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Shock Profile for Gas Dynamics
in Thermal Nonequilibrium

Wang Xie
(Sidwell Friends Upper School, America)

Tutor: Luo Tao

1 Introduction

The motion of a gas in local thermodynamic equilibrium is governed by
the compressible Euler equations. In Lagrangian coordinates, the equations
for one dimensional flow read (cf. [1])

v —u, = 0,

1 By =104 .1

2
(e+u7)t+(pu)_,=0.

where v u,p and e are, respectively, the specific volume, velocity, pressure
and internal energy of the gas. For an ideal gas

= |
e—_y_l'ﬂvy (1.2)

where y(y>>1) is the adiabatic constant. During rapid changes in the flow the
internal energy e may lag behind the equilibrium value corresponding to the
ambient pressure and density. The translational energy adjusts quickly, but
the rotational and vibrational energy may take an order of magnitude longer. If
we suppose that « of the degrees of freedom adjust instantaneously but a

further o, degrees of freedom take longer to relax, we may take (cf.[2]):

e —

where ¢ is the energy in the lagging degrees of freedom. In equilibrium, ¢

would have the value
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a
Qeqnil = —2LP‘I). (1.4)
A simple overall equation to represent the relaxation is (in Lagrangian
coordinates) :
G Ry (1.5)
T 2

where 7(z=>0) is the relaxation time. Therefore, in thermal nonequilibrium,

we have the following system of equations to model the gas motion:

v, — u, = 0,
U; +P1 F— O’
(G tats )+(pu) plaog
(i
If the relaxation time ¢ is taken to be so short that =%p'v is an adequate

approximation to the last equation in (1. 6), we have the following equilibrium
theory:
v, —u, = 0,
w+ p. =0,
(a +ay

a.m
p+ ) + o),

The three characteristic speeds for (1.7) are:

; \/(1+a+af>v, p =0 e sl M) £

For system (1. 7), (Cvo—su—yp-)s(vysussps),r0) with two constant

states (v—y u—, p—) and (v, u+, p+) and speed ¢ is called a shock wave
(cf. [1]) if the following Rankine-Hugoniot condition
—igle = ()

olur—u) = (py—p-)>» (1.8)

2
a[(a+a/p+ ++“+) (a_;“fp, ,+32:)}=(p+ uy— p-u-)

hold, and some other entropy conditions hold, where v_, v, p_, ps are positive

constants, u— and u are constants. A shock wave is called a 1-shock wave if
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2 _yp- \/ 2 b+
— 1 . 1.
J( +a+ I) 4> g (1+a+af) 5 (1.9
A shock wave is called a 3-shock wave if
2 s B J 2_ype
'\/(I+a+a/) v_>o‘> (1+a+a,) o (1.10)

In this paper, we consider a 3-shock wave, because a 1-shock wave can be
handled by the same method. For a 3-shock wave, it follows from (1. 8) and
(1.10) that,

) Vo i 7 B Sy e T g 200 1 )

A shock profile for the 3-shock wave ((v— s u_y p_ ), (vi sus s pi)so) is a

traveling wave solution for system (1. 6) of the form (v, u, p, q)( Ly satisfying

(v, uy ps (£ 0) = (vay uys pss %pt v). (1.12)

So we have
’. r
—gv —u =0,

_Gu,+pl=07

A

2
—o(Gpv+q+5) + () =0, (1.13)

—og' =— (q—a—zf—pv),

Z ol
where '=- and &=

dE T
In this paper, we are interested in the existence and properties of the
shock profile. For general hyperbolic system with relaxation, the existence of
the shock profile has been proved in [3] by using the center manifold method

with the assumption that the shock strength is sufficiently small. In this
-

paper, we find the sufficient and necessary condition, which is P—<1+
+

2a . .
—————L——, to ensure the existence of the shock profile. Moreover, we can
a(l+atay)

calculate the shock profile solution in some explicit details. This is in sharp
contrast to the abstract construction in [ 3]. Before we state our theorem, we

introduce some notations. Let
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M= O'U—+ Uu-= 0'04-+ Uty

P :—O'u—+P_=—tm++P+»

- u’
1Q =— (& Zafp_ _+_“).|_p; 0 (1.14)
=—U(a+ fp+ 'U++u+)+P+ Uiy

f(v) =~aa<1+a>v+(1+%)(am+ )

=—62(1+a)v+(1+%)(azv++p+). (1.15)

Our theorem is the following:

Theorem 1 Suppose the two constant states (v— ,u— ,p-), (v sus opy)
and the speed ¢ satisfy the Rankine-Hugoniot conditions (1. 8) and the Lax
shock condition (1.10).

1) If

p- Zas
P < F+ (1+a+a;)' (1.16)

then there exists a solution to the problem (1.13) and (1.12).
2 I

P— 2ay
’ l+a—___—(1+a+a,)’ (G )

the problem (1.13) and (1. 12) does not admit a smooth solution,
3) In case 1), i. e., if (1.16) holds, the solution of the problem (1.13)
and (1.12) satisfying v(0) = v, for some constant v, satisfying v_ < v,<< v,

is giving by

2f (v ) Un(vi—v) —InCoi—2,)) —2 f(v_) (In(v—2v_) —In(vy —v_))

=—cd(l+atas)(vi—v), (1.18)

u(®) =m—ov(&, p&) =ms+P—5v(d) (1.19)
for —co<é<+oo, For this solution, we have

V(O >0, ©(® <0, p(<O (1.20)
for —oo<lg<+o0, and

Crexp(— Z‘Lf‘('+“f (0= 9.08) < = (O,

1+a+a;

2 (&) < Cgexp(— 2/ (o)

G — v_)E) (1.21)



| Shock Profile for Gas Dynamics in Thermal Nonequilibrium| °

for £>0,
Cgexp(%a(m.— V- )e)< 'U(e) |
V(@) < C4exp(-1—;sz—}:;fa(v+—U_)E) (1. 22)

for &0, where C;(i=1,2,3,4) are some positive constants. For z(&) and

p(&), we have the similar estimates.

2  Proof of Theorem 1

In this section, we give a proof of the Theorem 1.
We integrate (1. 13) to get
owtu=m,

e Bt 2.1

2
—a(%pu +q+%)+(pu) =Q,

where m, P and Q are given by (1. 14), By the third equation of (2. 1),

we have
g = (&po+ %)+ 229, (2.2)

Substituting (2. 2) into the fourth equation of (1. 13), using (2. 1) and
(2.2), we get

dv _ 1 /ataes W pu—Q
f(v)dE—a( T Lpv + % 2 ) (2.3)
where f(v) is given by (1.15). So
_ a2 ay P-
f('u,)—vb( 2a+(1+2>v_). (2.4)

In view of (1.10), we have

_a aypo a 2 Db P-
50 +(1+2)v_> 2(1+a+a/) _—i—(l—i— )v.
e s .8
= (1 a+af) o (2.5)

Therefore
fCu) > 0.



