m -1 must be both greater than or equal
to 0 and less than or equal to 0

m* -m-1 =0=>m—#=] (m#0)
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m’ ——%:(m—L)(mz +—1—2+1)

m
2

(il m=a) 2]

Example 6: Find &gk Sy 52 2 if .

1
x-2%y -y x ¥y A
Solution : %

Method 1 :Since the denominator of a fraction can-

not be 0, we know that x#0, y#0 and x - 2xy - y#0.

Dividing each term of 38y Ay by xy yields

x=2xy -y

A Y -2(L—L)+3
y ® " " “Nx ¥

1.1, _(L_l_)_2
y X Ae W

L 2R3k 3

T =3-2 75

Method 2 : Multiplying both sides of 1; ke il

< |

xy gives us y —x =3xy.
Hence

2% +3xy -2y _ -2(y —x) +3xy

x-2zxy -y  -(y-x) -2y
_ =6xy+3xy 3
T =3xy-2xy 5

Method 3 ; Solving for x in the equation % - % =3

gives us

oL e
3y+1
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Hence
2y 3y 6y +2y
2x +3xy =2y 3y +1 3y+]- 3y +1
x-2xy-y _y 2y 3y +y
3y+1 3y+1 3y+1
_2y+3y* ~6y" -2y
=2 =0 my
=3 .3

T8

_Sy

Method 4 : Let

2x +3xz—21_k
x-2xy-y

2x +3xy =2y =k(x -2xy —y)

=2x +3xy -2y =kx - 2kxy — ky

=2y = 2x — ky + kx =3xy + 2kxy
=(2-k)(y-x) =(3 +2k)xy (2)
Since :lr_ - % = 3, multiplying both sides by xy

yields
y —x =3xy (3)

Dividing equation (3) by equation (2) gives us

(2) =(3)
3 +2k 3
2—k—T=>k— s
k_2x+3xx—21_i
T x-2xy-y 5

Example 7; Find 225 3y, oo oL oy o

x+ /xy -y
3Jy(J/x +5/y)- x and y are positive numbers.

7
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Solution: 2.
We are given that

2 (Vx +4y) =34y (Y +5Vy)

Expanding both sides gives us
x+/xy =3 /xy +15y=x -2 /xy =15y =0
Factoring gives us
(V2 =5y) (V= +34y) =0
Since vx +34/y #0,because x >0,y >0, (Vx =5y ) -
(Jx +3./y) can only equal O if and only if
Jx =5y =0=x =25y

Substituting in 25y as x into Mﬁﬂ gives us
X+ Jxy ~y
2%+ /xy +3y 2 x25y +5y +3y 58 _

- 2
x+ 2y -y 25y +S5y -y 29

Example 8: Find the value of %xz —x + 1 if the

value of 3x* —=2x +6 is 8.
Solution ; 2.
Method 1.
Since
3x’ -2x +6 =8, 3x* -2x =2

3.2 N S 5 -
2% x+l—2(3x 2x)+1-2x2+1—2

Method 2 ;
We are given that 3x* —=2x +6 =8
or

3x® —2x+2 =4 (4)
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Dividing both sides of (4) by 2 gives us the answer

2.3 _
zx x+1=2

Example 9: Calculate(2 +1) » (2* +1) « (2* +
1) o= (22 41) +1.
Solution; 2%,
Notice that
(2-1)(2+1) =2 -1
We multiply the given expression by 1 =2 -1
[(2-1)(2+1)](22+1)(2* +1) (2% +1) +1
=[(22=1) (2 +1) (2" +1) (2% +1) +1
=[(2 - (22 +1)(2"° +1) - (2% +1) ] +1
=(2%-1)(2% +1) +1=2% -1 +1=2%
Example 10: (AMC) The expression x* -y —2° +
2yz +x +y —z has( o,
(A) no linear factor with integer coefficients and in-
teger exponents
(B) the factor —x +y +z
(C) the factor x -y —z +1
(D) the factor x +y —z +1
(E) the factor x —y +z +1
Solution: (E).
Method 1 : (official solution)
=y = 42y +x+y -z
=2’ —(y' -2y2+42) +x+y—z
=2’ = (y-2) +x+y-z
=(x+y-z)(x-y+z) +x+y-2z
=(x+y-z)(x—y+z+1)

9
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Method 2 : ( our solution)
Let
-y -2 42yz4x+y-2=0
Rearrange the terms to give us the quadratic
Y- (2z+1)y+z+2 -2 —x=0

Applying the quadratic formula, we get the roots
. (2z2+41) £ /[ = (22 +1) P -4 x1 x(z+2 —&° —x)
1.2 =

2
C(2z+41) £/ (2x+1)° 2241 £2x+1
8 s B Y
2z+1 +2x +1
Y1 s =z 4 x4+l
2
and
2z+1-2x-1
TR W Cr

Therefore, we have
=y - 42z 4x 4y -2z
=(y-(z+x+1))(y~-(2-%))
=(x+y-z)(x-y+z+1)
Example 11; Both a and b are real numbers with

2 2
(m3+-1—3—a) +(m+—1——b) =0
m

m

Prove:b(b* -3) =a.

Solution; Since the square of a number is always
greater than or equal to 0, in order for the sum of two
squares to be 0

m’ +L3—a=0, m+L—b=0
m m

10



m +m3 =@, m+#=b
So
a=m +#=(m+—)(m2 —m(L) +L2)
:(m+%)[(m+;1l—)z—3] =b(b* -3)

Example 12. Find the greatest positive integer not

exceeding (7 +43)°.
Solution: 7 039.
Let

x=T+3,y=VT-3
x+y=(/T+3) +(fT-43) =2/T
1= (T +B) (T —8) =7 -3 =4
2+ =(x+y)? =20y =20
L4y = +y2) =3(a +y7) 47 -y =7 040
(VT +3)° + (VT -{3)° =7 040
(VT +43)% =7 040 - (V7 -3)°
We know that 0 <47 =3 <1, 500 < (V7 -3)° <

The greatest positive integer not exceeding (7 +
J3)%s 7040 -1 =7 039.
Example 13: Determine the largest real number z
such that
x+y+z2=95
xy +yz+az=3

and x, y are also real.

11
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Solution ; 132
Since
x+y+z=5
we have
x+y=5-z

Squaring both sides gives us (x +y)* = (5 -z)>.
Since xy + yz +xz =3, we have
xy=3-xz-yz=3 -z(x+y) =3 -z(5 -2)

(x-9)" =(x+y)" —4xy

=(5-2)*-4[3-2(5-2)]

= =32 +10z+13 = (13 -3z) (1 +2)
Since (x —y)*=0,this means that

(13-32)(1 +z) =0
Solving the inequality gives us
13

-l<zs—

3

The largest real number z is 2 when x =y = —1—

3 3

Example 14 What is the value of m such that x* -
x -1 is a factor of ma’ +nx® +17 m and n are integers.

Solution ;8.

Using the quadratic formula, we solve the quadratic
equation x° —x —1 =0 to get the roots

Wy 1 2
We can observe that x, +x, =1 and x, x, = - 1.
Thus, (x, +x,)” =x; +x; +2x,x, =1 and

x; +43 =3 (5)

12

ko
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We know that x> —x — 1 is a factor of ma’ +nx® +1,
x, and x, are also the roots of mx’ +na’® +1 =0.

Therefore we have

mx,” +nx,® = -1 (6)
and
mx,’ +nx,’ = -1 (7)
(6) xx,° =m 2, x,° +nx,° x,° = -x,°
=mx,( -1)*+n( -1)°= -x,°
=mx, +n= -x,° (8)
(7) xx,°
mx, +n = -x,° (9)
(8) -(9)
m(x, -x,) =%,° -x,°
So

” _x? - i (%) =2)(x +23)
X —% %y — Xy

(% = 2,) (&] + 2% +23) (4] +23)

= () +2,2%, +25) (2] +13)
2 2 2 2
= (%) +2,%; +x3) (%, +%;) (2] —%,%, +%;)

=(3-1)(1)(3+1) =8

PROBLEMS

Problem 1; Find m’ +— if m + - = 4.
m m

3

Problem 2: Find &’ + Lias % =/3. It
a

13



